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1. Îñíîâíûå óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè

Â ìàòåìàòè÷åñêîé ôèçèêå âîçíèêàþò ñàìûå ðàçíîîáðàçíûå äèôôåðåíöèàëü-
íûå óðàâíåíèÿ, îïèñûâàþùèå ðàçëè÷íûå ôèçè÷åñêèå ïðîöåññû. Öåëüþ íàøåãî
êóðñà ÿâëÿåòñÿ èçó÷åíèå òð¼õ îñíîâíûõ óðàâíåíèé: óðàâíåíèÿ êîëåáàíèé, óðàâ-
íåíèÿ òåïëîïðîâîäíîñòè è óðàâíåíèÿ, êîòîðîå ìû ïîêà áóäåì íàçûâàòü ñòàöèî-
íàðíûì óðàâíåíèåì.

Âñþäó íèæå ïðåäïîëàãàþòñÿ âûïîëíåííûìè óñëîâèÿ:

c(x) > c0 = const > 0, ρ(x) > ρ0 = const > 0, k(x) > k0 = const > 0. (1.1)

1.1. Óðàâíåíèå êîëåáàíèé

Îïðåäåëåíèå 1.1. Óðàâíåíèåì êîëåáàíèé (âîëíîâûì óðàâíåíèåì)
íàçûâàåòñÿ óðàâíåíèå âèäà:

ρ(x)
∂2u

∂t2
− div

(
k(x)grad u

)
+ q(x, t)u = F (x, t), x = (x1, . . . , xn), (1.2)

â êîòîðîì ρ, p, q, F � çàäàííûå ôóíêöèè, à u(x, t) � èñêîìàÿ ôóíêöèÿ, è äëÿ
ôóíêöèé ρ(x) è k(x) âûïîëíåíû óñëîâèÿ (1.1).

Â ñëó÷àå, êîãäà ïðîñòðàíñòâî x îäíîìåðíî, óðàâíåíèå ïðèíèìàåò âèä:

ρ(x)
∂2u

∂t2
− ∂

∂x

(
k(x)

∂u

∂x

)
+ q(x, t)u = F (x, t), x = (x1, . . . , xn). (1.3)

Åñëè F (x, t) ≡ 0, òî óðàâíåíèå (1.2) íàçûâàåòñÿ îäíîðîäíûì, â ïðîòèâíîì
ñëó÷àå � íåîäíîðîäíûì.

Âûðàæåíèå div (k(x)grad u) â n-ìåðíîì ïðîñòðàíñòâå ïåðåìåííûõ x ïîíèìà-
åòñÿ ñëåäóþùèì îáðàçîì:

div
(
k(x)grad u

)
=

n∑
m=1

∂

∂xm

(
k(x)

∂u

∂xm

)
.
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Â ÷àñòíîì ñëó÷àå, êîãäà k = k0 = const è å¼ ìîæíî âûíåñòè çà çíàê ïðîèçâîäíûõ
è ñóììû, ïîëó÷àåì:

div
(
k0 grad u

)
= k0

n∑
m=1

∂2u

∂x2
m

= k0∆u.

Óðàâíåíèå (1.2) îïèñûâàåò, â ÷àñòíîñòè, ìàëûå ïîïåðå÷íûå êîëåáàíèÿ ñòðóíû
(à ïðè äâóìåðíîì ïðîñòðàíñòâå x � êîëåáàíèÿ ìåìáðàíû), ìàëûå ïðîäîëüíûå
êîëåáàíèÿ óïðóãîãî ñòåðæíÿ, ýëåêòðè÷åñêèå êîëåáàíèÿ â ïðîâîäàõ. Íà ïðèìåðå
óðàâíåíèÿ ïîïåðå÷íûõ êîëåáàíèé ñòðóíû ðàññìîòðèì ñìûñë âñåõ âõîäÿùèõ â
íåãî ôóíêöèé.

• Èñêîìàÿ ôóíêöèÿ u(x, t) ïðåäñòàâëÿåò ñîáîé âåëè÷èíó îòêëîíåíèÿ ñòðóíû
â òî÷êå x â ìîìåíò âðåìåíè t îò å¼ ðàâíîâåñíîãî ïîëîæåíèÿ.

• Ôóíêöèÿ ρ(x) èìååò ñìûñë ëèíåéíîé ïëîòíîñòè ñòðóíû (òî åñòü ρ(x)dx ðàâ-
íÿåòñÿ ìàññå êóñî÷êà ñòðóíû äëèíû dx â òî÷êå x).

• Ôóíêöèÿ k(x) çàäà¼ò íàòÿæåíèå ñòðóíû (à â ñëó÷àå ïðîäîëüíûõ êîëåáàíèé
ñòåðæíÿ ïîñòîÿííîãî ñå÷åíèÿ � ìîäóëü Þíãà â òî÷êå x).

• Ôóíêöèÿ q(x, t) îïðåäåëÿåò ñîïðîòèâëåíèå ñðåäû è çàäà¼ò óðîâåíü çàòóõà-
íèÿ êîëåáàíèé.

• Ôóíêöèÿ F (x, t) íàçûâàåòñÿ ¾ïðàâîé ÷àñòüþ¿ è ïðåäñòàâëÿåò ñîáîé âíåø-
íþþ ñèëó, äåéñòâóþùóþ íà ñòðóíó.

Â ïðîñòåéøåì ñëó÷àå, êîãäà ρ(x) = ρ0 = const > 0, k(x) = k0 = const > 0,
k0
ρ0

= a2 = const > 0, q ≡ 0, óðàâíåíèå ïðèíèìàåò âèä

∂2u

∂t2
− a2∆u = f(x, t), x = (x1, . . . , xn), (1.4)

∂2u

∂t2
− a2∂

2u

∂x2 = f(x, t), n = 1, (1.5)

ãäå ôóíêöèÿ ïðàâîé ÷àñòè f(x, t) =
F (x, t)
ρ0

.

Çàìå÷àíèå 1.1. Óðàâíåíèÿ (1.4) � (1.5) òàêæå ÷àñòî íàçûâàþò âîëíîâûì
óðàâíåíèåì.

1.2. Óðàâíåíèå òåïëîïðîâîäíîñòè

Îïðåäåëåíèå 1.2. Óðàâíåíèåì òåïëîïðîâîäíîñòè íàçûâàåòñÿ óðàâíå-
íèå âèäà:

c(x)ρ(x)
∂u

∂t
− div

(
k(x)grad u

)
= F (x, t), x = (x1, . . . , xn), (1.6)
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â êîòîðîì ρ, k, F � çàäàííûå ôóíêöèè, à u(x, t) � èñêîìàÿ ôóíêöèÿ è äëÿ
ôóíêöèé c(x), ρ(x) è k(x) âûïîëíåíû óñëîâèÿ (1.1).
Â ñëó÷àå, êîãäà ïðîñòðàíñòâî x îäíîìåðíî, óðàâíåíèå ïðèíèìàåò âèä:

c(x)ρ(x)
∂u

∂t
− ∂

∂x

(
k(x)

∂u

∂x

)
= F (x, t), x = (x1, . . . , xn). (1.7)

Åñëè F (x, t) ≡ 0, òî óðàâíåíèå (1.6) íàçûâàåòñÿ îäíîðîäíûì, â ïðîòèâíîì
ñëó÷àå � íåîäíîðîäíûì.

Óðàâíåíèå (1.6) îïèñûâàåò, â ÷àñòíîñòè, ðàñïðîñòðàíåíèå òåïëà â òîíêîì ñòðåæíå,
òîíêîé ìåìáðàíå èëè îáú¼ìíîì òåëå, äèôôóçèþ âåùåñòâà. Íà ïðèìåðå ðàñïðî-
ñòðàíåíèÿ òåïëà â òîíêîì ñòðåæíå ðàññìîòðèì ñìûñë âñåõ âõîäÿùèõ â óðàâíåíèå
ôóíêöèé.

• Èñêîìàÿ ôóíêöèÿ u(x, t) ïðåäñòàâëÿåò ñîáîé òåìïåðàòóðó ñòåðæíÿ â òî÷êå
x â ìîìåíò âðåìåíè t.

• Ôóíêöèÿ ρ(x) èìååò ñìûñë ëèíåéíîé ïëîòíîñòè ñòåðæíÿ.

• Ôóíêöèÿ c(x) åñòü óäåëüíàÿ òåïëî¼ìêîñòü.

• k(x) � êîýôôèöèåíò òåïëîïðîâîäíîñòè â òî÷êå x.

• Ôóíêöèÿ F (x, t) íàçûâàåòñÿ ¾ïðàâîé ÷àñòüþ¿ è ïðåäñòàâëÿåò ñîáîé ïëîò-
íîñòü èñòî÷íèêîâ òåïëà.

Â ïðîñòåéøåì ñëó÷àå, êîãäà c(x) = c0 = const > 0, ρ(x) = ρ0 = const > 0,
k(x)
c0ρ0

= a2 = const > 0, óðàâíåíèå ïðèíèìàåò âèä

∂u

∂t
− a2∆u = f(x, t), x = (x1, . . . , xn), (1.8)

∂u

∂t
− a2∂

2u

∂x2 = f(x, t), n = 1, (1.9)

ãäå ôóíêöèÿ ïðàâîé ÷àñòè f(x, t) =
F (x, t)
c0ρ0

.

Çàìå÷àíèå 1.2. Óðàâíåíèÿ (1.8) � (1.9) òàêæå ÷àñòî íàçûâàþò óðàâíåíèåì
òåïëîïðîâîäíîñòè.

1.3. Ñòàöèîíàðíûå óðàâíåíèÿ

Åñëè óðàâíåíèÿ êîëåáàíèé èëè òåïëîïðîâîäíîñòè îïèñûâàþò ïðîöåññ, óñòàíî-
âèâøèéñÿ âî âðåìåíè, è íèêàêèå âõîäÿùèå â óðàâíåíèÿ ôóíêöèè óæå îò âðåìåíè
íå çàâèñÿò, òî ïðîèçâîäíûå ïî âðåìåíè ∂u

∂t è
∂2u
∂t2 îáðàùàþòñÿ â íóëü, è óðàâíåíèå

ïðèíèìàåò âèä:

− div
(
k(x)grad u

)
+ q(x)u = F (x), x = (x1, . . . , xn). (1.10)
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Óðàâíåíèå (1.10) îïèñûâàåò, â ÷àñòíîñòè, ñòàöèîíàðíîå ðàñïðåäåëåíèå òåïëà
â òîíêîì ñòðåæíå, òîíêîé ìåìáðàíå èëè îáú¼ìíîì òåëå, óñòàíîâèâøóþñÿ êîí-
öåíòðàöèþ âåùåñòâà, ðàâíîâåñíîå ïîëîæåíèå ìåìáðàíû ïî äåéñòâèåì âíåøíåé
ïîñòîÿííîé ñèëû è ò.ï. Ñìûñë âñåõ âõîäÿùèõ â óðàâíåíèå ôóíêöèé íàñëåäóåò-
ñÿ èç íåñòàöèîíàðíîãî óðàâíåíèÿ, èç êîòîðîãî îíî ïîëó÷èëîñü. Â ïðîñòåéøåì
ñëó÷àå, êîãäà

k(x) = a2 = const > 0, q(x) ≡ 0,

óðàâíåíèå ïðèíèìàåò âèä óðàâíåíèÿ Ëàïëàñà èëè Ïóàññîíà.

Îïðåäåëåíèå 1.3. Óðàâíåíèåì Ëàïëàñà íàçûâàåòñÿ óðàâíåíèå âèäà:

∆u = 0, x = (x1, . . . , xn), (1.11)

â êîòîðîì u(x, t) � èñêîìàÿ ôóíêöèÿ.
Óðàâíåíèåì Ïóàññîíà íàçûâàåòñÿ óðàâíåíèå âèäà:

∆u = f(x), x = (x1, . . . , xn), (1.12)

â êîòîðîì f = − F (x)
a2 � çàäàííàÿ ôóíêöèÿ, à u(x, t) � èñêîìàÿ ôóíêöèÿ.

2. Îñíîâíûå çàäà÷è äëÿ óðàâíåíèé
ìàòåìàòè÷åñêîé ôèçèêè

2.1. Çàäà÷à Êîøè

Ïóñòü
Ω = Rn = {x = (x1, . . . , xn) | xi ∈ (−∞, +∞)} ,
Q = Ω× (0, +∞) = {(x, t) | x ∈ Ω, t > 0} ,
Q∗ = Ω× [0, +∞) = {(x, t) | x ∈ Ω, t > 0} .

Îïðåäåëåíèå 2.1. Çàäà÷åé Êîøè äëÿ óðàâíåíèÿ êîëåáàíèé íàçûâà-
åòñÿ çàäà÷à íàõîæäåíèÿ ôóíêöèè u(x, t) ∈ C2(Q)

⋂
C(Q∗) èç óñëîâèé: ρ(x) ∂

2u
∂t2 − div

(
k(x)grad u

)
+ q(x, t)u = F (x, t), (x, t) ∈ Q;

u(x, 0) = ϕ(x), x ∈ Ω;
∂u
∂t (x, 0) = ψ(x), x ∈ Ω,

(2.1)

ãäå ϕ(x), ψ(x) � çàäàííûå ôóíêöèè, íàçûâàåìûå íà÷àëüíûìè äàííûìè èëè
äàííûìè Êîøè, à äëÿ çàäàííûõ ôóíêöèé ρ(x), k(x), q(x, t) è F (x, t) âûïîë-
íåíû óñëîâèÿ (1.1) è

ρ, ϕ, ψ ∈ C(Ω), k ∈ C1(Ω), q, F ∈ C(Q∗).

Àíàëîãè÷íî îïðåäåëÿåòñÿ çàäà÷à Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè.
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Îïðåäåëåíèå 2.2. Çàäà÷åé Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè
íàçûâàåòñÿ çàäà÷à íàõîæäåíèÿ ôóíêöèè u(x, t)u(x, t) ∈ C2,1(Q)

⋂
C(Q∗) èç

óñëîâèé:{
c(x)ρ(x) ∂u

∂t
− div

(
k(x)grad u

)
= F (x, t), (x, t) ∈ Q;

u(x, 0) = ϕ(x), x ∈ Ω,
(2.2)

ãäå ϕ(x) � çàäàííàÿ ôóíêöèÿ, íàçûâàåìàÿ íà÷àëüíûìè äàííûìè èëè äàí-
íûìè Êîøè, à äëÿ çàäàííûõ ôóíêöèé c(x), ρ(x), k(x) è F (x, t) âûïîëíåíû
óñëîâèÿ (1.1) è:

c, ρ, ϕ ∈ C(Ω), k ∈ C1(Ω), F ∈ C(Q∗).

2.2. Âèäû êðàåâûõ óñëîâèé

Ïåðåéä¼ì ê ðàññìîòðåíèþ óðàâíåíèé â îãðàíè÷åííûõ îáëàñòÿõ. Ïóñòü
Ω ⊂ Rn − îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω ∈ C2.

Òîãäà ïîâåäåíèå ðåøåíèÿ óðàâíåíèÿ áóäåò, î÷åâèäíî çàâèñåòü îò òîãî, ÷òî ñ
íèì ïðîèñõîäèò íà ãðàíèöå. Íàïðèìåð, êðàÿ êîëåáëþùåéñÿ ìåìáðàíû ìîæíî
çàêðåïèòü, îòïóñòèòü èëè çàêðåïèòü óïðóãî (íà ïðóæèíêàõ).

Îïðåäåëåíèå 2.3. Êðàåâûì (ãðàíè÷íûì) óñëîâèåì I-ãî ðîäà íàçû-
âàåòñÿ óñëîâèå:

u(x, t)
∣∣∣
∂Ω

= µ(x, t), x ∈ ∂Ω, t > 0 (2.3)

ñ çàäàííîé ôóíêöèåé µ(x, t).
Êðàåâûì (ãðàíè÷íûì) óñëîâèåì II-ãî ðîäà íàçûâàåòñÿ óñëîâèå:

∂u

∂~n

∣∣∣∣
∂Ω

= ν(x, t), x ∈ ∂Ω, t > 0, (2.4)

ãäå ~n � âíåøíÿÿ åäèíè÷íàÿ íîðìàëü ê ïîâåðõíîñòè ∂Ω, à ôóíêöèÿ ν(x, t) çàäàíà.
Êðàåâûì (ãðàíè÷íûì) óñëîâèåì III-ãî ðîäà íàçûâàåòñÿ óñëîâèå:(

α
∂u

∂~n
+ βu

)∣∣∣∣
∂Ω

= χ(x, t), x ∈ ∂Ω, t > 0 (2.5)

ñ çàäàííîé ôóíêöèåé χ(x, t). Ïðè ýòîì α2 + β2 6= 0.
Êðàåâîå óëîâèå íàçûâàåòñÿ îäíîðîäíûì, åñëè ôóíêöèÿ â åãî ïðàâîé ÷àñòè

(µ, ν èëè χ) ðàâíà âñþäó íóëþ, è íåîäíîðîäíûì â ïðîòèâíîì ñëó÷àå.

Çàìå÷àíèå 2.1. Êðàåâîå óñëîâèå III-ãî ðîäà ÿâëÿåòñÿ íàèáîëåå îáùèì, òàê êàê
ïðè α = 0 îíî ïðåâðàùàåòñÿ â óñëîâèå I-ãî ðîäà, à ïðè β = 0 � â óñëîâèå II-ãî
ðîäà. Çàìåòèì òàêæå, ÷òî α è β ìîãóò áûòü ôóíêöèÿìè.
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Îïðåäåëåíèå 2.4. Îäíîðîäíîå ãðàíè÷íîå óñëîâèå I-ãî ðîäà íàçûâàþò óñëî-
âèåì Äèðèõëå:

u(x, t)
∣∣∣
∂Ω

= 0, x ∈ ∂Ω, t > 0. (2.6)

Îäíîðîäíîå ãðàíè÷íîå óñëîâèå II-ãî ðîäà íàçûâàþò óñëîâèåì Íåéìàíà:

∂u

∂~n

∣∣∣∣
∂Ω

= 0, x ∈ ∂Ω, t > 0. (2.7)

Çàìå÷àíèå 2.2. Íåîäíîðîäíîå êðàåâîå óñëîâèå I-ãî ðîäà òàêæå èíîãäà íàçû-
âàþò óñëîâèåì Äèðèõëå, à íåîäíîðîäíîå êðàåâîå óñëîâèå II-ãî ðîäà � óñëîâèåì
Íåéìàíà.
Óñëîâèå I-ãî ðîäà â ñëó÷àå óðàâíåíèÿ êîëåáàíèé èìååò ñìûñë æ¼ñòêî çà-

êðåïë¼ííîãî êðàÿ, óñëîâèå Íåéìàíà � ñâîáîäíîãî êðàÿ, à óñëîâèå III-ãî
ðîäà � êðàÿ, çàêðåïë¼ííîãî óïðóãî.
Â ñëó÷àå óðàâíåíèÿ òåïëîïðîâîäíîñòè óñëîâèå I-ãî ðîäà îçíà÷àåò êðàé, íà

êîòîðîì ïîääåðæèâàåòñÿ çàäàííàÿ òåìïåðàòóðà, óñëîâèå Íåéìàíà � òåï-
ëîèçîëèðîâàííûé êðàé, à óñëîâèå III-ãî ðîäà � êðàé, íà êîòîðîì ïðîèñ-
õîäèò êîíâåêòèâíûé òåïëîîáìåí ñ îêðóæàþùåé ñðåäîé.

2.3. Çàäà÷à Äèðèõëå äëÿ ñòàöèîíàðíîãî óðàâíåíèÿ

Åñëè ðàññìîòðåòü îãðàíè÷åííóþ ñòðóíó, ìåìáðàíó èëè ¼ìêîñòü, ãäå ïðîèñ-
õîäèëà äèôôóçèÿ èëè òåïëîîáìåí, òî åñòåñòâåííî ïðåäïîëîæèòü, ÷òî ðåøåíèå
óðàâíåíèÿ áóäåò çàâèñåòü îò òîãî, ÷òî ïðîèñõîäèò íà ãðàíèöå äàííîãî òåëà. Ê
ïðèìåðó, ôîðìà ìåìáðàíû íå ìîæåò íå çàâèñåòü îò å¼ æå ïðîôèëÿ íà ãðàíèöå.
Ïóñòü Ω ⊂ Rn − îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω ∈ C3,
Ω = Ω

⋃
∂Ω − å¼ çàìûêàíèå.

Ïóñòü çàäàíû ôóíêöèè k(x), q(x) è F (x), äëÿ êîòîðûõ âûïîëíåíû óñëî-
âèÿ (1.1),

q(x) > 0, k ∈ C1(Ω), q, F ∈ C(Ω).

Îïðåäåëåíèå 2.5. Çàäà÷åé Äèðèõëå äëÿ ñòàöèîíàðíîãî óðàâíåíèÿ
(ãðàíè÷íîé çàäà÷åé I-ãî ðîäà) íàçûâàåòñÿ çàäà÷à íàõîæäåíèÿ ôóíêöèè u(x) ∈
C2(Ω)

⋂
C(Ω) èç óñëîâèé:{

−div
(
k(x)grad u

)
+ q(x)u = F (x), x ∈ Ω;

u(x) = µ(x), x ∈ ∂Ω,
(2.8)

ãäå µ(x) � çàäàííàÿ íåïðåðûâíàÿ ôóíêöèÿ, íàçûâàåìàÿ äàííûìè Äèðèõëå.
Â ñëó÷àå îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé çàäà÷à ïðèíèìàåò âèä:{

− ∂
∂x

(
k(x)∂u∂x

)
+ q(x)u = F (x), x ∈ (0, l);

u(0) = u0,
u(l) = u1.

(2.9)
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Â ñàìîì ïðîñòîì ñëó÷àå, êîãäà k(x) ≡ a2 = const > 0, q(x) ≡ 0, n = 1,
ïîëó÷èì êðàåâóþ çàäà÷ó I-ãî ðîäà äëÿ óðàâíåíèÿ Ïóàññîíà:{

∆u = f(x) = −F (x), x ∈ Ω;
u(x) = µ(x), x ∈ ∂Ω, (2.10)

à åñëè è F ≡ 0, òî çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà.

2.4. Çàäà÷à Íåéìàíà äëÿ ñòàöèîíàðíîãî óðàâíåíèÿ

Êðîìå óñëîâèé Äèðèõëå, íà ãðàíèöå ìîãóò áûòü óñëîâèÿ äðóãèõ âèäîâ. Íà-
ïðèìåð, ïóñòü Ω ⊂ Rn − îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω ∈ C3,
à Ω = Ω

⋃
∂Ω − å¼ çàìûêàíèå.

Îïðåäåëåíèå 2.6. Çàäà÷åé Íåéìàíà äëÿ ñòàöèîíàðíîãî óðàâíåíèÿ
(ãðàíè÷íîé çàäà÷åé II-ãî ðîäà) íàçûâàåòñÿ çàäà÷à íàõîæäåíèÿ ôóíêöèè
u(x) ∈ C2(Ω)

⋂
C1(Ω) èç óñëîâèé:{
−div

(
k(x)grad u

)
+ q(x)u = F (x), x ∈ Ω;

∂u
∂~n(x) = ν(x), x ∈ ∂Ω,

(2.11)

ãäå ~n � âåêòîð âíåøíåé íîðìàëè ê ïîâåðõíîñòè Ω, ν(x) � çàäàííàÿ íåïðåðûâíàÿ
ôóíêöèÿ, íàçûâàåìàÿ äàííûìè Íåéìàíà, à äëÿ çàäàííûõ ôóíêöèé k(x), q(x)
è F (x) âûïîëíåíû óñëîâèÿ (1.1) è:

q(x) > 0, k ∈ C1(Ω), q, F ∈ C(Ω).

Â ñëó÷àå îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé çàäà÷à ïðèíèìàåò âèä:{
− ∂

∂x

(
k(x)∂u∂x

)
+ q(x)u = F (x), x ∈ (0, l);

u ′(0) = u0,
u ′(l) = u1.

(2.12)

Â ñàìîì ïðîñòîì ñëó÷àå, êîãäà k(x) ≡ a2 = const > 0, q(x) ≡ 0, n = 1,
ïîëó÷èì êðàåâóþ çàäà÷ó II-ãî ðîäà äëÿ óðàâíåíèÿ Ïóàññîíà:{

∆u = f(x) = −F (x), x ∈ Ω;
∂u
∂~n(x) = ν(x), x ∈ ∂Ω,

(2.13)

à åñëè è F ≡ 0, � çàäà÷ó Íåéìàíà äëÿ óðàâíåíèÿ Ëàïëàñà.

Çàìå÷àíèå 2.3. Óñëîâèå II-ãî ðîäà â îäíîìåðíîì ñëó÷àå ïðèíèìàåò âèä

u ′(0) = u0, u ′(l) = u1

â ñèëó òîãî ôàêòà, ÷òî ïîä íîðìàëüþ ê ãðàíèöå â ñëó÷àå îäíîìåðíîé îãðàíè-
÷åííîé îáëàñòè (îòðåçêà) ïîíèìàåòñÿ âåêòîð, íàïðàâëåííûé âïðàâî, íà ïðàâîì
êîíöå îòðåçêà, è âåêòîð, íàïðàâëåííûé âëåâî, íà ëåâîì åãî êîíöå, îòêóäà:

∂u

∂~n
(0) = −u ′(0),

∂u

∂~n
(l) = u ′(l).
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2.5. Òðåòüÿ êðàåâàÿ çàäà÷à

Ðàññìîòðèì çàäà÷ó ñ êðàåâûìè óñëîâèÿìè åùå îäíîãî âèäà.
Ïóñòü Ω ⊂ Rn − îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω ∈ C3,
Ω = Ω

⋃
∂Ω − å¼ çàìûêàíèå.

Îïðåäåëåíèå 2.7. Êðàåâîé çàäà÷åé III-ãî ðîäà) íàçûâàåòñÿ çàäà÷à íà-
õîæäåíèÿ ôóíêöèè u(x) ∈ C2(Ω)

⋂
C1(Ω) èç óñëîâèé:{

−div
(
k(x)grad u

)
+ q(x)u = F (x), x ∈ Ω;

α∂u∂~n(x) + βu(x) = χ(x), x ∈ ∂Ω,
(2.14)

ãäå ~n � âåêòîð âíåøíåé íîðìàëè ê ïîâåðõíîñòè Ω, χ(x) � çàäàííàÿ íåïðåðûâíàÿ
ôóíêöèÿ, íàçûâàåìàÿ ôóíêöèåé êðàåâîãî óñëîâèÿ, âûïîëíåíî íåðàâåíñòâî
α2 + β2 6= 0, à äëÿ çàäàííûõ ôóíêöèé k(x), q(x) è F (x) âûïîëíÿþòñÿ óñëî-
âèÿ (1.1) è:

q(x) > 0, k ∈ C1(Ω), q, F ∈ C(Ω).

Â ñëó÷àå îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé çàäà÷à ïðèíèìàåò âèä:{
− ∂

∂x

(
k(x)∂u∂x

)
+ q(x)u = F (x), x ∈ (0, l);

−αu ′(0) + βu(0) = u0,
αu ′(l) + βu(l) = u1.

(2.15)

(Ìèíóñ ïåðåä α âî âòîðîé ñòðî÷êå âîçíèê â ñèëó ðàññóæäåíèé, ïðèâåä¼ííûõ â
çàìå÷àíèè 2.3.)

Â ñàìîì ïðîñòîì ñëó÷àå, êîãäà k(x) ≡ a2 = const > 0, q(x) ≡ 0, n = 1,
ïîëó÷èì êðàåâóþ çàäà÷ó III-ãî ðîäà äëÿ óðàâíåíèÿ Ïóàññîíà:{

∆u = f(x) = −F (x), x ∈ Ω;
α∂u∂~n(x) + βu(x) = χ(x), x ∈ ∂Ω,

(2.16)

à åñëè è F ≡ 0, � çàäà÷ó III-ãî ðîäà äëÿ óðàâíåíèÿ Ëàïëàñà.

2.6. Íà÷àëüíî-êðàåâûå çàäà÷è

Íàêîíåö, åñëè íåñòàöèîíàðíûé ïðîöåññ êîëåáàíèé èëè òåëîîáìåíà ïðîèñõîäèò
â îãðàíè÷åííîé îáëàñòè, äëÿ êîððåêòíîé ïîñòàíîâêè çàäà÷ íàì ïîòðåáóþòñÿ êàê
äàííûå Êîøè, òàê è êðàåâûå óñëîâèÿ.
Ïóñòü

Ω ⊂ Rn − îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω ∈ C3;

Ω = Ω
⋃

∂Ω − å¼ çàìûêàíèå;

Q = Ω× (0, +∞) = {(x, t) | x ∈ Ω, t > 0} ;

Q∗ = Ω× [0, +∞) = {(x, t) | x ∈ Ω, t > 0} ;

Q = Ω× [0, +∞) =
{

(x, t) | x ∈ Ω, t > 0
}
.
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Îïðåäåëåíèå 2.8. Íà÷àëüíî-êðàåâîé çàäà÷åé äëÿ óðàâíåíèÿ êîëåáà-
íèé íàçûâàåòñÿ çàäà÷à íàõîæäåíèÿ ôóíêöèè u(x) ∈ C2(Q)

⋂
C(Q∗) èç óñëîâèé:

ρ(x) ∂
2u
∂t2 − div

(
k(x)grad u

)
+ q(x, t)u = F (x, t), (x, t) ∈ Q;

u(x, 0) = ϕ(x), x ∈ Ω;
ut(x, 0) = ψ(x), x ∈ (0, l);
∂u
∂t (x, 0) = ψ(x), x ∈ Ω,
α∂u∂~n(x) + βu(x) = χ(x, t), x ∈ ∂Ω,

(2.17)

ãäå χ(x, t) � çàäàííàÿ íåïðåðûâíàÿ ôóíêöèÿ, íàçûâàåìàÿ ôóíêöèåé êðàå-
âîãî óñëîâèÿ, ϕ(x), ψ(x) ∈ C(Ω) � äàííûå Êîøè, âûïîëíåíî íåðàâåíñòâî
α2 + β2 6= 0, à äëÿ çàäàííûõ ôóíêöèé ρ(x), k(x), q(x) è F (x, t) âûïîëíåíû
óñëîâèÿ (1.1) è:

ρ ∈ C(Ω), k ∈ C1(Ω), q, F ∈ C(Q).

Â ñëó÷àå îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé çàäà÷à ïðèíèìàåò âèä:
ρ(x) ∂

2u
∂t2 −

∂
∂x

(
k(x)∂u∂x

)
+ q(x, t)u = F (x, t), x ∈ (0, l);

u(x, 0) = ϕ(x), x ∈ (0, l);
ut(x, 0) = ψ(x), x ∈ (0, l);
−α∂u∂~x(0) + βu(0) = µ(t),
α∂u∂~x(l) + βu(l) = ν(t).

(2.18)

Â ñëó÷àå, êîãäà α = 0 ïîëó÷àåì I-þ íà÷àëüíî-êðàåâóþ çàäà÷ó, â ñëó÷àå β = 0 �
II-þ, à ïðè α · β 6= 0 � III-þ.

Â ñàìîì ïðîñòîì ñëó÷àå, êîãäà êðàåâûå óñëîâèÿ I-ãî ðîäà,

ρ(x) = ρ0 = const > 0,
k(x)

ρ0
≡ a2 = const > 0, q(x) ≡ 0,

ïîëó÷èì I-óþ íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ âîëíîâîãî óðàâíåíèÿ:
utt − a2∆u = f(x, t) = F (x, t)

ρ0
, x ∈ Ω;

u(x, 0) = ϕ(x), x ∈ Ω;
ut(x, 0) = ψ(x), x ∈ Ω;
u(x, t) = µ(t), x ∈ ∂Ω.

(2.19)

Îïðåäåëåíèå 2.9. Ïóñòü Ω, Ω, Q è Q∗ òàêèå æå, êàê â îïðåäåëåíèè 2.8.
Íà÷àëüíî-êðàåâîé çàäà÷åé äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè íàçûâàåò-
ñÿ çàäà÷à íàõîæäåíèÿ ôóíêöèè u(x) ∈ C2,1(Q)

⋂
C(Q∗) èç óñëîâèé: c(x)ρ(x) ∂u∂t − div

(
k(x)grad u

)
= F (x, t), (x, t) ∈ Q;

u(x, 0) = ϕ(x), x ∈ Ω;
α∂u∂~n(x) + βu(x) = χ(x, t), x ∈ ∂Ω,

(2.20)
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ãäå χ(x, t) � çàäàííàÿ íåïðåðûâíàÿ ôóíêöèÿ, íàçûâàåìàÿôóíêöèåé êðàåâîãî
óñëîâèÿ, âûïîëíåíî íåðàâåíñòâî α2 + β2 6= 0, ϕ(x) ∈ C(Ω) � äàííûå Êîøè, à
äëÿ çàäàííûõ ôóíêöèé c(x), ρ(x), k(x) è F (x, t) âûïîëíåíû óñëîâèÿ (1.1) è

c(x) > c0 > 0, ρ(x) > ρ0 > 0,

k(x) > k0 > 0, ρ ∈ C(Ω), k ∈ C1(Ω), F ∈ C(Q).

Â ñëó÷àå îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé çàäà÷à ïðèíèìàåò âèä:
− ∂

∂x

(
k(x)∂u∂x

)
+ q(x)u = F (x), x ∈ (0, l);

u(x, 0) = ϕ(x), x ∈ (0, l);
−α∂u∂~x(0) + βu(0) = µ(t), t > 0;
α∂u∂~x(l) + βu(l) = ν(t) t > 0.

(2.21)

Â ñëó÷àå, êîãäà α = 0 ïîëó÷àåì I-þ íà÷àëüíî-êðàåâóþ çàäà÷ó, â ñëó÷àå β = 0 �
II-þ, à ïðè α · β 6= 0 � III-þ.

Â ñàìîì ïðîñòîì ñëó÷àå, êîãäà êðàåâûå óñëîâèÿ I-ãî ðîäà,

c(x) = c0 = const > 0, ρ(x) = ρ0 = const > 0,
k(x)

c0ρ0
≡ a2 = const > 0,

ïîëó÷èì I-óþ íà÷àëüíî-êðàåâóþ çàäà÷ó âèäà: ut − a2∆u = f(x, t) = F (x, t)
c0ρ0

, x ∈ Ω;
u(x, 0) = ϕ(x), x ∈ Ω;
u(x, t) = µ(t), x ∈ ∂Ω.

(2.22)

Ïðèìåð 2.1. Ïîñòàâèòü íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ êîëåáàíèé
ñòðóíû íà îòðåçêå x ∈ [0, l] ñ íà÷àëüíûì îòêëîíåíèåì ϕ(x), íóëåâîé íà÷àëü-
íîé ñêîðîñòüþ ñòðóíû è îäíîðîäíûìè êðàåâûìè óñëîâèÿìè

• I-ãî ðîäà íà ëåâîì êîíöå;

• II-ãî ðîäà íà ïðàâîì.
Óðàâíåíèå êîëåáàíèé íà îòðåçêå [0, l] ïðèíèìàåò âèä:

ρ(x)
∂2u

∂t2
− ∂

∂x

(
k(x)

∂u

∂x

)
+ q(x, t)u = F (x, t), x ∈ (0, l).

Íà÷àëüíîå îòêëîíåíèå ϕ(x) îçíà÷àåò, ÷òî

u(x, 0) = ϕ(x), x ∈ (0, l).

Íà÷àëüíàÿ ñêîðîñòü ðàâíà íóëþ, òî åñòü

ut(x, 0) = 0, x ∈ (0, l).
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Îäíîðîäíîå êðàåâîå óñëîâèå I-ãî ðîäà íà ëåâîì êîíöå (ïðè x = 0) èìååò âèä:

u(0, t) = 0, t > 0,

à îäíîðîäíîå êðàåâîå óñëîâèå II-ãî ðîäà íà ïðàâîì êîíöå (ïðè x = l), ñîîòâåò-
ñòâåííî, âèä:

ux(0, t) = 0, t > 0.

Ñîáðàâ âñå ýòè óñëîâèÿ âîåäèíî, ïîëó÷àåì çàäà÷ó:
Íàéòè ôóíêöèþ u(x) ∈ C2(Q)

⋂
C(Q∗), ãäå Q è Q∗ çàäàíû â îïðåäåëåíèè 2.8,

èç óñëîâèé:
ρ(x)utt − (k(x)ux)x + q(x, t)u = F (x, t), x ∈ (0, l);
u(x, 0) = ϕ(x), x ∈ (0, l);
ut(x, 0) = 0, x ∈ (0, l);
u(0, t) = 0, t > 0;
ux(l, t) = 0, t > 0.

ãäå ϕ(x), ψ(x) ∈ C[0, l], à äëÿ çàäàííûõ ôóíêöèé ρ(x), k(x), q(x) è F (x, t)
âûïîëíåíû îáû÷íûå óñëîâèÿ:

ρ(x) > ρ0 > 0, k(x) > k0 > 0,

ρ ∈ C[0, l], k ∈ C1[0, l], q, F ∈ C
(
[0, l]× [0, +∞)

)
.

Ïðèìåð 2.2. Ïîñòàâèòü íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ òåïëîïðî-
âîäíîñòè íà îòðåçêå x ∈ [0, l] ñ íà÷àëüíûì ðàñïðåäåëåíèåì òåìïåðàòóðû ϕ(x)
è îäíîðîäíûìè êðàåâûìè óñëîâèÿìè

• III-ãî ðîäà íà ëåâîì êîíöå;

• I-ãî ðîäà íà ïðàâîì.
Óðàâíåíèå òåïëîïðîâîäíîñòè íà îòðåçêå [0, l] ïðèíèìàåò âèä:

c(x)ρ(x)ut − (k(x)ux)x = F (x, t), x ∈ (0, l).

Íà÷àëüíîå ðàñïðåäåëåíèåì òåìïåðàòóðû ϕ(x) îçíà÷àåò, ÷òî

u(x, 0) = ϕ(x), x ∈ (0, l).

Îäíîðîäíîå êðàåâîå óñëîâèå III-ãî ðîäà íà ëåâîì êîíöå (ïðè x = 0) èìååò âèä:

−αux(0, t) + βu(0, t) = 0, t > 0,

à îäíîðîäíîå êðàåâîå óñëîâèå I-ãî ðîäà íà ïðàâîì êîíöå (ïðè x = l), ñîîòâåò-
ñòâåííî, âèä:

u(0, t) = 0, t > 0.
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Ñîáðàâ âñå ýòè óñëîâèÿ âîåäèíî, ïîëó÷àåì çàäà÷ó:
Íàéòè ôóíêöèþ u(x) ∈ C2,1(Q)

⋂
C(Q∗), ãäå Q è Q∗ çàäàíû â îïðåäåëåíèè 2.8,

èç óñëîâèé: 
c(x)ρ(x)utt − (k(x)ux)x = F (x, t), x ∈ (0, l);
u(x, 0) = ϕ(x), x ∈ (0, l);
−αux(0, t) + βu(0, t) = 0 = 0, t > 0;
u(l, t) = 0, t > 0,

ãäå α, β � çàäàííûå ÷èñëà, ϕ(x) ∈ C[0, l], à äëÿ çàäàííûõ ôóíêöèé c(x), ρ(x),
k(x) è F (x, t) âûïîëíåíû îáû÷íûå óñëîâèÿ:

c(x) > c0 > 0, ρ(x) > ρ0 > 0, k(x) > k0 > 0,

ρ ∈ C[0, l], k ∈ C1[0, l], F ∈ C
(
[0, l]× [0, +∞)

)
.

3. Êëàññèôèêàöèÿ è ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ 2-ãî ïîðÿäêà

3.1. Êëàññèôèêàöèÿ ëèíåéíûõ Ó×Ï 2-ãî ïîðÿäêà ñ äâóìÿ
íåçàâèñèìûìè ïåðåìåííûìè

Ðàññìîòðèì îáùåå Ó×Ï 2-ãî ïîðÿäêà ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè:

F (x, y; u, ux, uy, uxx, uxy, uyy) = 0.

Åãî ÷àñòíûì ñëó÷àåì ÿâëÿåòñÿ êâàçèëèíåéíîå óðàâíåíèå

a11uxx + 2a12uxy + a22uyy + f (x, y; u, ux, uy) = 0.

Ìû æå áóäåì èçó÷àòü â îñíîâíîì åù¼ áîëåå ÷àñòíûé ñëó÷àé � ëèíåéíîå óðàâ-
íåíèå

a11uxx + 2a12uxy + a22uyy + b1ux + b2uy + cu = f(x, y), (3.1)

ãäå êîýôôèöèåíòû aij, bi, c ÿâëÿþòñÿ, âîîáùå ãîâîðÿ, ôóíêöèÿìè îò (x, y).

Îïðåäåëåíèå 3.1. Õàðàêòåðèñòè÷åñêîé êâàäðàòè÷íîé ôîðìîé óðàâ-
íåíèÿ (3.1) íàçûâàåòñÿ âûðàæåíèå

Q(λ1, λ2) = a11λ
2
1 + 2a12λ1λ2 + a22λ

2
2. (3.2)

Âûðàæåíèå

∆ = −
∣∣∣a11 a12
a12 a22

∣∣∣ = a2
12 − a11a22 (3.3)

íàçûâàåòñÿ äèñêðèìèíàíòîì êâàäðàòè÷íîé ôîðìû (3.2).

Îïðåäåëåíèå 3.2. Óðàâíåíèå (3.1) îòíîñèòñÿ ê

1) ãèïåðáîëè÷åñêîìó òèïó, åñëè ∆ > 0;

2) ýëëèïòè÷åñêîìó òèïó, åñëè ∆ < 0;

3) ïàðàáîëè÷åñêîìó òèïó, åñëè ∆ = 0.
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Çàìå÷àíèå 3.1. Â ñëó÷àå, êîãäà êîýôôèöèåíòû aij, bi, c ÿâëÿþòñÿ ôóíêöèÿìè
îò (x, y), äèñêðèìèíàíò ∆ òàêæå åñòü ôóíêöèÿ îò (x, y). Ïîýòîìó óðàâíåíèå ñ
ïåðåìåííûìè êîýôôèöèåíòàìè ìîæåò â ðàçíûõ îáëàñòÿõ ïëîñêîñòè R2 èìåòü
ðàçíûé òèï.

Çàìå÷àíèå 3.2. Òèï óðàâíåíèÿ íå èçìåíÿåòñÿ ïðè íåâûðîæäåííîé çàìåíå ïå-
ðåìåííûõ {

ξ = ξ(x, y);
η = η(x, y).

Îïðåäåëåíèå 3.3. Êàíîíè÷åñêèì âèäîì óðàâíåíèÿ

1) ãèïåðáîëè÷åñêîãî òèïà íàçûâàåòñÿ âèä

vξξ − vηη + β1vξ + β2vη + γv = g(ξ, η), ëèáî
vξη + β1vξ + β2vη + γv = g(ξ, η);

2) ýëëèïòè÷åñêîãî òèïà íàçûâàåòñÿ âèä

vξξ + vηη + β1vξ + β2vη + γv = g(ξ, η);

3) ïàðàáîëè÷åñêîãî òèïà íàçûâàåòñÿ âèä

vηη + β1vξ + β2vη + γv = g(ξ, η).

3.2. Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó Ó×Ï 2-ãî ïîðÿäêà ñ äâóìÿ
íåçàâèñèìûìè ïåðåìåííûìè

Àëãîðèòì.

1) Íàõîäèì ∆, îïðåäåëÿåì òèï óðàâíåíèÿ.

2) Íàõîäèì ïåðâûå èíòåãðàëû õàðàêòåðèñòè÷åñêèõ óðàâíåíèé:

â ñëó÷àå, êîãäà a11 6= 0: dy
dx = a12±

√
∆

a11
;

â ñëó÷àå, êîãäà a22 6= 0: dx
dy = a12±

√
∆

a22
.

3) Ïåðâûå èíòåãðàëû èìåþò âèä:

â ñëó÷àå ãèïåðáîëè÷åñêîãî òèïà: ϕ(x, y) = c, ψ(x, y) = c;

â ñëó÷àå ýëëèïòè÷åñêîãî òèïà: α(x, y)± iβ(x, y) = c;

â ñëó÷àå ïàðàáîëè÷åñêîãî òèïà: δ(x, y) = c.
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4) Äåëàåì çàìåíó ïåðåìåííûõ:

â ñëó÷àå ãèïåðáîëè÷åñêîãî òèïà:

{
ξ = ϕ(x, y);
η = ψ(x, y);

â ñëó÷àå ýëëèïòè÷åñêîãî òèïà:

{
ξ = α(x, y);
η = β(x, y);

â ñëó÷àå ïàðàáîëè÷åñêîãî òèïà:

{
ξ = δ(x, y);
η = ε(x, y), ,

ãäå ε(x, y) � ëþáàÿ ôóíêöèÿ èç C1, òàêàÿ, ÷òî
∣∣∣δx δy
εx εy

∣∣∣ 6= 0.

Ðåçóëüòàòîì ïðîèçâåä¼ííîé çàìåíû áóäåò êàíîíè÷åñêèé âèä óðàâíåíèÿ.

� 911. Ïðèâåñòè ê êàíîíè÷åñêîìó âèäó â êàæäîé îáëàñòè, ãäå ñîõðà-
íÿåòñÿ òèï, óðàâíåíèå

yuxx + uyy = 0.

Øàã 1. Èùåì äèñêðèìèíàíò.
Òàê êàê â íàøåì ñëó÷àå a11 = y, a12 = 0, a22 = 1, òî

∆ = a2
12 − a11a22 = −y.

Ïîýòîìó
à) â ïîëóïëîñêîñòè y < 0 äèñêðèìèíàíò ∆ > 0 ⇒ ãèïåðáîëè÷åñêèé òèï;

á) â ïîëóïëîñêîñòè y > 0 äèñêðèìèíàíò ∆ < 0 ⇒ ýëëèïòè÷åñêèé òèï;

â) íà ïðÿìîé y = 0 äèñêðèìèíàíò ∆ = 0 ⇒ ïàðàáîëè÷åñêèé òèï.

Øàã 2. Ñîñòàâèì õàðàêòåðèñòè÷åñêèå óðàâíåíèÿ.
Òàê êàê a22 = 1 6= 0, õàðàêòåðèñòè÷åñêèå óðàâíåíèÿ èìåþò âèä:

dx

dy
=
a12 ±

√
∆

a22
, òî åñòü

dx

dy
= ±
√
−y. (3.4)

Ýòî � óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè. Ðåøàåì èõ:
à) â ïîëóïëîñêîñòè y < 0

dx = ±
√
−ydy ⇒ x+ c = ∓2

3
(−y)

3
2 .

Ïîýòîìó ïåðâûå èíòåãðàëû èìåþò âèä:

ϕ(x, y) = x+ 2
3(−y)

3
2 = c, ψ(x, y) = x− 2

3(−y)
3
2 = c; (3.5)

á) â ïîëóïëîñêîñòè y > 0

dx = ±i√ydy ⇒ x+ c = ±i2
3
y

3
2 .

Ïîýòîìó ïåðâûå èíòåãðàëû èìåþò âèä:

α(x, y)± iβ(x, y) = c, ãäå α(x, y) = x, β(x, y) = 2
3 y

3
2 ; (3.6)

1Çäåñü è äàëåå çàäà÷è áåðóòñÿ èç çàäà÷íèêà [1].
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â) íà ïðÿìîé y = 0
dx = 0 · dy ⇒ x = c.

Ïîýòîìó ïåðâûé èíòåãðàë (åäèíñòâåííûé ëèíåéíî íåçàâèñèìûé) èìååò âèä:

δ(x, y) = x. (3.7)

Øàã 3. Çàìåíà ïåðåìåííûõ.
Â ñîîòâåòñòâèè ñ àëãîðèòìîì, íåîáõîäèìî ïðîèçâåñòè çàìåíó:
à) â ïîëóïëîñêîñòè y < 0 {

ξ = x+ 2
3(−y)

3
2 ;

η = x− 2
3(−y)

3
2 .

Òîãäà, ââåäÿ ôóíêöèþ v(ξ, η), ïîëó÷àåì:

ux = vξ + vη, uy = (−vξ + vη)
√
−y,

uxx = vξξ + 2vξη + vηη, uyy = −y (vξξ − 2vξη + vηη)−
1

2
√
−y

(−vξ + vη) .

Ïîäñòàâèâ íàéäåííûå ïðîèçâîäíûå â èñõîäíîå óðàâíåíèå, ïîëó÷àåì:

yuxx + uyy = y (vξξ + 2vξη + vηη)− y (vξξ − 2vξη + vηη)−
1

2
√
−y

(−vξ + vη) =

= y

[
4vξη −

1

2(−y)
3
2

(−vξ + vη)

]
= 0.

Ïîäåëèâ íà 4y è âûðàçèâ 2(−y)
3
2 = 3

2(ξ − η), ïîëó÷àåì êàíîíè÷åñêèé âèä:

vξη −
1

6(ξ − η)
(−vξ + vη) = 0.

á) â ïîëóïëîñêîñòè y > 0 {
ξ = x;
η = 2

3 y
3
2 .

Òîãäà, ââåäÿ ôóíêöèþ v(ξ, η), ïîëó÷àåì:

ux = vξ, uy = vη
√
y,

uxx = vξξ, uyy = vηη y +
1

2
√
y
vη.

Ïîäñòàâèâ íàéäåííûå ïðîèçâîäíûå â èñõîäíîå óðàâíåíèå, ïîëó÷àåì:

yuxx + uyy = y (vξξ + vηη) +
1

2
√
y
vη = y

(
vξξ + vηη +

1

2y
3
2

vη

)
=

=
[
2y

3
2 = 3η

]
= y

(
vξξ + vηη +

1

3η
vη

)
= 0.

Ïîäåëèâ íà y, ïîëó÷àåì êàíîíè÷åñêèé âèä:

vξξ + vηη +
1

3η
vη = 0.
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â) íà ïðÿìîé y = 0 {
ξ = x;
η = y.

(Íàì íàäî áûëî ïðîèçâîëüíûì îáðàçîì âûáðàòü η(x, y) òàê, ÷òîáû ôóíêöèè
ξ, η îáðàçîâûâàëè ëèíåéíî íåçàâèñèìóþ ïàðó.)
Ââåäÿ ôóíêöèþ v(ξ, η), ïîëó÷àåì:

ux = vξ, uy = vη, uxx = vξξ, uyy = vηη.

Ïîäñòàâèâ íàéäåííûå ïðîèçâîäíûå â èñõîäíîå óðàâíåíèå ïðè y = 0, ïîëó÷à-
åì:

uyy = vηη = 0.

Èòàê, êàíîíè÷åñêèé âèä èñõîäíîãî óðàâíåíèÿ íà ïðÿìîé y = 0:

vηη = 0 èëè, ÷òî òî æå ñàìîå, uyy = 0.

Îòâåò:
vξη − 1

6(ξ−η) (−vξ + vη) = 0 â îáëàñòè y < 0, ãèïåðáîëè÷åñêèé òèï;

vξξ + vηη + 1
3η vη = 0 â îáëàñòè y > 0, ýëëèïòè÷åñêèé òèï;

uyy = 0 â îáëàñòè y = 0, ïàðàáîëè÷åñêèé òèï.

Ïðè ýòîì
ξ = y − x+ 2

√
x, η = y − x− 2

√
x â îáëàñòè y < 0;

ξ = y − x, η = 2
√
−x â îáëàñòè y > 0;

ξ = x, η = y â îáëàñòè y = 0.

3.3. Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó Ó×Ï 2-ãî ïîðÿäêà
ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

Â ýòîì ïàðàãðàôå ìû áóäåì ðàññìàòðèâàòü Ó×Ï 2-ãî ïîðÿäêà ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè è n íåçàâèñèìûìè ïåðåìåííûìè:

n∑
i,j=1

aij uxixj + f(x1, . . . , xn; u, ux1
, . . . , uxn) = 0, (3.8)

aij = const ∈ R, i, j = 1, n.

Îïðåäåëåíèå 3.4. Õàðàêòåðèñòè÷åñêîé êâàäðàòè÷íîé ôîðìîé óðàâ-
íåíèÿ (3.8) íàçûâàåòñÿ âûðàæåíèå:

Q(λ1, . . . , λn) =
n∑

i,j=1

aij λiλj. (3.9)
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Íîðìàëüíûì âèäîì êâàäðàòè÷íîé ôîðìû (3.9) íàçûâàåòñÿ å¼ âèä

Q̃(µ1, . . . , µn) =
n∑
k=1

βk µ
2
k, βk ∈

{
−1, 0, 1

}
. (3.10)

Êàíîíè÷åñêèì âèäîì óðàâíåíèÿ (3.8) íàçûâàåòñÿ âèä, â êîòîðîì åãî õàðàêòå-
ðèñòè÷åñêàÿ êâàäðàòè÷íàÿ ôîðìà ïðèíèìàåò íîðìàëüíûé (èëè êàíîíè÷åñêèé)
âèä:

n∑
k=1

βk uxkxk + g(x1, . . . , xn; u, ux1
, . . . , uxn) = 0. (3.11)

Îïðåäåëåíèå 3.5. Óðàâíåíèå (3.8) îòíîñèòñÿ ê

1) ãèïåðáîëè÷åñêîìó òèïó, åñëè âñå êîýôôèöèåíòû βk îòëè÷íû îò íóëÿ è
íå âñå îäíîãî çíàêà;

2) ýëëèïòè÷åñêîìó òèïó, åñëè âñå êîýôôèöèåíòû βk îòëè÷íû îò íóëÿ è âñå
îäíîãî çíàêà;

3) ïàðàáîëè÷åñêîìó òèïó, åñëè õîòÿ áû îäèí èç êîýôôèöèåíòîâ βk ðàâåí
íóëþ.

Àëãîðèòì.

1) Ïðèâîäèì õàðàêòåðèñòè÷åñêóþ êâàäðàòè÷íóþ ôîðìó ê êàíîíè÷åñêîìó (íîð-
ìàëüíîìó) âèäó (3.10) (ìåòîäîì âûäåëåíèÿ ïîëíûõ êâàäðàòîâ). Âûïèñûâà-
åì ìàòðèöó ïðåîáðàçîâàíèÿ, îñóùåñòâëÿþùóþ ýòîò ïðîöåññ:µ1

µ2
. . .
µn

 =


α11 α12

... α1n

α21 α22
... α2n

. . . . . . . . . . . .

αn1 αn2
... αnn


︸ ︷︷ ︸

A

λ1
λ2
. . .
λn

 , detA 6= 0. (3.12)

2) Íàõîäèì ìàòðèöó Γ çàìåíû ïåðåìåííûõ ïî çàêîíó

Γ =
(
AT
)−1

. (3.13)

3) Ïðîèçâîäèì çàìåíó ïåðåìåííûõ: ξ1
ξ2
. . .
ξn

 =


γ11 γ12

... γ1n

γ21 γ22
... γ2n

. . . . . . . . . . . .

γn1 γn2
... γnn


︸ ︷︷ ︸

Γ

x1
x2
. . .
xn

 (3.14)

Ðåçóëüòàòîì ïðîèçâåä¼ííîé çàìåíû áóäåò êàíîíè÷åñêèé âèä (3.11) óðàâíåíèÿ (3.8).
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3.4. Ïðèìåðû ðåøåíèÿ çàäà÷

� 119. Ïðèâåñòè ê êàíîíè÷åñêîìó âèäó óðàâíåíèå:

uxy − 2uxz + uyz + ux +
1

2
uy = 0.

Øàã 1. Õàðàêòåðèñòè÷åñêàÿ êâàäðàòè÷íàÿ ôîðìà äàííîãî óðàâíåíèÿ èìååò âèä

Q(λ1, λ2, λ3) = λ1λ2 − 2λ1λ3 + λ2λ3.

Ïðèâåä¼ì å¼ ê êàíîíè÷åñêîìó âèäó:

Q(λ1, λ2, λ3) = λ1λ2 − 2λ1λ3 + λ2λ3 =

[
ν1 = λ1 + λ2;
ν2 = λ1 − λ2;
ν3 = λ3

]
=

=
1

4

(
ν2

1 − ν2
2
)
− (ν1 + ν2) ν3 +

1

2
(ν1 − ν2) ν3 =

1

4

(
ν2

1 − ν2
2
)
− 1

2
ν1ν3 −

3

2
ν2ν3 =

=
1

4

(
ν2

1 − 2ν1ν3 + ν2
3
)
− 1

4

(
ν2

2 + 6ν2ν3 + 9ν2
3
)

+ 2ν2
3 =

=
1

4
(ν1 − ν3)

2− 1

4
(ν2 + 3ν3)

2 + 2ν2
3 =

1

4
κ2

1 −
1

4
κ2

2 + 2κ2
3 = µ2

1− µ2
2 + µ2

3, ãäå
µ1 = 1

2 (λ1 + λ2 − λ3) ;

µ2 = 1
2 (λ1 − λ2 + 3λ3) ;

µ3 =
√

2λ3

òî åñòü

(
µ1
µ2
µ3

)
=


1
2

1
2 − 1

2
1
2 −

1
2

3
2

0 0
√

2


︸ ︷︷ ︸

A

(
λ1
λ2
λ3

)
.

Øàã 2. Íàéä¼ì ìàòðèöó çàìåíû ïåðåìåííûõ Γ:

Γ =
(
AT
)−1

= − 2√
2


−
√

2
2 −

√
2

2 0

−
√

2
2

√
2

2 0

1
2 −1 − 1

2

 =


1 1 0

1 −1 0

−
√

2
2

√
2
√

2
2


Øàã 3. Îñóùåñòâëÿåì çàìåíó ïåðåìåííûõ:

(
ξ
η
ζ

)
=


1 1 0

1 −1 0

−
√

2
2

√
2
√

2
2


(
x
y
z

)
, òî åñòü


ξ = x+ y;

η = x− y;

ζ =
√

2
2 (−x+ 2y + z) .

×òîáû ïîäñòàâèòü íîâûå ïåðåìåííûå â èñõîäíîå óðàâíåíèå, ïîëîæèì

v(ξ, η, ζ) = u(x, y, z)
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è íàéä¼ì ux, uy, uxy, uxz, uyz êàê ïðîèçâîäíûå ñëîæíîé ôóíêöèè
v (ξ(x, y, z), η(x, y, z), ζ(x, y, z)):

ux = vξ + vη −
√

2

2
vζ , uy = vξ − vη +

√
2vζ ;

uxy = vξξ+vξη·(−1)+vηξ·1−vηη+
√

2

2
(vξζ · 2 + vηζ · 2)−

√
2

2

(
vζξ − vζη +

√
2 vζζ

)
⇒

uxy = vξξ − vηη − vζζ +

√
2

2
(vξζ + 3vηζ) ;

uxz =

√
2

2
(vξζ + vηζ)−

1

2
vζζ ;

uyz =

√
2

2
(vξζ − vηζ) + vζζ ;

Ïîäñòàâëÿÿ íàéäåííûé ïðîèçâîäíûå â ëåâóþ ÷àñòü èñõîäíîãî óðàâíåíèÿ è ïðè-
âîäÿ ïîäîáíûå, ïîëó÷àåì:

uxy − 2uxz + uyz + ux +
1

2
uy =

(
vξξ − vηη − vζζ +

√
2

2
(vξζ + 3vηζ)

)
−

− 2

(√
2

2
(vξζ + vηζ)−

1

2
vζζ

)
+

(√
2

2
(vξζ − vηζ) + vζζ

)
+

+

(
vξ + vη −

√
2

2
vζ

)
+

1

2

(
vξ − vη +

√
2vζ

)
= vξξ − vηη + vζζ +

3

2
vξ +

1

2
vη.

Îòâåò: óðàâíåíèå îòíîñèòñÿ ê ãèïåðáîëè÷åñêîìó òèïó,

vξξ − vηη + vζζ +
3

2
vξ +

1

2
vη = 0, ãäå

ξ = x+ y; η = x− y; ζ =

√
2

2
(−x+ 2y + z) .

Çàìå÷àíèå 3.3. Ïîñêîëüêó ïðåîáðàçîâàíèå, ïðèâîäÿùåå êâàäðàòè÷íóþ ôîðìó
ê íîðìàëüíîìó âèäó, îïðåäåëåíî íåîäíîçíà÷íî, òî è çàìåíà ïåðåìåííûõ, ïðèâî-
äÿùàÿ óðàâíåíèå ê êàíîíè÷åñêîìó âèäó, òàêæå îïðåäåëåíî íåîäíîçíà÷íî, ïîýòî-
ìó ïðàâèëüíûõ îòâåòîâ ìíîãî. Íî â ëþáîì ñëó÷àå êîëè÷åñòâî ¾ïëþñîâ¿, ¾ìèíó-
ñîâ¿ è ¾íóëåé¿ ïðè âòîðûõ ïðîèçâîäíûõ íå çàâèñèò îò ñïîñîáà ðåøåíèÿ. Ýòî �
ïðÿìîå ñëåäñòâèå çàêîíà èíåðöèè êâàäðàòè÷íûõ ôîðì.

Çàìå÷àíèå 3.4. Ñòàðøèå êîýôôèöèåíòû óðàâíåíèÿ â êàíîíè÷åñêîé ôîðìå ñîâ-
ïàäàþò ñ êîýôôèöèåíòàìè íîðìàëüíîãî âèäà êâàäðàòè÷íîé ôîðìû. Ïîýòîìó,
ñòðîãî ãîâîðÿ, ìîæíî áûëî áû íå âû÷èñëÿòü è íå ïîäñòàâëÿòü uxy, uxz, uyz â èñ-
õîäíîå óðàâíåíèå, à ïîäñòàâèòü òóäà ëèøü ìëàäøèå ïðîèçâîäíûå ux, uy. Îäíàêî
ïðîäåëàííàÿ ïîëíîñòüþ ïîäñòàíîâêà ïîìîãàåò íàõîäèòü îøèáêè, äîïóùåííûå íà
ïðåäûäóùèõ øàãàõ.
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� 74. Ïðèâåñòè ê êàíîíè÷åñêîìó âèäó óðàâíåíèå:

uxx + 2uxy + 5uyy − 32u = 0.

Øàã 1. Õàðàêòåðèñòè÷åñêàÿ êâàäðàòè÷íàÿ ôîðìà äàííîãî óðàâíåíèÿ èìååò âèä

Q(λ1, λ2) = λ2
1 + 2λ1λ2 + 5λ2

2.

Ïðèâåä¼ì å¼ ê êàíîíè÷åñêîìó âèäó:

Q(λ1, λ2) = λ2
1 + 2λ1λ2 + 5λ2

2 = (λ1 + λ2)
2 + (2λ2)

2 = µ2
1 + µ2

2, ãäå{
µ1 = λ1 + λ2;
µ2 = 2λ2,

òî åñòü
(
µ1
µ2

)
=
(

1 1
0 2

)
︸ ︷︷ ︸

A

(
λ1
λ2

)
.

Øàã 2. Íàéä¼ì ìàòðèöó çàìåíû ïåðåìåííûõ Γ:

Γ =
(
AT
)−1

=
1

2

(
2 0
−1 1

)
.

Øàã 3. Îñóùåñòâëÿåì çàìåíó ïåðåìåííûõ:(
ξ
η

)
=

(
1 0
− 1

2
1
2

)(
x
y

)
, òî åñòü

{
ξ = x;
η = 1

2 (−x+ y) .

×òîáû ïîäñòàâèòü íîâûå ïåðåìåííûå â èñõîäíîå óðàâíåíèå, ïîëîæèì

v(ξ, η) = u(x, y)

è íàéä¼ì ux, uy, uxx, uxy, uyy êàê ïðîèçâîäíûå ñëîæíîé ôóíêöèè
v (ξ(x, y), η(x, y)):

ux = vξ −
1

2
vη, uy =

1

2
vη;

uxx = vξξ − vξη +
1

4
vηη, uxy =

1

2
vξη −

1

4
vηη, uyy =

1

4
vηη.

Ïîäñòàâëÿÿ íàéäåííûé ïðîèçâîäíûå â ëåâóþ ÷àñòü èñõîäíîãî óðàâíåíèÿ è ïðè-
âîäÿ ïîäîáíûå, ïîëó÷àåì:

uxx + 2uxy + 5uyy − 32u =

(
vξξ − vξη +

1

4
vηη

)
+ 2

(
1

2
vξη −

1

4
vηη

)
+

+ 5

(
1

4
vηη

)
− 32v = vξξ + vηη − 32v.

Îòâåò: óðàâíåíèå îòíîñèòñÿ ê ýëëèïòè÷åñêîìó òèïó,

vξξ + vηη − 32v = 0, ãäå ξ = x; η =
1

2
(−x+ y) .

� 75. Ïðèâåñòè ê êàíîíè÷åñêîìó âèäó óðàâíåíèå:

uxx − 2uxy + uyy + 9ux + 9uy − 9u = 0.

-24-



Øàã 1. Õàðàêòåðèñòè÷åñêàÿ êâàäðàòè÷íàÿ ôîðìà äàííîãî óðàâíåíèÿ èìååò âèä

Q(λ1, λ2) = λ2
1 − 2λ1λ2 + λ2

2.

Ïðèâåä¼ì å¼ ê êàíîíè÷åñêîìó âèäó:

Q(λ1, λ2) = λ2
1 − 2λ1λ2 + λ2

2 = (λ1 − λ2)
2 = µ2

1 + 0·µ2
2, ãäå{

µ1 = λ1 − λ2;
µ2 = λ2,

òî åñòü
(
µ1
µ2

)
=
(

1 −1
0 1

)
︸ ︷︷ ︸

A

(
λ1
λ2

)
.

(Â êà÷åñòâå µ2 ìîæíî áûëî âçÿòü ëþáóþ ëèíåéíóþ êîìáèíàöèþ λ1 è λ2, òàêóþ
÷òîáû ìàòðèöà çàìåíû ïåðåìåííûõ áûëà íåâûðîæäåíà.)
Øàã 2. Íàéä¼ì ìàòðèöó çàìåíû ïåðåìåííûõ Γ:

Γ =
(
AT
)−1

=
(

1 0
1 1

)
Øàã 3. Îñóùåñòâëÿåì çàìåíó ïåðåìåííûõ:(

ξ
η

)
=

(
1 0
1 1

)(
x
y

)
, òî åñòü

{
ξ = x;
η = x+ y.

×òîáû ïîäñòàâèòü íîâûå ïåðåìåííûå â èñõîäíîå óðàâíåíèå, ïîëîæèì

v(ξ, η) = u(x, y)

è íàéä¼ì ux, uy, uxx, uxy, uyy êàê ïðîèçâîäíûå ñëîæíîé ôóíêöèè
v (ξ(x, y), η(x, y)):

ux = vξ + vη, uy = vη;

uxx = vξξ + 2vξη + vηη, uxy = vξη + vηη, uyy = vηη.

Ïîäñòàâëÿÿ íàéäåííûé ïðîèçâîäíûå â ëåâóþ ÷àñòü èñõîäíîãî óðàâíåíèÿ è ïðè-
âîäÿ ïîäîáíûå, ïîëó÷àåì:

uxx − 2uxy + uyy + 9ux + 9uy − 9u = (vξξ + 2vξη + vηη)− 2 (vξη + vηη) + (vηη) +

+ 9 (vξ + vη) + 9 (vη)− 9v = vξξ + 9vξ + 18vη − 9v.

Îòâåò: óðàâíåíèå îòíîñèòñÿ ê ïàðàáîëè÷åñêîìó òèïó,

vξξ + 9vξ + 18vη − 9v = 0, ãäå ξ = x; η = x+ y.

� 76. Ïðèâåñòè ê êàíîíè÷åñêîìó âèäó óðàâíåíèå:

2uxx + 3uxy + uyy + 7ux + 4uy − 2u = 0.

Øàã 1. Õàðàêòåðèñòè÷åñêàÿ êâàäðàòè÷íàÿ ôîðìà äàííîãî óðàâíåíèÿ èìååò âèä

Q(λ1, λ2) = 2λ2
1 + 3λ1λ2 + λ2

2.

Ïðèâåä¼ì å¼ ê êàíîíè÷åñêîìó âèäó:

Q(λ1, λ2) = 2λ2
1 + 3λ1λ2 + λ2

2 =

(
3

2
λ1 + λ2

)2

−
(

1

2
λ1

)2

= µ2
1 − µ2

2, ãäå

-25-



{
µ1 = 3

2λ1 + λ2;

µ2 = 1
2λ1,

òî åñòü
(
µ1
µ2

)
=

(3
2 1
1
2 0

)
︸ ︷︷ ︸

A

(
λ1
λ2

)
.

Øàã 2. Íàéä¼ì ìàòðèöó çàìåíû ïåðåìåííûõ Γ:

Γ =
(
AT
)−1

= −2

(
0 − 1

2
−1 3

2

)
=

(
0 1

2 −3

)
.

Øàã 3. Îñóùåñòâëÿåì çàìåíó ïåðåìåííûõ:(
ξ
η

)
=

(
0 1

2 −3

)(
x
y

)
, òî åñòü

{
ξ = y;
η = 2x− 3y.

×òîáû ïîäñòàâèòü íîâûå ïåðåìåííûå â èñõîäíîå óðàâíåíèå, ïîëîæèì

v(ξ, η) = u(x, y)

è íàéä¼ì ux, uy, uxx, uxy, uyy êàê ïðîèçâîäíûå ñëîæíîé ôóíêöèè
v (ξ(x, y), η(x, y)):

ux = 2vη, uy = vξ − 3vη;

uxx = 4vηη, uxy = 2vξη − 6vηη, uyy = vξξ − 6vξη + 9vηη.

Ïîäñòàâëÿÿ íàéäåííûé ïðîèçâîäíûå â ëåâóþ ÷àñòü èñõîäíîãî óðàâíåíèÿ è ïðè-
âîäÿ ïîäîáíûå, ïîëó÷àåì:

2uxx + 3uxy + uyy + 7ux + 4uy − 2u =

= 2 (4vηη) + 3 (2vξη − 6vηη) + (vξξ − 6vξη + 9vηη) + 7 (2vη) + 4 (vξ − 3vη)− 2v =
= vξξ − vηη + 4vξ + 2vη − 2v.

Îòâåò: óðàâíåíèå îòíîñèòñÿ ê ãèïåðáîëè÷åñêîìó òèïó,

vξξ − vηη + 4vξ + 2vη − 2v = 0, ãäå ξ = y; η = 2x− 3y.

� 77. Ïðèâåñòè ê êàíîíè÷åñêîìó âèäó óðàâíåíèå:

uxx + uxy − 2uyy − 3ux − 15uy + 27x = 0.

Øàã 1. Õàðàêòåðèñòè÷åñêàÿ êâàäðàòè÷íàÿ ôîðìà äàííîãî óðàâíåíèÿ èìååò âèä

Q(λ1, λ2) = λ2
1 + λ1λ2 − 2λ2

2.

Ïðèâåä¼ì å¼ ê êàíîíè÷åñêîìó âèäó:

Q(λ1, λ2) = λ2
1 + λ1λ2 − 2λ2

2 =

(
λ1 +

1

2
λ2

)2

−
(

3

2
λ2

)2

= µ2
1 − µ2

2, ãäå

{
µ1 = λ1 + 1

2λ2;

µ2 = 3
2λ2,

òî åñòü
(
µ1
µ2

)
=

(
1 1

2
0 3

2

)
︸ ︷︷ ︸

A

(
λ1
λ2

)
.
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Øàã 2. Íàéä¼ì ìàòðèöó çàìåíû ïåðåìåííûõ Γ:

Γ =
(
AT
)−1

=
2

3

( 3
2 0

− 1
2 1

)
=

(
1 0

− 1
3

2
3

)
.

Øàã 3. Îñóùåñòâëÿåì çàìåíó ïåðåìåííûõ:(
ξ
η

)
=

(
1 0

− 1
3

2
3

)(
x
y

)
, òî åñòü

{
ξ = x;
η = −x+2y

3 .

×òîáû ïîäñòàâèòü íîâûå ïåðåìåííûå â èñõîäíîå óðàâíåíèå, ïîëîæèì

v(ξ, η) = u(x, y)

è íàéä¼ì ux, uy, uxx, uxy, uyy êàê ïðîèçâîäíûå ñëîæíîé ôóíêöèè
v (ξ(x, y), η(x, y)):

ux = vξ −
1

3
vη, uy =

2

3
vη;

uxx = vξξ −
2

3
vξη +

1

9
vηη, uxy =

2

3
vξη −

2

9
vηη, uyy =

4

9
vηη.

Ïîäñòàâëÿÿ íàéäåííûé ïðîèçâîäíûå (à òàêæå ξ âìåñòî x) â ëåâóþ ÷àñòü èñõîä-
íîãî óðàâíåíèÿ è ïðèâîäÿ ïîäîáíûå, ïîëó÷àåì:

uxx + uxy − 2uyy − 3ux − 15uy + 27x =

=

(
vξξ −

2

3
vξη +

1

9
vηη

)
− 2

(
2

3
vξη −

2

9
vηη

)
− 2

(
4

9
vηη

)
− 3

(
vξ −

1

3
vη

)
−

− 15

(
2

3
vη

)
+ 27ξ = vξξ − vηη − 3vξ − 5vη + 27ξ.

Îòâåò: óðàâíåíèå îòíîñèòñÿ ê ãèïåðáîëè÷åñêîìó òèïó,

vξξ − vηη − 3vξ − 5vη + 27ξ = 0, ãäå ξ = x; η =
−x+ 2y

3
.

3.5. Èçáàâëåíèå îò ìëàäøèõ ïðîèçâîäíûõ

Â Ó×Ï 2-ãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè âñåãäà ìîæíî èçáàâèòüñÿ
îò ïåðâûõ ïðîèçâîäíûõ ïðè ïîìîùè çàìåíû

v(ξ1, . . . , ξn) = w(ξ1, . . . , ξn) · ea1ξ1+...+anξn.

Ïðèìåð. Ïîñëå ïðèâåäåíèÿ óðàâíåíèÿ èç � 77 ê êàíîíè÷åñêîìó âèäó

vξξ − vηη − 3vξ − 5vη + 27ξ = 0

ñäåëàåì çàìåíó:
v(ξ, η) = w(ξ, η) · eaξ+bη,

îòêóäà
vξ = (wξ + aw) · eaξ+bη, vη = (wη + bw) · eaξ+bη,
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vξξ =
(
wξξ + 2awξ + a2w

)
· eaξ+bη, vηη =

(
wηη + 2awη + a2w

)
· eaξ+bη.

Ïîäñòàâèì ýòè âûðàæåíèÿ â ëåâóþ ÷àñòü óðàâííèÿ:

vξξ − vηη − 3vξ − 5vη + 27ξ =
[ (
wξξ + 2awξ + a2w

)
−
(
wηη + 2bwη + b2w

)
−

− 3 (wξ + aw)− 5 (wη + bw)
]
· eaξ+bη + 27ξ =

=
[
wξξ − wηη + (2a− 3)wξ + (−2b− 5)wη+

+
(
a2 − b2 − 3a− 5b

)
w + 27ξ · e−aξ−bη

]
· eaξ+bη.

Òåïåðü ìû ìîæåì âûáðàòü a è b òàê, ÷òîáû ñêîáêè, óìíîæàåìûå íà wξ è wη
ñòàëè ðàâíû íóëþ:

a =
3

2
, b = − 5

2
⇒ a2−b2−3a−5b =

9− 25− 18− 50

4
= − 84

4
= −21.

Ïîñëå ïîäñòàíîâêè íàéäåííûõ a è b è ñîêðàùåíèÿ íà eaξ+bη ïîëó÷èì:

wξξ − wηη − 21w + 27ξ · e−
3
2ξ+

5
2η = 0.

4. Çàäà÷à Êîøè äëÿ âîëíîâîãî óðàâíåíèÿ.
Ôîðìóëà Äàëàìáåðà

4.1. Îáùåå ðåøåíèå óðàâíåíèÿ êîëåáàíèé

� 370. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

utt − a2uxx = 0. (4.1)

Øàã 1. Íàõîäèì çàìåíó ïåðåìåííûõ.
Ñïîñîá 1 (÷åðåç óðàâíåíèÿ õàðàêòåðèñòèê). Äèñêðèìèíàíò õàðàêòåðè-
ñòè÷åñêîé êâàäðàòè÷íîé ôîðìû â äàííîì ñëó÷àå ðàâåí a2:

∆ = a2
12 − a11a22 = a2 > 0 ⇒ ãèïåðáîëè÷åñêèé òèï.

Òàê êàê a11 = 1 6= 0, ñîñòàâèì óðàâíåíèÿ õàðàêòåðèñòèê dx
dt = a12±

√
∆

a11
:

dx

dt
= ±a ⇒ x = ±at,

è ïåðâûå èíòåãðàëû èìåþò âèä:

x+ at = c, x− at = c.

Ïîýòîìó çàìåíîé, ïðèâîäÿùåé óðàâííèå (4.1) ê êàíîíè÷åñêîìó âèäó, ÿâëÿåòñÿ
çàìåíà: {

ξ = x+ at;
η = x− at. (4.2)
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Ñïîñîá 2 (÷åðåç õàðàêòåðèñòè÷åñêóþ êâàäðàòè÷íóþ ôîðìó). Â äàí-
íîì ñëó÷àå íàì óäîáíåå (è ýòî âåðíî âñåãäà äëÿ óðàâíåíèÿ ãèïåðáîëè÷åñêîãî
òèïà íà ïðÿìîé, åñëè ìû õîòèì ÿâíî íàéòè ðåøåíèå) ïðèâåñòè êâàäðàòè÷íóþ
ôîðìó íå ê îáû÷íîìó å¼ íîðìàëüíîìó âèäó, à ê âèäó Q̃ = µ1µ2. Ïðîèçâåä¼ì
íåîáõîäèìûå ïðåîáðàçîâàíèÿ:

Q(λ1, λ2) = λ2
1−a2λ2

2 =
[
êàê ðàçíîñòü êâàäðàòîâ

]
= (λ1 +aλ2)(λ1−aλ2) = µ1µ2,

ãäå µ1,2 ñâÿçàíû ñ λ1,2 ïî ïðàâèëó(
µ1
µ2

)
=
(

1 a
1 −a

)(
λ1
λ2

)
.

Ïîñòðîèì ìàòðèöó Γ çàìåíû ïåðåìåííûõ:

Γ =
(
AT
)−1

=
1

−2a

(−a −1
−a 1

)
=

1
2

1
2a

1
2 −

1
2a

 .

Îòêóäà, ó÷èòûâàÿ, ÷òî λ1 ó íàñ ñîîòâåòñòâóåò ïðîèçâîäíîé ïî t, à λ2 � ïî x,
ïîëó÷àåì, ÷òî çàìåíó ïåðåìåííûõ íàäî ïðîèçâåñòè ïî ïðàâèëó:

(
ξ
η

)
=

1
2

1
2a

1
2 −

1
2a

(t
x

)
, òî åñòü

 ξ = 1
2a(x+ at);

η = 1
2a(x− at).

Èòàê, îáà ñïîñîáà ïðèâîäÿò íàñ ê íåîáõîäèìîñòè îäíîé è òîé æå çàìåíû (4.2) (ñ
òî÷íîñòüþ äî ÷èñëîâîãî ìíîæèòåëÿ).
Øàã 2. Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó.

Ïóñòü v(ξ, η) = u(x, t). Çàìåíà (4.2) äà¼ò íàì ñëåäóþùèå ñîîòíîøåíèÿ äëÿ ïðî-
èçâîäíûõ:

ux = vξ + vη, ut = a (vξ − vη) ,
uxx = vξξ + 2vξη + vηη, utt = a2 (vξξ − 2vξη + vηη) .

Ïîäñòàâèâ èõ â óðàâíåíèå (4.1), ïîëó÷àåì:

utt − a2uxx = a2 (vξξ − 2vξη + vηη)− a2 (vξξ + 2vξη + vηη) = 0,

èëè ïîñëå ñîêðàùåíèÿ
vξη = 0. (4.3)

Øàã 3. Ðåøåíèå óðàâíåíèÿ.
Óðàâíåíèå (4.3) ðåøèòü ëåãêî. Â ñàìîì äåëå, ðàç ïðîèçâîäíàÿ ïî η îò ôóíêöèè
äâóõ ïåðåìåííûõ ∂v

∂ξ ðàâíà íóëþ, òî
∂v
∂ξ íå çàâèñèò îò η, òî åñòü

∂v

∂ξ
= h(ξ).
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Ïðîèíòåãðèðóåì ïîñëåäíåå ðàâåíñòâî ïî ξ è ó÷ò¼ì, ÷òî âìåñòî êîíñòàíòû èíòå-
ãðèðîâàíèÿ íàäî ïîñòàâèòü ïðîèçâîëüíóþ ôóíêöèþ îò η, òàê êàê äèôôåðåíöè-
ðîâàíèå ïî ξ ëþáóþ f2(η) îáðàòèò â íóëü:

v(ξ, η) =

∫
h(ξ)dξ︸ ︷︷ ︸

=f1(ξ)

+ f2(η) = f1(ξ) + f2(η).

Ïåðåõîäÿ ê èñõîäíûì ïåðåìåííûì, ïîëó÷àåì

u(x, t) = f1(x+ at) + f2(x− at), (4.4)

ãäå f1,2 � ïðîèçâîëüíûå äâàæäû äèôôåðåíöèðóåìûå ôóíêöèè.
Ãåîìåòðè÷åñêèé ñìûñë ðàâåíñòâà (4.4).
Ïóñòü f2 ≡ 0. Òîãäà â ìîìåíò âðåìåíè t = 0 ïðîôèëü ñòðóíû çàäà¼òñÿ ðàâåí-
ñòâîì

u(x, 0) = f1(x),

â ìîìåíò âðåìåíè t = 1 � ðàâåíñòâîì

u(x, 1) = f1(x+ a),

òî åñòü ãðàôèê f1 ê ìîìåíòó t = 1 ñäâèíóëñÿ âëåâî2 íà âåëè÷èíó a è òàê äàëåå.
Åñëè æå, íàîáîðîò, f1 ≡ 0, òî â ìîìåíò âðåìåíè t = 0 ïðîôèëü ñòðóíû çàäà¼òñÿ
ðàâåíñòâîì

u(x, 0) = f2(x),

â ìîìåíò âðåìåíè t = 1 � ðàâåíñòâîì

u(x, 1) = f2(x− a),

òî åñòü ãðàôèê f2 ê ìîìåíòó t = 1 ñäâèíóëñÿ âïðàâî3 íà âåëè÷èíó a, è òàê äàëåå.

Âûâîä: Ðåøåíèå óðàâíåíèÿ êîëåáàíèé (4.1) ïðåäñòàâëÿåò ñîáîé ñóììó
äâóõ âîëí, áåãóùèõ âëåâî è âïðàâî ñî ñêîðîñòüþ a:

u(x, t) = f1(x+ at)︸ ︷︷ ︸
←−

+ f2(x− at)︸ ︷︷ ︸
−→

.

4.2. Ôîðìóëà Äàëàìáåðà

Ðàññìîòðèì çàäà÷ó Êîøè íà ïðÿìîé äëÿ ïðîñòåéøåãî ñëó÷àÿ âîëíîâîãî óðàâíå-
íèÿ: {

utt − a2uxx = f(x, t), x ∈ (−∞, +∞), t ∈ (0, +∞);
u(x, 0) = ϕ(x), x ∈ (−∞, +∞);
ut(x, 0) = ψ(x), x ∈ (−∞, +∞).

(4.5)

2Òî åñòü â îòðèöàòåëüíîì íàïðàâëåíèè îñè Ox.
3Òî åñòü â ïîëîæèòåëüíîì íàïðàâëåíèè îñè Ox.
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Òåîðåìà 4.1.

Ïóñòü ôóíêöèè ϕ, ψ è f ëåæàò â êëàññàõ: ϕ(x) ∈ C2(−∞, +∞),
ψ(x) ∈ C1(−∞, +∞), f(x, t) ∈ C ((−∞, +∞)× [0, +∞)).

Òîãäà ðåøåíèå çàäà÷è Êîøè (4.5) çàäà¼òñÿ ôîðìóëîé Äàëàìáåðà:

u(x, t) =
ϕ(x+ at) + ϕ(x− at)

2
+

1

2a

x+at∫
x−at

ψ(s)ds+
1

2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f(s, τ)dsdτ. (4.6)

Ïîëíîå äîêàçàòåëüñòâî ìû ïðèâåä¼ì ïîçæå, â òåìå ¾Ïðèìåíåíèå ïðåîáðàçîâàíèÿ
Ôóðüå ê ðåøåíèþ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè¿,
� 815, 816. Êðîìå òîãî, åãî ìîæíî ïîëó÷èòü ýëåìåíòàðíîé ïîäñòàíîâêîé ôîð-
ìóëû Äàëàìáåðà â ðàâåíñòâà (4.5)4.
Äîêàæåì ýòó òåîðåìó äëÿ ñëó÷àÿ

f(x, t) ≡ 0.

Èòàê, ìû óáåäèëèñü, ÷òî âñÿêîå ðåøåíèå óðàâíåíèÿ utt − a2uxx = 0 ïðåäñòàâëÿ-
åòñÿ â âèäå

u(x, t) = f1(x+ at) + f2(x− at). (4.4)

Ïîäñòàâèì â ýòî ðàâåíñòâî íà÷àëüíîå óñëîâèå:{
u(x, 0) = f1(x) + f2(x) = ϕ(x);
ut(x, 0) = a (f ′1(x)− f ′2(x)) = ψ(x). =⇒

=⇒


f1(y) + f2(y) = ϕ(y);

f1(y)− f2(y) = 1
a

y∫
0
ψ(s)ds+ 2c.

Íàéäÿ ïîëóñóììó è ïîëóðàçíîñòü ýòèõ ðàâåíñòâ, ïîëó÷èì:
f1(y) = ϕ(y)

2 + 1
a

y∫
0
ψ(s)ds+ c;

f2(y) = ϕ(y)
2 −

1
a

y∫
0
ψ(s)ds− c,

îòêóäà 
f1(x+ at) = ϕ(x+at)

2 + 1
2a

x+at∫
0
ψ(s)ds+ c;

f2(x− at) = ϕ(x−at)
2 − 1

2a

x−at∫
0
ψ(s)ds− c.

4Çàìåòèì, ÷òî òàêîé ñïîñîá ïîçâîëèò óáåäèòüñÿ ëèøü â òîì, ÷òî ñóùåñòâóåò ðåøåíèå (4.5), çàäàâàåìîå
ôîðìóëîé (4.6). Íî îí íå ãàðàíòèðóåò, ÷òî íåò äðóãèõ ðåøåíèé, çàäàâàåìûõ êàêèìè-òî äðóãèìè ôîðìóëàìè.
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Íàêîíåö, ïîäñòàâèì f1,2 â ôîðìóëó (4.4):

u(x, t) = f1(x+ at) + f2(x− at) =
ϕ(x+ at)

2
+

1

2a

x+at∫
0

ψ(s)ds+ c+

+
ϕ(x− at)

2
− 1

2a

x−at∫
0

ψ(s)ds− c =

=
ϕ(x+ at) + ϕ(x− at)

2
+

1

2a

 x+at∫
0

ψ(s)ds−
x−at∫
0

ψ(s)ds


︸ ︷︷ ︸

x+at∫
x−at

ψ(s)ds

+ c− c =

=
ϕ(x+ at) + ϕ(x− at)

2
+

1

2a

x+at∫
x−at

ψ(s)ds.

4.3. Ïðèìåðû ðåøåíèÿ çàäà÷

� 438M Íàéòè ðåøåíèå çàäà÷è Êîøè5{
utt − a2uxx = βx2, x ∈ (−∞, +∞), t ∈ (0, +∞);
u(x, 0) = e−x, x ∈ (−∞, +∞);
ut(x, 0) = γ, x ∈ (−∞, +∞).

(4.7)

×òîáû íàéòè ðåøåíèå, íàì äîñòàòî÷íî ïðèìåíèòü ôîðìóëó Äàëàìáåðà. Âû÷èñ-
ëèì ñíà÷àëà ñàìûé ñëîæíûé âõîäÿùèé â íå¼ èíòåãðàë:

1

2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f(s, τ)dsdτ =
β

2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

s2dsdτ =

=
β

2a

t∫
0

s3

3

∣∣∣∣x+a(t−τ)

x−a(t−τ)
dτ =

β

6a

t∫
0

(
(x+ a(t− τ))3 − (x− a(t− τ))3) dτ =

=
β

6a

t∫
0

((
x3 + 3x2(t− τ) + 3x(t− τ)2 + (t− τ)3

)
−

−
(
x3 − 3x2(t− τ) + 3x(t− τ)2 − (t− τ)3

))
dτ =

5Çäåñü è äàëåå çíàê ¾M¿ ïîñëå íîìåðà çàäà÷è îçíà÷àåò, ÷òî å¼ óñëîâèå ìîäèôèöèðîâàíî ïî ñðàâíåíèþ ñ
óñëîâèåì çàäà÷è ñ òåì æå íîìåðîì â çàäà÷íèêå [1].
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=
β

6a

t∫
0

(
6x2(t− τ) + 2(t− τ)3) dτ =

[
τ − t = p, dτ = dp

]
=

=
β

6a

0∫
−t

(
6x2(−p) + 2p3) dp =

β

6a

(
−6x2 p

2

2

∣∣∣∣p=0

p=−t
+ 2

p4

4

∣∣∣∣p=0

p=−t

)
=

β

12a

(
6x2t2 + t4

)
.

Òîãäà èç ôîðìóëû Äàëàìáåðà ïîëó÷àåì:

u(x, t) =
ϕ(x+ at) + ϕ(x− at)

2
+

1

2a

x+at∫
x−at

ψ(s)ds+
1

2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f(s, τ)dsdτ =

=
e−x−at + e−x+at

2
+

1

2a

x+at∫
x−at

γds+
β

12a

(
6x2t2 + t4

)
=

= e−x · e
−at + e+at

2
+

γ

2a

(
(x+ at)− (x− at)

)
+

β

12a

(
6x2t2 + t4

)
=

= e−x ch at+ γt+
β

12a

(
6x2t2 + t4

)
.

Ïðîôèëü áåñêîíå÷íîé ñòðóíû I. Íàðèñîâàòü ïðîôèëü áåñêîíå÷íîé ñòðó-

íû â ìîìåíòû âðåìåíè t =
l

4a
,
l

2a
,

3l

4a
,
l

a
è

2l

a
, åñëè å¼ êîëåáàíèÿ îïèñûâàþòñÿ

çàäà÷åé Êîøè:{
utt − a2uxx = 0, x ∈ (−∞, +∞), t ∈ (0, +∞);
u(x, 0) = ϕ(x), x ∈ (−∞, +∞);
ut(x, 0) = ψ(x), x ∈ (−∞, +∞),

(4.8)

ãäå ôóíêöèÿ
ψ(x) ≡ 0,

à ôóíêöèÿ ϕ(x) èìååò âèä, ïðèâåä¼ííûé íà ðè-
ñóíêå.

Ðåøåíèå. Ïî ôîðìóëå Äàëàìáåðà (4.6) ïðè f ≡ 0 è ψ(x) ≡ 0 ïîëó÷àåì:

u(x, t) =
ϕ(x+ at) + ϕ(x− at)

2
.
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Îòñþäà ìîæíî ñäåëàòü âûâîä, ÷òî ôóíêöèÿ u(x, t) åñòü ñóììà äâóõ âîëí îäè-
íàêîâîãî ïðîôèëÿ f = ϕ

2 , îäíà èç êîòîðûõ áåæèò âëåâî, à äðóãàÿ âïðàâî. Òîãäà

t = 0:

t =
l

4a
:

t =
l

2a
:

t =
3l

4a
:

t =
l

a
:

t =
2l

a
:
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Ïðîôèëü áåñêîíå÷íîé ñòðóíû II. Íàðèñîâàòü ïðîôèëü áåñêîíå÷íîé

ñòðóíû â ìîìåíòû âðåìåíè t =
l

4a
,
l

2a
,
l

a
,

2l

a
è

3l

a
, åñëè å¼ êîëåáàíèÿ îïèñû-

âàþòñÿ çàäà÷åé Êîøè:{
utt − a2uxx = 0, x ∈ (−∞, +∞), t ∈ (0, +∞);
u(x, 0) = ϕ(x), x ∈ (−∞, +∞);
ut(x, 0) = ψ(x), x ∈ (−∞, +∞),

(4.9)

ãäå ôóíêöèÿ
ϕ(x) ≡ 0,

à ôóíêöèÿ ψ(x) èìååò âèä, ïðèâåä¼ííûé íà ðè-
ñóíêå.

Ðåøåíèå. Ïî ôîðìóëå Äàëàìáåðà (4.6) ïðè f ≡ 0 è ϕ(x) ≡ 0 ïîëó÷àåì:

u(x, t) =
1

2a

x+at∫
x−at

ψ(s)ds = Ψ(x+ at)−Ψ(x− at),

ãäå Ψ(y) � íåêîòîðàÿ ïåðâîîáðàçíàÿ ôóíêöèè ψ(x)
2a , íàïðèìåð, ôóíêöèÿ

Ψ(y) =
1

2a

y∫
−l

ψ(s)ds.

(Â êà÷åñòâå íèæíåãî ïðåäåëà ìû âçÿëè (−l), ïîñêîëüêó âñå èçìåíåíèÿ ñ ôóíê-
öèåé ψ(x) ïðîèñõîäÿò òîëüêî ñïðàâà îò ýòîãî ÷èñëà.)
Îòñþäà ìîæíî ñäåëàòü âûâîä, ÷òî ôóíêöèÿ u(x, t) åñòü ðàçíîñòü äâóõ âîëí îäè-
íàêîâîãî ïðîôèëÿ Ψ, îäíà èç êîòîðûõ áåæèò âëåâî, à äðóãàÿ � âïðàâî. Ïðè÷¼ì
èç âîëíû, áåãóùåé âëåâî, âû÷èòàåòñÿ âîëíà, áåãóùàÿ âïðàâî. Íàéä¼ì Ψ(y) äëÿ
íàøåãî ñëó÷àÿ:

Ψ(y) =
1

2a

y∫
−l

ψ(s)ds =


0, êîãäà y ∈ (−∞, −l];
y+l
2a , êîãäà y ∈ [−l, l];
l
a , êîãäà y ∈ [l, +∞).

Ãðàôèê ýòîé ôóíêöèè âûãëÿäèò òàê:
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Ïîýòîìó ïðîôèëü ñòðóíû áóäåò ïðèíèìàòü â ðàçëè÷íûå ìîìåíòû âðåìåíè ôîð-
ìó:

t = 0:

t =
l

4a
:

t =
l

2a
:

t =
l

a
:

t =
2l

a
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t =
3l

a
:

� 385. Íàéòè ðåøåíèå çàäà÷è:{
uxx − 2uxy + 4ey = 0, x ∈ (0, +∞), y ∈ (−∞, +∞);
u(0, y) = ϕ(y), y ∈ (−∞, +∞);
ux(0, y) = ψ(y), y ∈ (−∞, +∞).

(4.10)

Ïðåæäå ÷åì ðåøàòü ýòó çàäà÷ó, çàìåòèì, ÷òî åñëè ïåðåèìåíîâàòü ïåðåìåííóþ x
â t, à y � â x, òî ïîëó÷èòñÿ îáû÷íàÿ çàäà÷à Êîøè äëÿ Ó×Ï 2-ãî ïîðÿäêà.
Øàã 1. Íàõîäèì çàìåíó ïåðåìåííûõ.
Ñïîñîá 1 (÷åðåç óðàâíåíèÿ õàðàêòåðèñòèê). Äèñêðèìèíàíò õàðàêòåðè-
ñòè÷åñêîé êâàäðàòè÷íîé ôîðìû â äàííîì ñëó÷àå ðàâåí a2:

∆ = a2
12 − a11a22 = (−1)2 − 1 · 0 = 1 > 0, ⇒ ãèïåðáîëè÷åñêèé òèï.

Òàê êàê a11 = 1 6= 0, ñîñòàâèì óðàâíåíèÿ õàðàêòåðèñòèê
dy

dx
=
a12 ±

√
∆

a11
:

dy

dx
= −1± 1 =

[
0,
−2, ⇒

{
y = c,
y = −2x+ c,

è ïåðâûå èíòåãðàëû èìåþò âèä:

y = c, y + 2x = c.

Ïîýòîìó çàìåíîé, ïðèâîäÿùåé óðàâííèå (4.10) ê êàíîíè÷åñêîìó âèäó, ÿâëÿåòñÿ
çàìåíà: {

ξ = y;
η = y + 2x. (4.11)

Ñïîñîá 2 (÷åðåç õàðàêòåðèñòè÷åñêóþ êâàäðàòè÷íóþ ôîðìó). Â äàííîì
ñëó÷àå íàì óäîáíåå (êàê âñåãäà äëÿ óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà íà ïðÿìîé)
ïðèâåñòè êâàäðàòè÷íóþ ôîðìó íå ê îáû÷íîìó å¼ íîðìàëüíîìó âèäó, à ê âèäó
Q̃ = µ1µ2. Ïðîèçâåä¼ì íåîáõîäèìûå ïðåîáðàçîâàíèÿ:

Q(λ1, λ2) = λ2
1 − 2λ1λ2 = (λ1 − 2λ2)λ1 = µ1µ2,

ãäå µ1,2 ñâÿçàíû ñ λ1,2 ïî ïðàâèëó(
µ1
µ2

)
=
(

1 −2
1 0

)(
λ1
λ2

)
.
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Ïîñòðîèì ìàòðèöó Γ çàìåíû ïåðåìåííûõ:

Γ =
(
AT
)−1

=
1

2

(
0 −1
2 1

)
=

0 − 1
2

1 1
2

 .

Îòêóäà, ó÷èòûâàÿ, ÷òî λ1 ó íàñ ñîîòâåòñòâóåò ïðîèçâîäíîé ïî x, à λ2 � ïî y,
ïîëó÷àåì, ÷òî çàìåíó ïåðåìåííûõ íàäî ïðîèçâåñòè ïî ïðàâèëó:(

ξ
η

)
=

0 − 1
2

1 1
2

(x
y

)
, òî åñòü

 ξ = − 1
2 · y;

η = 1
2(2x+ y).

Èòàê, îáà ñïîñîáà ïðèâîäÿò íàñ ê íåîáõîäèìîñòè îäíîé è òîé æå çàìåíû (4.11)
(ñ òî÷íîñòüþ äî ÷èñëîâîãî ìíîæèòåëÿ).
Øàã 2. Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó.
Ïóñòü v(ξ, η) = u(x, t). Çàìåíà (4.11) äà¼ò íàì ñëåäóþùèå ñîîòíîøåíèÿ äëÿ
ïðîèçâîäíûõ:

ux = 2vη, uy = vξ + vη,

uxx = 4vηη, uxy = 2 (vξη + vηη) .

Ïîäñòàâèâ èõ â óðàâíåíèå (4.10), ïîëó÷àåì:

uxx − 2uxy + 4ey = 4vηη − 2 · 2 (vξη + vηη) + 4eξ = 0,

èëè, ïîñëå ñîêðàùåíèÿ,
vξη = eξ. (4.12)

Øàã 3. Ðåøåíèå óðàâíåíèÿ.
Óðàâíåíèå (4.12) ðåøèòü ëåãêî � äîñòàòî÷íî ïðîèíòåãðèðîâàòü åãî ïî ξ è η.
Ñíà÷àëà èíòåãðèðóåì ïî η:

vξ = η · eξ + h(ξ).

(Íàïîìíèì, ÷òî ôóíêöèÿ h(ξ) ïîÿâèëàñü âìåñòî è â êà÷åñòâå êîíñòàíòû èíòå-
ãðèðîâàíèÿ.)
Òåïåðü ïðîèíòåãðèðóåì ïîñëåäíåå ðàâåíñòâî ïî ξ è ó÷ò¼ì, ÷òî âìåñòî êîíñòàíòû
èíòåãðèðîâàíèÿ íàäî ïîñòàâèòü ïðîèçâîëüíóþ ôóíêöèþ îò η:

v(ξ, η) = η · eξ +

∫
h(ξ)dξ︸ ︷︷ ︸

=f1(ξ)

+ f2(η) = η · eξ + f1(ξ) + f2(η).

Ïåðåõîäÿ ê èñõîäíûì ïåðåìåííûì, ïîëó÷àåì:

u(x, t) = (y + 2x) · ey + f1(y) + f2(y + 2x), (4.13)

ãäå f1,2 � ïðîèçâîëüíûå äâàæäû äèôôåðåíöèðóåìûå ôóíêöèè.
Øàã 4. Èñïîëüçîâàíèå íà÷àëüíûõ óñëîâèé.
Ïîäñòàâëÿÿ îáùåå ðåøåíèå (4.13) óðàâíåíèÿ â íà÷àëüíûå óñëîâèÿ, ïîëó÷àåì:{

u(0, y) = ϕ(y),
ux(0, y) = ψ(y), ⇒

{
yey + f1(y) + f2(y) = ϕ(y),
2ey + 2f ′2(y) = ψ(y).
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Èç ïîñëåäíåãî óðàâíåíèÿ ñðàçó íàõîäèòñÿ f2(s):

f2(s) =

s∫
0

(
1

2
ψ(y)− ey

)
dy+ c =

1

2

s∫
0

ψ(y)dy

︸ ︷︷ ︸
Ψ(s)

− ey
∣∣∣∣s
0
+ c1 =

1

2
Ψ(s)− es+ 1 + c1 =

=
[
c = c1 + 1

]
=

1

2
Ψ(s)− es + c.

Ïîäñòàâëÿÿ íàéäåííóþ ôóíêöèþ f2(s) = 1
2Ψ(s) − es + c, â ïåðâîå íà÷àëüíîå

óñëîâèå, íàéä¼ì f1(s):

f1(s) = ϕ(s)− 1

2
Ψ(s) + es − c− ses = ϕ(s)− 1

2
Ψ(s) + (1− s)es − c.

Îñòàëîñü ïîäñòàâèòü

f1(s) = ϕ(s)− 1

2
Ψ(s) + (1− s)es − c è f2(s) =

1

2
Ψ(s)− es + c

â ôîðìóëó îáùåãî ðåøåíèÿ (4.13).

u(x, t) = (y + 2x) · ey + f1(y) + f2(y + 2x) =

= (y + 2x) · ey + ϕ(y)− 1

2
Ψ(y) + (1− y)ey − c+

1

2
Ψ(y + 2x)− ey+2x + c =

= (2x+ 1) · ey − ey+2x + ϕ(y) +
1

2

 y+2x∫
0

ψ(y)dy −
y∫

0

ψ(y)dy

 =

= (2x+ 1) · ey − ey+2x + ϕ(y) +
1

2

y+2x∫
y

ψ(y)dy.

Îòâåò:

u(x, t) = (2x+ 1) · ey − ey+2x + ϕ(y) +
1

2

y+2x∫
y

ψ(y)dy.

5. Âîëíîâîå óðàâíåíèå íà ïîëóïðÿìîé

5.1. Ìåòîä ïðîäîëæåíèÿ

Ðàññìîòðèì çàäà÷ó Êîøè íà ïðÿìîé äëÿ ïðîñòåéøåãî ñëó÷àÿ âîëíîâîãî óðàâ-
íåíèÿ:{

utt − a2uxx = f(x, t), x ∈ (−∞, +∞), t ∈ (0, +∞);
u(x, 0) = ϕ(x), x ∈ (−∞, +∞);
ut(x, 0) = ψ(x), x ∈ (−∞, +∞).

(5.1)

Âñïîìíèì óòâåðæäåíèÿ, äîêàçàííûå â íîìåðàõ 445 è 446:
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� 445. Ïóñòü f(x, t) ≡ 0.
Òîãäà

à) èç íå÷¼òíîñòè ϕ(−x) = −ϕ(x) è ψ(−x) = −ψ(x) ôóíêöèé ϕ è ψ ñëåäóåò,
÷òî

u(0, t) = 0;

á) èç ÷¼òíîñòè ϕ(−x) = ϕ(x) è ψ(−x) = ψ(x) ôóíêöèé ϕ è ψ ñëåäóåò, ÷òî

ux(0, t) = 0.

� 446. Ïóñòü ϕ(x), ψ(x) ≡ 0.
Òîãäà ]

à) èç íå÷¼òíîñòè f(−x, t) = −f(x, t) ïî ïåðåìåííîé x ôóíêöèè f ñëåäóåò, ÷òî

u(0, t) = 0;

á) èç ÷¼òíîñòè f(−x, t) = f(x, t) ïî ïåðåìåííîé x ôóíêöèè f ñëåäóåò, ÷òî

ux(0, t) = 0.

Ýòî íàáëþäåíèå è ëåãëî â îñíîâó ìåòîäà ïðîäîëæåíèÿ. Ïðîäåìîíñòðèðóåì åãî
íà ïðèìåðàõ, à çàòåì ñôîðìóëèðóåì â âèäå òåîðåìû.

5.2. Ïðèìåðû ðåøåíèÿ çàäà÷

� 447. Íàéòè ðåøåíèå çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ íà ïîëóïðÿìîé
â ñëó÷àå îäíîðîäíîãî êðàåâîãî óñëîâèÿ ïåðâîãî ðîäà:

utt − a2uxx = 0, x > 0, t > 0;
u(x, 0) = ϕ(x), x > 0;
ut(x, 0) = ψ(x), x > 0;
u(0, t) = 0, t > 0.

(5.2)

Ïîêà ìû åù¼ íå óìååì ðåøàòü çàäà÷è íà ïîëóïðÿìîé, çàòî âñ¼ çíàåì î ðåøåíèè
çàäà÷è Êîøè íà ïðÿìîé. Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó íà ïðÿìîé:{

vtt − a2vxx = 0, x ∈ (−∞, +∞), t > 0;
v(x, 0) = ϕ1(x), x ∈ (−∞, +∞);
vt(x, 0) = ψ1(x), x ∈ (−∞, +∞),

(5.3)

ãäå ôóíêöèè ϕ1(x) è ψ1(x) ïîñòðîåíû ïî ôóíêöèÿì ϕ(x) è ψ(x) èõ íå÷¼òíûì
ïðîäîëæåíèåì íà âñþ ÷èñëîâóþ îñü:

ϕ1(x) =

{
ϕ(x), ïðè x > 0;
0, ïðè x = 0;
−ϕ(−x), ïðè x < 0,

ψ1(x) =

{
ψ(x), ïðè x > 0;
0, ïðè x = 0;
−ψ(−x), ïðè x < 0.

(5.4)

Ðàññìîòðèì, êàêèì óñëîâèÿì óäîâëåòâîðÿåò v(x, t) íà ïðîìåæóòêå x ∈ (0, +∞).
Òàê êàê v � ðåøåíèå (5.3), òî:
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1) èç ïåðâîãî ðàâåíñòâà (5.3) ñëåäóåò, ÷òî

vtt − a2vxx = 0, x ∈ (0, +∞), t > 0;

2) èç âòîðîãî ðàâåíñòâà (5.3) ñëåäóåò, ÷òî

v(x, 0) = ϕ1(x) ≡ ϕ(x), x ∈ (0, +∞), t > 0;

3) èç òðåòüåãî ðàâåíñòâà (5.3) ñëåäóåò, ÷òî

vt(x, 0) = ψ1(x) ≡ ψ(x), x ∈ (0, +∞), t > 0.

Íàêîíåö, â ñèëó óòâåðæäåíèÿ èç � 445 äëÿ ðåøåíèÿ v(x, t) âñïîìîãàòåëüíîé
çàäà÷è (5.3) ñïðàâåäëèâî ñîîòíîøåíèå

v(0, t) = 0, t > 0.

Ïîýòîìó îêàçûâàåòñÿ, ÷òî ðåøåíèå v(x, t) âñïîìîãàòåëüíîé çàäà÷è (5.3)
ÿâëÿåòñÿ òàêæå ðåøåíèåì çàäà÷è (5.2) íà ïîëóïðÿìîé6:

u(x, t) ≡ v(x, t), x > 0, t > 0.

À äëÿ ðåøåíèÿ çàäà÷è (5.3) íà âñåé ïðÿìîé ó íàñ åñòü ôîðìóëà Äàëàìáåðà, ïî
êîòîðîé â ñëó÷àå f(x, t) ≡ 0 ïîëó÷àåì:

v(x, t) =
ϕ1(x+ at) + ϕ1(x− at)

2
+

1

2a

x+at∫
x−at

ψ1(s)ds.

Îòâåò:

u(x, t) =
ϕ1(x+ at) + ϕ1(x− at)

2
+

1

2a

x+at∫
x−at

ψ1(s)ds,

ãäå ôóíêöèè ϕ1(x) è ψ1(x) îïðåäåëåíû ðàâåíñòâàìè (5.4).

� 449. Íàéòè ðåøåíèå çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ íà ïîëóïðÿ-
ìîé â ñëó÷àå îäíîðîäíîãî êðàåâîãî óñëîâèÿ ïåðâîãî ðîäà:

utt − a2uxx = f(x, t), x > 0, t > 0;
u(x, 0) = 0, x > 0;
ut(x, 0) = 0, x > 0;
u(0, t) = 0, t > 0.

(5.5)

Ïîêà ìû åù¼ íå óìååì ðåøàòü çàäà÷è íà ïîëóïðÿìîé, çàòî âñ¼ çíàåì î ðåøåíèè
çàäà÷è Êîøè íà ïðÿìîé. Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó íà ïðÿìîé:{

vtt − a2vxx = f1(x, t), x ∈ (−∞, +∞), t > 0;
v(x, 0) = 0, x ∈ (−∞, +∞);
vt(x, 0) = 0, x ∈ (−∞, +∞),

(5.6)

6Òî, ÷òî äðóãîãî ðåøåíèÿ ó çàäà÷è (5.2) íåò, ñëåäóåò èç ñîîòâåòñòâóþùåé òåîðåìû åäèíñòâåííîñòè.
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ãäå ôóíêöèè f1(x, t) ïîñòðîåíà ïî ôóíêöèè f(x, t) å¼ íå÷¼òíûì ïðîäîëæå-
íèåì ïî ïåðåìåííîé x íà âñþ ÷èñëîâóþ îñü:

f1(x, t) =

{
f(x, t), ïðè x > 0;
0, ïðè x = 0;
−f(−x, t), ïðè x < 0.

(5.7)

Ðàññìîòðèì, êàêèì óñëîâèÿì óäîâëåòâîðÿåò v(x, t) íà ïðîìåæóòêå x ∈ (0, +∞).
Òàê êàê v � ðåøåíèå (5.6), òî:

1) èç ïåðâîãî ðàâåíñòâà (5.6) ñëåäóåò, ÷òî

vtt − a2vxx = f(x, t), x ∈ (0, +∞), t > 0;

2) èç âòîðîãî ðàâåíñòâà (5.6) ñëåäóåò, ÷òî

v(x, 0) = 0 ≡ ϕ(x), x ∈ (0, +∞), t > 0;

3) èç òðåòüåãî ðàâåíñòâà (5.6) ñëåäóåò, ÷òî

vt(x, 0) = 0 ≡ ψ(x), x ∈ (0, +∞), t > 0.

Íàêîíåö, â ñèëó óòâåðæäåíèÿ èç � 446 äëÿ ðåøåíèÿ v(x, t) âñïîìîãàòåëüíîé
çàäà÷è (5.6) ñïðàâåäëèâî ñîîòíîøåíèå

v(0, t) = 0, t > 0.

Ïîýòîìó îêàçûâàåòñÿ, ÷òî ðåøåíèå v(x, t) âñïîìîãàòåëüíîé çàäà÷è (5.6)
ÿâëÿåòñÿ òàêæå ðåøåíèåì çàäà÷è (5.5) íà ïîëóïðÿìîé7:

u(x, t) ≡ v(x, t), x > 0, t > 0.

À äëÿ ðåøåíèÿ çàäà÷è (5.6) íà âñåé ïðÿìîé ó íàñ åñòü ôîðìóëà Äàëàìáåðà, ïî
êîòîðîé â ñëó÷àå ϕ(x) = ψ(x) ≡ 0 ïîëó÷àåì:

v(x, t) =
1

2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f1(s, τ)dsdτ.

Îòâåò:

u(x, t) =
1

2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f1(s, τ)dsdτ,

ãäå ôóíêöèÿ f1(x, t) îïðåäåëåíà ðàâåíñòâîì (5.7).

7Òî, ÷òî äðóãîãî ðåøåíèÿ ó çàäà÷è (5.5) íåò, ñëåäóåò èç ñîîòâåòñòâóþùåé òåîðåìû åäèíñòâåííîñòè.
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� 451. Íàéòè ðåøåíèå çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ íà ïîëóïðÿ-
ìîé â ñëó÷àå îäíîðîäíîãî êðàåâîãî óñëîâèÿ ïåðâîãî ðîäà:

utt − a2uxx = f(x, t), x > 0, t > 0;
u(x, 0) = ϕ(x), x > 0;
ut(x, 0) = ψ(x), x > 0;
u(0, t) = 0, t > 0.

(5.8)

Ðàññìîòðèì äâå âñïîìîãàòåëüíûå çàäà÷è íà ïîëóïðÿìîé:
vtt − a2vxx = 0, x, t > 0;
v(x, 0) = ϕ(x), x > 0;
vt(x, 0) = ψ(x), x > 0;
v(0, t) = 0, t > 0

è


wtt − a2vxx = f(x, t), x, t > 0;
w(x, 0) = 0, x > 0;
wt(x, 0) = 0, x > 0;
w(0, t) = 0, t > 0.

(5.9)

Êàê ëåãêî çàìåòèòü, ôóíêöèÿ

u(x, t) ≡ v(x, t) + w(x, t)

ÿâëÿåòñÿ ðåøåíèåì èñõîäíîé çàäà÷è (5.8).
C äðóãîé ñòîðîíû, çàäà÷è (5.9) ìû óæå ðåøèëè, ñîîòâåòñòâåííî, â íîìåðàõ 447
è 449. Âîñïîëüçóåìñÿ èõ ðåçóëüòàòàìè:

v(x, t) =
ϕ1(x+ at) + ϕ1(x− at)

2
+

1

2a

x+at∫
x−at

ψ1(s)ds,

w(x, t) =
1

2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f1(s, τ)dsdτ,

ãäå ôóíêöèè ϕ1(x), ψ1(x) è f1(x, t) îïðåäåëåíû ðàâåíñòâàìè

ϕ1(x) =

{
ϕ(x), ïðè x > 0;
0, ïðè x = 0;
−ϕ(−x), ïðè x < 0,

ψ1(x) =

{
ψ(x), ïðè x > 0;
0, ïðè x = 0;
−ψ(−x), ïðè x < 0,

(5.10)

f1(x, t) =

{
f(x, t), ïðè x > 0;
0, ïðè x = 0;
−f(−x, t), ïðè x < 0.

(5.11)

Ïîýòîìó äëÿ ðåøåíèÿ u(x, t) ≡ v(x, t) + w(x, t) çàäà÷è (5.8) ïîëó÷àåì:
Îòâåò:

u(x, t) =
ϕ1(x+ at) + ϕ1(x− at)

2
+

1

2a

x+at∫
x−at

ψ1(s)ds+
1

2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f1(s, τ)dsdτ,

ãäå ôóíêöèè ϕ1(x), ψ1(x) è f1(x, t) îïðåäåëåíû ðàâåíñòâàìè (5.10) è (5.11), ñî-
îòâåòñòâåííî.
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� 448. Íàéòè ðåøåíèå çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ íà ïîëóïðÿ-
ìîé â ñëó÷àå îäíîðîäíîãî êðàåâîãî óñëîâèÿ âòîðîãî ðîäà:

utt − a2uxx = 0, x > 0, t > 0;
u(x, 0) = ϕ(x), x > 0;
ut(x, 0) = ψ(x), x > 0;
ux(0, t) = 0, t > 0.

(5.12)

Ïîêà ìû åù¼ íå óìååì ðåøàòü çàäà÷è íà ïîëóïðÿìîé, çàòî âñ¼ çíàåì î ðåøåíèè
çàäà÷è Êîøè íà ïðÿìîé. Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó íà ïðÿìîé:{

vtt − a2vxx = 0, x ∈ (−∞, +∞), t > 0;
v(x, 0) = ϕ1(x), x ∈ (−∞, +∞);
vt(x, 0) = ψ1(x), x ∈ (−∞, +∞),

(5.13)

ãäå ôóíêöèè ϕ1(x) è ψ1(x) ïîñòðîåíû ïî ôóíêöèÿì ϕ(x) è ψ(x) èõ ÷¼òíûì
ïðîäîëæåíèåì íà âñþ ÷èñëîâóþ îñü:

ϕ1(x) =

{
ϕ(x), ïðè x > 0;
ϕ(−x), ïðè x < 0, ψ1(x) =

{
ψ(x), ïðè x > 0;
ψ(−x), ïðè x < 0.

(5.14)
Ðàññìîòðèì, êàêèì óñëîâèÿì óäîâëåòâîðÿåò v(x, t) íà ïðîìåæóòêå x ∈ (0, +∞).
Òàê êàê v � ðåøåíèå (5.13), òî:

1) èç ïåðâîãî ðàâåíñòâà (5.13) ñëåäóåò, ÷òî

vtt − a2vxx = 0, x ∈ (0, +∞), t > 0;

2) èç âòîðîãî ðàâåíñòâà (5.13) ñëåäóåò, ÷òî

v(x, 0) = ϕ1(x) ≡ ϕ(x), x ∈ (0, +∞), t > 0;

3) èç òðåòüåãî ðàâåíñòâà (5.13) ñëåäóåò, ÷òî

vt(x, 0) = ψ1(x) ≡ ψ(x), x ∈ (0, +∞), t > 0.

Íàêîíåö, â ñèëó óòâåðæäåíèÿ èç � 446 äëÿ ðåøåíèÿ v(x, t) âñïîìîãàòåëüíîé
çàäà÷è (5.13) ñïðàâåäëèâî ñîîòíîøåíèå

vx(0, t) = 0, t > 0.

Ïîýòîìó îêàçûâàåòñÿ, ÷òî ðåøåíèå v(x, t) âñïîìîãàòåëüíîé çàäà÷è (5.13)
ÿâëÿåòñÿ òàêæå ðåøåíèåì çàäà÷è (5.12) íà ïîëóïðÿìîé8:

u(x, t) ≡ v(x, t), x > 0, t > 0.

À äëÿ ðåøåíèÿ çàäà÷è (5.13) íà âñåé ïðÿìîé ó íàñ åñòü ôîðìóëà Äàëàìáåðà, ïî
êîòîðîé â ñëó÷àå f(x, t) ≡ 0 ïîëó÷àåì:

v(x, t) =
ϕ1(x+ at) + ϕ1(x− at)

2
+

1

2a

x+at∫
x−at

ψ1(s)ds.

8Òî, ÷òî äðóãîãî ðåøåíèÿ ó çàäà÷è (5.12) íåò, ñëåäóåò èç ñîîòâåòñòâóþùåé òåîðåìû åäèíñòâåííîñòè.
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Îòâåò:

u(x, t) =
ϕ1(x+ at) + ϕ1(x− at)

2
+

1

2a

x+at∫
x−at

ψ1(s)ds,

ãäå ôóíêöèè ϕ1(x) è ψ1(x) îïðåäåëåíû ðàâåíñòâàìè (5.14).

� 450. Íàéòè ðåøåíèå çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ íà ïîëóïðÿìîé
â ñëó÷àå îäíîðîäíîãî êðàåâîãî óñëîâèÿ âòîðîãî ðîäà:

utt − a2uxx = f(x, t), x > 0, t > 0;
u(x, 0) = 0, x > 0;
ut(x, 0) = 0, x > 0;
ux(0, t) = 0, t > 0.

(5.15)

Ïîêà ìû åù¼ íå óìååì ðåøàòü çàäà÷è íà ïîëóïðÿìîé, çàòî âñ¼ çíàåì î ðåøåíèè
çàäà÷è Êîøè íà ïðÿìîé. Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó íà ïðÿìîé:{

vtt − a2vxx = f1(x, t), x ∈ (−∞, +∞), t > 0;
v(x, 0) = 0, x ∈ (−∞, +∞);
vt(x, 0) = 0, x ∈ (−∞, +∞),

(5.16)

ãäå ôóíêöèè f1(x, t) ïîñòðîåíà ïî ôóíêöèè f(x, t) å¼ ÷¼òíûì ïðîäîëæåíèåì
ïî ïåðåìåííîé x íà âñþ ÷èñëîâóþ îñü:

f1(x, t) =

{
f(x, t), ïðè x > 0;
f(−x, t), ïðè x < 0. (5.17)

Ðàññìîòðèì, êàêèì óñëîâèÿì óäîâëåòâîðÿåò v(x, t) íà ïðîìåæóòêå x ∈ (0, +∞).
Òàê êàê v � ðåøåíèå (5.16), òî:

1) èç ïåðâîãî ðàâåíñòâà (5.16) ñëåäóåò, ÷òî

vtt − a2vxx = f(x, t), x ∈ (0, +∞), t > 0;

2) èç âòîðîãî ðàâåíñòâà (5.16) ñëåäóåò, ÷òî

v(x, 0) = 0 ≡ ϕ(x), x ∈ (0, +∞), t > 0;

3) èç òðåòüåãî ðàâåíñòâà (5.16) ñëåäóåò, ÷òî

vt(x, 0) = 0 ≡ ψ(x), x ∈ (0, +∞), t > 0.

Íàêîíåö, â ñèëó óòâåðæäåíèÿ èç � 446, äëÿ ðåøåíèÿ v(x, t) âñïîìîãàòåëüíîé
çàäà÷è (5.16) ñïðàâåäëèâî ñîîòíîøåíèå

vx(0, t) = 0, t > 0.

Ïîýòîìó îêàçûâàåòñÿ, ÷òî ðåøåíèå v(x, t) âñïîìîãàòåëüíîé çàäà÷è (5.16)
ÿâëÿåòñÿ òàêæå ðåøåíèåì çàäà÷è (5.15) íà ïîëóïðÿìîé9:

u(x, t) ≡ v(x, t), x > 0, t > 0.

9Òî, ÷òî äðóãîãî ðåøåíèÿ ó çàäà÷è (5.15) íåò, ñëåäóåò èç ñîîòâåòñòâóþùåé òåîðåìû åäèíñòâåííîñòè.
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À äëÿ ðåøåíèÿ çàäà÷è (5.16) íà âñåé ïðÿìîé ó íàñ åñòü ôîðìóëà Äàëàìáåðà, ïî
êîòîðîé â ñëó÷àå ϕ(x) = ψ(x) ≡ 0 ïîëó÷àåì:

v(x, t) =
1

2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f1(s, τ)dsdτ.

Îòâåò:

u(x, t) =
1

2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f1(s, τ)dsdτ,

ãäå ôóíêöèÿ f1(x, t) îïðåäåëåíà ðàâåíñòâîì (5.17).

� 452. Íàéòè ðåøåíèå çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ íà ïîëóïðÿìîé
â ñëó÷àå îäíîðîäíîãî êðàåâîãî óñëîâèÿ âòîðîãî ðîäà:

utt − a2uxx = f(x, t), x > 0, t > 0;
u(x, 0) = ϕ(x), x > 0;
ut(x, 0) = ψ(x), x > 0;
ux(0, t) = 0, t > 0.

(5.18)

Ðàññìîòðèì äâå âñïîìîãàòåëüíûå çàäà÷è íà ïîëóïðÿìîé:
vtt − a2vxx = 0, x, t > 0;
v(x, 0) = ϕ(x), x > 0;
vt(x, 0) = ψ(x), x > 0;
vx(0, t) = 0, t > 0

è


wtt − a2vxx = f(x, t), x, t > 0;
w(x, 0) = 0, x > 0;
wt(x, 0) = 0, x > 0;
wx(0, t) = 0, t > 0.

(5.19)

Êàê ëåãêî çàìåòèòü, ôóíêöèÿ

u(x, t) ≡ v(x, t) + w(x, t)

ÿâëÿåòñÿ ðåøåíèåì èñõîäíîé çàäà÷è (5.18).
C äðóãîé ñòîðîíû, çàäà÷è (5.19) ìû óæå ðåøèëè, ñîîòâåòñòâåííî, â íîìåðàõ 448
è 450. Âîñïîëüçóåìñÿ èõ ðåçóëüòàòàìè:

v(x, t) =
ϕ1(x+ at) + ϕ1(x− at)

2
+

1

2a

x+at∫
x−at

ψ1(s)ds,

w(x, t) =
1

2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f1(s, τ)dsdτ,

ãäå ôóíêöèè ϕ1(x), ψ1(x) è f1(x, t) îïðåäåëåíû ðàâåíñòâàìè

ϕ1(x) =

{
ϕ(x), ïðè x > 0;
ϕ(−x), ïðè x < 0, ψ1(x) =

{
ψ(x), ïðè x > 0;
ψ(−x), ïðè x < 0, (5.20)
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f1(x, t) =

{
f(x, t), ïðè x > 0;
f(−x, t), ïðè x < 0. (5.21)

Ïîýòîìó äëÿ ðåøåíèÿ u(x, t) ≡ v(x, t) + w(x, t) çàäà÷è (5.18) ïîëó÷àåì:
Îòâåò:

u(x, t) =
ϕ1(x+ at) + ϕ1(x− at)

2
+

1

2a

x+at∫
x−at

ψ1(s)ds+
1

2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f1(s, τ)dsdτ,

ãäå ôóíêöèè ϕ1(x), ψ1(x) è f1(x, t) îïðåäåëåíû ðàâåíñòâàìè (5.20) è (5.21), ñî-
îòâåòñòâåííî.

Ðåçóëüòàòû �� 447 � 452 ñôîðìóëèðóåì â âèäå òåîðåìû.

Òåîðåìà 5.1 (Ìåòîä ïðîäîëæåíèÿ).

1. Ðåøåíèå çàäà÷è
utt − a2uxx = f(x, t), x > 0, t > 0;
u(x, 0) = ϕ(x), x > 0;
ut(x, 0) = ψ(x), x > 0;
u(0, t) = 0, t > 0

çàäà¼òñÿ ôîðìóëîé Äàëàìáåðà

u(x, t) =
ϕ1(x+ at) + ϕ1(x− at)

2
+

1

2a

x+at∫
x−at

ψ1(s)ds+
1

2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f1(s, τ)dsdτ,

ãäå ôóíêöèè ϕ1(x), ψ1(x) è f1(x, t) åñòü íå÷¼òíûå ïî x ïðîäîæåíèÿ ôóíê-
öèé ϕ(x), ψ(x) è f(x, t) íà âñþ ÷èñëîâóþ ïðÿìóþ.

2. Ðåøåíèå çàäà÷è
utt − a2uxx = f(x, t), x > 0, t > 0;
u(x, 0) = ϕ(x), x > 0;
ut(x, 0) = ψ(x), x > 0;
ux(0, t) = 0, t > 0

çàäà¼òñÿ ôîðìóëîé Äàëàìáåðà

u(x, t) =
ϕ1(x+ at) + ϕ1(x− at)

2
+

1

2a

x+at∫
x−at

ψ1(s)ds+
1

2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f1(s, τ)dsdτ,

ãäå ôóíêöèè ϕ1(x), ψ1(x) è f1(x, t) åñòü ÷¼òíûå ïî x ïðîäîæåíèÿ ôóíêöèé
ϕ(x), ψ(x) è f(x, t) íà âñþ ÷èñëîâóþ ïðÿìóþ.
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Çàìå÷àíèå 5.1. Ìåòîä ïðîäîëæåíèÿ â ïðèâåä¼ííîì âèäå íå ðàñïðîñòðàíÿåòñÿ
íà:

• êðàåâîå óñëîâèå 3-ãî ðîäà;
• íà íåîäíîðîäíûå êðàåâûå óñëîâèÿ.

Ïðè ýòîì ñëó÷àé íåîäíîðîäíûõ êðàåâûõ óñëîâèé (ïðè ϕ, ψ, f ≡ 0) ìû íàó÷èìñÿ
ðåøàòü ìåòîäîì õàðàêòåðèñòèê.

5.3. Ìåòîä õàðàêòåðèñòèê

Áóäåì ðàññìàòðèâàòü çàäà÷ó íàõîæäåíèÿ ôóíêöèè u(x, t) íà ïîëóïðÿìîé x > 0
èç óñëîâèé 

utt − a2uxx = 0, x > 0, t > 0;
u(x, 0) = 0, x > 0;
ut(x, 0) = 0, x > 0;
(ÊÓ)

(5.22)

ãäå êðàåâîå óñëîâèå (ÊÓ) èìååò îäèí èç âèäîâ:[
u(0, t) = µ(t), t > 0 − êðàåâîå óñëîâèå I-ãî ðîäà;
ux(0, t) = ν(t), t > 0 − êðàåâîå óñëîâèå II-ãî ðîäà;
ux(0, t)− hu(0, t) = κ(t), t > 0 − êðàåâîå óñëîâèå III-ãî ðîäà.

(ÊÓ)

Ïîñêîëüêó ðåøåíèå óðàâíåíèÿ utt − a2uxx = 0 èìååò âèä

u(x, t) = f1(x+ at)︸ ︷︷ ︸
←−

+ f2(x− at)︸ ︷︷ ︸
−→

ñóììû äâóõ âîëí, îäíà èç êîòîðûõ áåæèò âëåâî, à äðóãàÿ âïðàâî, âíåøíåé ñèëû
f íåò, â íà÷àëüíûé ìîìåíò ñòðóíà ñïðàâà îò x = 0 èìååò íóëåâîå îòêëîíåíèå îò
ïîëîæåíèÿ ðàâíîâåñèÿ è íóëåâóþ ñêîðîñòü, òî îáå âîëíû f1(x+ at) è f2(x− at)
èìåþò â íà÷àëüíûé ìîìåíò t = 0 íîñèòåëü (òî åñòü ìíîæåñòâî òî÷åê, ãäå îíè
îòëè÷íû îò íóëÿ) ñëåâà îò x = 0. Ïðè ýòîì âîëíà f1(x + at) ïðè t > 0 ïîáåæèò
âëåâî, è ïîýòîìó íèêàê íå ïîâëèÿåò íà ðåøåíèå ñïðàâà îò íóëÿ. Ïîýòîìó ìû
ñìåëî ìîæåì ñ÷èòàòü, ÷òî f1(s) ≡ 0, s ∈ R.
Âûâîä: Ðåøåíèå çàäà÷è (5.22) äëÿ óðàâíåíèÿ êîëåáàíèé íà ïîëóïðÿ-
ìîé ïðåäñòàâëÿåò ñîáîé îäíó âîëíó, áåãóùóþ âïðàâî ñî ñêîðîñòüþ a,
âûçâàííóþ äâèæåíèåì êðàÿ x = 0:

u(x, t) = f2(x− at)︸ ︷︷ ︸
−→

, x, t > 0.
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5.4. Ïðèìåðû ðåøåíèÿ çàäà÷

� 454. Íàéòè ðåøåíèå çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ íà ïîëóïðÿìîé
â ñëó÷àå íåîäíîðîäíîãî êðàåâîãî óñëîâèÿ âòîðîãî ðîäà:

utt − a2uxx = 0, x > 0, t > 0;
u(x, 0) = 0, x > 0;
ut(x, 0) = 0, x > 0;
ux(0, t) = ν(t), t > 0.

(5.23)

Òàê êàê ðåøåíèå çàäà÷è (5.23) ïðåäñòàâëÿåò ñîáîé îäíó âîëíó, áåãóùóþ âïðàâî
ñî ñêîðîñòüþ a, âûçâàííóþ äâèæåíèåì êðàÿ x = 0:

u(x, t) = f2(x− at)︸ ︷︷ ︸
−→

, x, t > 0, (5.24)

òî íàì îñòàëîñü òîëüêî íàéòè ôóíêöèþ f2(s). Âûÿñíèì, êàêèå òðåáîâàíèÿ íà-
êëàäûâàþò íà f2(s) óñëîâèÿ çàäà÷è (5.23):

1) óðàâíåíèå utt − a2uxx = 0 âûïîëíÿåòñÿ àâòîìàòè÷åñêè äëÿ ëþáîé ôóíêöèè
f2(s) ∈ C2(R);

2) íà÷àëüíîå óñëîâèå u(x, 0) = 0, x > 0 òðåáóåò, ÷òîáû f2(s) = 0 ïðè s > 0;

3) íà÷àëüíîå óñëîâèå ut(x, 0) = 0, x > 0 òðåáóåò, ÷òîáû f ′2(s) = 0 ïðè s > 0;

4) êðàåâîå óñëîâèå ux(0, t) = ν(t), t > 0 òðåáóåò, ÷òîáû f ′2(−at) = ν(t), t > 0
èëè, ïîñëå çàìåíû ïåðåìåííîé s = −at,

f ′2(s) = ν
(
− s

a

)
ïðè s < 0.

Çàìåòèì, ÷òî óñëîâèå 3) ñëåäóåò èç óñëîâèÿ 2). Òàêèì îáðàçîì, ïîâåäåíèå ôóíê-
öèè çàäà¼òñÿ óñëîâèåì 2) ïðè s > 0 è óñëîâèåì 4) ïðè s < 0.
Èç óñëîâèÿ 4) íàéä¼ì f2(s) ïðè s < 0:

f2(s) =

s∫
0

ν
(
− p
a

)
dp+ f2(0)︸ ︷︷ ︸

=0

=
[
r = − p

a

]
= −a

− s
a∫

0

ν (r) dr, s < 0.

Ïîäñòàâëÿÿ âìåñòî s âûðàæåíèå (x− at) è âñïîìèíàÿ óñëîâèå 2), ïîëó÷àåì:
Îòâåò:

u(x, t) = f2(x− at) =


0, x > at > 0;

−a
− x−at

a∫
0

ν (r) dr, x < at.

� 453. Íàéòè ðåøåíèå çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ íà ïîëóïðÿìîé
â ñëó÷àå íåîäíîðîäíîãî êðàåâîãî óñëîâèÿ ïåðâîãî ðîäà:

utt − a2uxx = 0, x > 0, t > 0;
u(x, 0) = 0, x > 0;
ut(x, 0) = 0, x > 0;
u(0, t) = µ(t), t > 0.

(5.25)
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Òàê êàê ðåøåíèå çàäà÷è (5.25) ïðåäñòàâëÿåò ñîáîé îäíó âîëíó, áåãóùóþ âïðàâî
ñî ñêîðîñòüþ a, âûçâàííóþ äâèæåíèåì êðàÿ x = 0:

u(x, t) = f2(x− at)︸ ︷︷ ︸
−→

, x, t > 0, (5.26)

òî íàì îñòàëîñü òîëüêî íàéòè ôóíêöèþ f2(s). Âûÿñíèì, êàêèå òðåáîâàíèÿ íà-
êëàäûâàþò íà f2(s) óñëîâèÿ çàäà÷è (5.25):

1) óðàâíåíèå utt − a2uxx = 0 âûïîëíÿåòñÿ àâòîìàòè÷åñêè äëÿ ëþáîé ôóíêöèè
f2(s) ∈ C2(R);

2) íà÷àëüíîå óñëîâèå u(x, 0) = 0, x > 0 òðåáóåò, ÷òîáû f2(s) = 0 ïðè s > 0;

3) íà÷àëüíîå óñëîâèå ut(x, 0) = 0, x > 0 òðåáóåò, ÷òîáû f ′2(s) = 0 ïðè s > 0;

4) êðàåâîå óñëîâèå u(0, t) = µ(t), t > 0 òðåáóåò, ÷òîáû f2(−at) = µ(t), t > 0
èëè, ïîñëå çàìåíû ïåðåìåííîé s = −at,

f2(s) = µ
(
− s

a

)
ïðè s < 0.

Çàìåòèì, ÷òî óñëîâèå 3) ñëåäóåò èç óñëîâèÿ 2). Òàêèì îáðàçîì, ïîâåäåíèå ôóíê-
öèè çàäà¼òñÿ óñëîâèåì 2) ïðè s > 0 è óñëîâèåì 4) ïðè s < 0.
Ïîäñòàâëÿÿ âìåñòî s âûðàæåíèå (x− at), èç óñëîâèé 2) è 4) ïîëó÷àåì:
Îòâåò:

u(x, t) = f2(x− at) =

{
0, x > at > 0;
µ
(
− x−at

a

)
, x < at.

� 455. Íàéòè ðåøåíèå çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ íà ïîëóïðÿìîé
â ñëó÷àå íåîäíîðîäíîãî êðàåâîãî óñëîâèÿ âòîðîãî ðîäà:

utt − a2uxx = 0, x > 0, t > 0;
u(x, 0) = 0, x > 0;
ut(x, 0) = 0, x > 0;
ux(0, t)− hu(0, t) = κ(t), t > 0.

(5.27)

Òàê êàê ðåøåíèå çàäà÷è (5.27) ïðåäñòàâëÿåò ñîáîé îäíó âîëíó, áåãóùóþ âïðàâî
ñî ñêîðîñòüþ a, âûçâàííóþ äâèæåíèåì êðàÿ x = 0:

u(x, t) = f2(x− at)︸ ︷︷ ︸
−→

, x, t > 0, (5.28)

òî íàì îñòàëîñü òîëüêî íàéòè ôóíêöèþ f2(s). Âûÿñíèì, êàêèå òðåáîâàíèÿ íà-
êëàäûâàþò íà f2(s) óñëîâèÿ çàäà÷è (5.27):

1) óðàâíåíèå utt − a2uxx = 0 âûïîëíÿåòñÿ àâòîìàòè÷åñêè äëÿ ëþáîé ôóíêöèè
f2(s) ∈ C2(R);

2) íà÷àëüíîå óñëîâèå u(x, 0) = 0, x > 0 òðåáóåò, ÷òîáû f2(s) = 0 ïðè s > 0;

3) íà÷àëüíîå óñëîâèå ut(x, 0) = 0, x > 0 òðåáóåò, ÷òîáû f ′2(s) = 0 ïðè s > 0;
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4) êðàåâîå óñëîâèå ux(0, t) − hu(0, t) = κ(t), t > 0 òðåáóåò, ÷òîáû
f ′2(−at)− hf2(−at) = κ(t), t > 0 èëè, ïîñëå çàìåíû ïåðåìåííîé s = −at,

f ′2(s)− hf2(s) = κ
(
− s

a

)
ïðè s < 0.

Çàìåòèì, ÷òî óñëîâèå 3) ñëåäóåò èç óñëîâèÿ 2). Òàêèì îáðàçîì, ïîâåäåíèå ôóíê-
öèè çàäà¼òñÿ óñëîâèåì 2) ïðè s > 0 è óñëîâèåì 4) ïðè s < 0.
Èç óñëîâèÿ 4), êîòîðîå åñòü ëèíåéíîå ÎÄÓ, íàéä¼ì f2(s) ïðè s < 0.
Îáîçíà÷èì κ

(
− s

a

)
= γ(s). Òîãäà óðàâíåíèå äëÿ f2(s) ïðèìåò âèä:

f ′2(s)− hf2(s) = γ(s). (5.29)

Ñíà÷àëà íàéä¼ì ðåøåíèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ:

f ′2o(s)− hf2o(s) = 0 =⇒ df2o

f2o
= hds =⇒ f2o(s) = cehs.

Äàëåå, â ñîîòâåòñòâèè ñ ìåòîäîì âàðèàöèè ïîñòîÿííîé, áóäåì èñêàòü ðåøåíèå
f2(s) íåîäíîðîäíîãî óðàâíåíèÿ (5.29) â âèäå

f2(s) = c(s)ehs. (5.30)

Ïîäñòàâëÿåì èñêîìûé âèä ðåøåíèÿ â (5.29):

c ′(s)ehs + hc(s)ehs︸ ︷︷ ︸
f ′2 (s)

− hc(s)ehs︸ ︷︷ ︸
hf2(s)

= γ(s) =⇒ c ′(s) = γ(s)e−hs =⇒

c(s) =

s∫
0

γ(p)e−hpdp+ c1.

Ïîäñòàâèì íàéäåííóþ ôóíêöèþ c(s) â (5.30):

f2(s) = ehs ·
s∫

0

γ(p)e−hpdp+ c1e
hs.

Ó÷èòûâàÿ, ÷òî â ñèëó óñëîâèÿ 2) ôóíêöèÿ f2(s) äîëæíà â òî÷êå s = 0 îáðàòèòüñÿ
â íîëü, íàéä¼ì c1:

f2(0) = e0 ·
0∫

0

γ(p)e−hpdp+ c1e
0 = c1 = 0 =⇒ c1 = 0.

Ïîýòîìó, îêîí÷àòåëüíî,

f2(s) = ehs ·
s∫

0

γ(p)e−hpdp, s < 0. (5.31)
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Âñïîìíèì, ÷òî γ(p) = κ
(
− p

a

)
. Òîãäà ïîñëå çàìåíû p = −ar ïîëó÷èì

f2(s) = −aehs ·

− s
a∫

0

κ(r)eahrdr, s < 0.

Ïîäñòàâëÿÿ âìåñòî s âûðàæåíèå (x−at) è âñïîìèíàÿ óñëîâèå 2), íàõîäèì ôóíê-
öèþ u(x, t):
Îòâåò:

u(x, t) = f2(x− at) =


0, x > at > 0;

−aeh(x−at) ·
− x−at

a∫
0

κ(r)eahrdr, x < at.

� 456. Íàéòè ðåøåíèå îáùåé çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ íà ïîëó-
ïðÿìîé ñ êðàåâûì óñëîâèåì ïåðâîãî ðîäà:

utt − a2uxx = f(x, t), x > 0, t > 0;
u(x, 0) = ϕ(x), x > 0;
ut(x, 0) = ψ(x), x > 0;
u(0, t) = µ(t), t > 0.

(5.32)

Ïðåäñòàâèì ðåøåíèå äàííîé çàäà÷è â âèäå ñóììû ðåøåíèé äâóõ âñïîìîãàòåëü-
íûõ çàäà÷:

vtt − a2vxx = f(x, t), x, t > 0;
v(x, 0) = ϕ(x), x > 0;
vt(x, 0) = ψ(x), x > 0;
v(0, t) = 0, t > 0

è


wtt − a2vxx = 0, x, t > 0;
w(x, 0) = 0, x > 0;
wt(x, 0) = 0, x > 0;
w(0, t) = µ(t), t > 0.

(5.33)

Â ñèëó ëèíåéíîñòè ýòèõ çàäà÷, ôóíêöèÿ

u(x, t) ≡ v(x, t) + w(x, t)

ÿâëÿåòñÿ ðåøåíèåì èñõîäíîé çàäà÷è (5.32).
C äðóãîé ñòîðîíû, îáå çàäà÷è (5.33) ìû óæå ðåøèëè â �� 551 è 553. Âîñïîëü-
çóåìñÿ èõ ðåçóëüòàòàìè:

v(x, t) =
ϕ1(x+ at) + ϕ1(x− at)

2
+

1

2a

x+at∫
x−at

ψ1(s)ds+
1

2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f1(s, τ)dsdτ,

ãäå ôóíêöèè ϕ1(x), ψ1(x) è f1(x, t) åñòü íå÷¼òíûå ïî x ïðîäîëæåíèÿ ôóíêöèé
ϕ(x), ψ(x) è f(x, t) íà âñþ îñü x ∈ (−∞, +∞).

w(x, t) =

{
0, x > at > 0;
µ
(
− x−at

a

)
, x < at.
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Ïîýòîìó äëÿ ðåøåíèÿ u(x, t) ≡ v(x, t) + w(x, t) çàäà÷è (5.32) ïîëó÷àåì:
Îòâåò:

u(x, t) =
ϕ1(x+ at) + ϕ1(x− at)

2
+

1

2a

x+at∫
x−at

ψ1(s)ds+
1

2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f1(s, τ)dsdτ+

+

{
0, x > at > 0;
µ
(
− x−at

a

)
, x < at,

ãäå ôóíêöèè ϕ1(x), ψ1(x) è f1(x, t) åñòü íå÷¼òíûå ïî x ïðîäîëæåíèÿ ôóíêöèé
ϕ(x), ψ(x) è f(x, t) íà âñþ îñü x ∈ (−∞, +∞).

� 457. Íàéòè ðåøåíèå îáùåé çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ íà ïî-
ëóïðÿìîé ñ êðàåâûì óñëîâèåì ïåðâîãî ðîäà:

utt − a2uxx = f(x, t), x > 0, t > 0;
u(x, 0) = ϕ(x), x > 0;
ut(x, 0) = ψ(x), x > 0;
ux(0, t) = ν(t), t > 0.

(5.34)

Ïðåäñòàâèì ðåøåíèå äàííîé çàäà÷è â âèäå ñóììû ðåøåíèé äâóõ âñïîìîãàòåëü-
íûõ çàäà÷:

vtt − a2vxx = f(x, t), x, t > 0;
v(x, 0) = ϕ(x), x > 0;
vt(x, 0) = ψ(x), x > 0;
vx(0, t) = 0, t > 0

è


wtt − a2vxx = 0, x, t > 0;
w(x, 0) = 0, x > 0;
wt(x, 0) = 0, x > 0;
wx(0, t) = ν(t), t > 0.

(5.35)

Â ñèëó ëèíåéíîñòè ýòèõ çàäà÷, ôóíêöèÿ

u(x, t) ≡ v(x, t) + w(x, t)

ÿâëÿåòñÿ ðåøåíèåì èñõîäíîé çàäà÷è (5.34).
C äðóãîé ñòîðîíû, îáå çàäà÷è (5.35) ìû óæå ðåøèëè â íîìåðàõ 552 è 554. Âîñ-
ïîëüçóåìñÿ èõ ðåçóëüòàòàìè:

v(x, t) =
ϕ1(x+ at) + ϕ1(x− at)

2
+

1

2a

x+at∫
x−at

ψ1(s)ds+
1

2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f1(s, τ)dsdτ,

ãäå ôóíêöèè ϕ1(x), ψ1(x) è f1(x, t) åñòü ÷¼òíûå ïî x ïðîäîëæåíèÿ ôóíêöèé
ϕ(x), ψ(x) è f(x, t) íà âñþ îñü x ∈ (−∞, +∞).

w(x, t) =


0, x > at > 0;

−a
− x−at

a∫
0

ν (r) dr, x < at.
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Ïîýòîìó äëÿ ðåøåíèÿ u(x, t) ≡ v(x, t) + w(x, t) çàäà÷è (5.34) ïîëó÷àåì:
Îòâåò:

u(x, t) =
ϕ1(x+ at) + ϕ1(x− at)

2
+

1

2a

x+at∫
x−at

ψ1(s)ds+
1

2a

t∫
0

x+a(t−τ)∫
x−a(t−τ)

f1(s, τ)dsdτ+

+


0, x > at > 0;

−a
− x−at

a∫
0

ν (r) dr, x < at,

ãäå ôóíêöèè ϕ1(x), ψ1(x) è f1(x, t) åñòü ÷¼òíûå ïî x ïðîäîëæåíèÿ ôóíêöèé
ϕ(x), ψ(x) è f(x, t) íà âñþ îñü x ∈ (−∞, +∞).

6. Óðàâíåíèå òåïëîïðîâîäíîñòè íà ïðÿìîé è ïîëóïðÿìîé

6.1. Ôîðìóëà Ïóàññîíà

Â n-ìåðíîì Åâêëèäîâîì ïðîñòðàíñòâå En = {x = (x1, . . . , xn)} ðàññìîòðèì
çàäà÷ó Êîøè äëÿ ïðîñòåéøåãî ñëó÷àÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè:{

ut − a2∆u = f(x, t), x ∈ En, t > 0;
u(x, 0) = ϕ(x), x ∈ En.

(6.1)

Îïðåäåëåíèå 6.1. Ðåøåíèå çàäà÷è Êîøè (6.1) çàäà¼òñÿ ôîðìóëîé Ïóàñ-
ñîíà:

u(x, t) =
1(

2a
√
πt
)n ∫

En

e−
|x−ξ|2

4a2t ·ϕ(ξ)dξ+

t∫
0

∫
En

e
− |x−ξ|2

4a2(t−τ)(
2a
√
π(t− τ)

)n ·f(ξ, τ)dξdτ, (6.2)

ãäå |x− ξ|2 =
n∑
k=1

(xk − ξk)2 .

Â ÷àñòíîì ñëó÷àå, êîãäà n = 1, ôîðìóëà Ïóàññîíà ïðèíèìàåò âèä:

u(x, t) =
1

2a
√
πt

+∞∫
−∞

e−
(x−ξ)2

4a2t · ϕ(ξ)dξ +

t∫
0

+∞∫
−∞

e
− (x−ξ)2

4a2(t−τ)

2a
√
π(t− τ)

· f(ξ, τ)dξdτ. (6.3)

6.2. Ïðèìåðû ðåøåíèÿ çàäà÷

� 582. Íàéòè ðåøåíèå çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè íà ïî-
ëóïðÿìîé â ñëó÷àå îäíîðîäíîãî êðàåâîãî óñëîâèÿ âòîðîãî ðîäà (óñëîâèå òåïëî-
èçîëèðîâàííîãî êîíöà):{

ut − a2uxx = 0, x > 0, t > 0;
u(x, 0) = ϕ(x), x > 0;
ux(0, t) = 0, t > 0.

(6.4)
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Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó íà ïðÿìîé:{
vt − a2vxx = 0, x ∈ (−∞, +∞), t > 0;
v(x, 0) = ϕ1(x), x ∈ (−∞, +∞),

(6.5)

ãäå ôóíêöèÿ ϕ1(x) ïîñòðîåíà ïî ôóíêöèè ϕ(x) å¼ ÷¼òíûì ïðîäîëæåíèåì íà
âñþ ÷èñëîâóþ îñü:

ϕ1(x) =

{
ϕ(x), ïðè x > 0;
ϕ(−x), ïðè x < 0, (6.6)

Âûÿñíèì, êàêèì óñëîâèÿì óäîâëåòâîðÿåò v(x, t) íà ïðîìåæóòêå
x ∈ (0, +∞). Òàê êàê v � ðåøåíèå (6.5), òî:

1) èç ïåðâîãî ðàâåíñòâà (6.5) ñëåäóåò, ÷òî

vt − a2vxx = 0, x ∈ (0, +∞), t > 0;

2) èç âòîðîãî ðàâåíñòâà (6.5) ñëåäóåò, ÷òî

v(x, 0) = ϕ1(x) ≡ ϕ(x), x ∈ (0, +∞), t > 0.

Óáåäèìñÿ, ÷òî äëÿ ðåøåíèÿ v(x, t) âñïîìîãàòåëüíîé çàäà÷è (6.5) ñïðàâåäëèâî
ñîîòíîøåíèå

vx(0, t) = 0, t > 0.

Äëÿ ýòîãî âîñïîëüçóåìñÿ ôîðìóëîé Ïóàññîíà äëÿ ñëó÷àÿ f ≡ 0:

v(x, t) =
1

2a
√
πt

+∞∫
−∞

e−
(x−ξ)2

4a2t · ϕ1(ξ)dξ =
1

2a
√
πt

+∞∫
0

(
e−

(x−ξ)2

4a2t + e−
(x+ξ)2

4a2t

)
· ϕ(ξ)dξ.

Òîãäà

vx(x, t) =
1

2a
√
πt

+∞∫
0

[(
− 2(x− ξ)

4a2t

)
· e−

(x−ξ)2

4a2t +

(
− 2(x+ ξ)

4a2t

)
· e−

(x+ξ)2

4a2t

]
·ϕ1(ξ)dξ,

îòêóäà äëÿ vx(0, t) ïîëó÷àåì:

vx(0, t) =
1

4a3t
√
πt

+∞∫
0

(
ξe−

ξ2

4a2t − ξe−
ξ2

4a2t

)
︸ ︷︷ ︸

=0

· ϕ(ξ)dξ = 0.

Òàêèì îáðàçîì, íàéäåííàÿ ôóíêöèÿ v(x, t) óäîâëåòâîðÿåò, ïîìèìî óñëîâèé
vt − a2vxx = 0 è v(x, 0) = ϕ(x), êðàåâîìó óñëîâèþ

vx(0, t) = 0, t > 0.
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Ïîýòîìó îêàçûâàåòñÿ, ÷òî ðåøåíèå v(x, t) âñïîìîãàòåëüíîé çàäà÷è (6.5)
ÿâëÿåòñÿ òàêæå ðåøåíèåì çàäà÷è (6.4) íà ïîëóïðÿìîé10:

u(x, t) ≡ v(x, t), x > 0, t > 0.

Îòâåò:

u(x, t) =
1

2a
√
πt

+∞∫
0

(
e−

(x−ξ)2

4a2t + e−
(x+ξ)2

4a2t

)
· ϕ(ξ)dξ.

� 586. Íàéòè ðåøåíèå çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè íà ïî-
ëóïðÿìîé â ñëó÷àå îäíîðîäíîãî êðàåâîãî óñëîâèÿ âòîðîãî ðîäà:{

ut − a2uxx = f(x, t), x > 0, t > 0;
u(x, 0) = 0, x > 0;
ux(0, t) = 0, t > 0.

(6.7)

Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó íà ïðÿìîé:{
vt − a2vxx = f1(x, t), x ∈ (−∞, +∞), t > 0;
v(x, 0) = 0, x ∈ (−∞, +∞),

(6.8)

ãäå ôóíêöèÿ f1(x, t) ïîñòðîåíà ïî ôóíêöèè f(x, t) å¼ ÷¼òíûì ïðîäîëæåíèåì
íà âñþ ÷èñëîâóþ îñü:

f1(x, t) =

{
f(x, t), ïðè x > 0;
f(−x, t), ïðè x < 0, (6.9)

Âûÿñíèì, êàêèì óñëîâèÿì óäîâëåòâîðÿåò v(x, t) íà ïðîìåæóòêå
x ∈ (0, +∞). Òàê êàê v � ðåøåíèå (6.8), òî:

1) èç ïåðâîãî ðàâåíñòâà (6.8) ñëåäóåò, ÷òî

vt − a2vxx = f1(x t) ≡ f(x, t), x ∈ (0, +∞), t > 0;

2) èç âòîðîãî ðàâåíñòâà (6.8) ñëåäóåò, ÷òî

v(x, 0) = 0, x ∈ (0, +∞), t > 0.

Óáåäèìñÿ, ÷òî äëÿ ðåøåíèÿ v(x, t) âñïîìîãàòåëüíîé çàäà÷è (6.8) ñïðàâåäëèâî
ñîîòíîøåíèå

vx(0, t) = 0, t > 0.

Äëÿ ýòîãî âîñïîëüçóåìñÿ ôîðìóëîé Ïóàññîíà äëÿ ñëó÷àÿ ϕ(x) ≡ 0:

v(x, t) =

t∫
0

+∞∫
−∞

e
− (x−ξ)2

4a2(t−τ)

2a
√
π(t− τ)

·f(ξ, τ)dξdτ =

t∫
0

+∞∫
0

e
− (x−ξ)2

4a2(t−τ) + e
− (x+ξ)2

4a2(t−τ)

2a
√
π(t− τ)

·f(ξ, τ)dξdτ.

(6.10)

10Òî, ÷òî äðóãîãî ðåøåíèÿ ó çàäà÷è (6.4) íåò, ñëåäóåò èç ñîîòâåòñòâóþùåé òåîðåìû åäèíñòâåííîñòè.
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Òîãäà

vx(x, t) =

t∫
0

+∞∫
0

−2

4a2(t− τ)
· (x− ξ)e

− (x−ξ)2

4a2(t−τ) + (x+ ξ)e
− (x+ξ)2

4a2(t−τ)

2a
√
π(t− τ)

· f(ξ, τ)dξdτ,

îòêóäà äëÿ vx(0, t) ïîëó÷àåì:

vx(0, t) =

t∫
0

+∞∫
0

−2

4a2(t− τ)
·

=0︷ ︸︸ ︷
−ξe−

ξ2

4a2(t−τ) + ξe
− ξ2

4a2(t−τ)

2a
√
π(t− τ)

· f(ξ, τ)dξdτ = 0.

Òàêèì îáðàçîì, íàéäåííàÿ ôóíêöèÿ v(x, t) óäîâëåòâîðÿåò, ïîìèìî óñëîâèé
vt − a2vxx = f1(x, t) è v(x, 0) = 0, åù¼ è êðàåâîìó óñëîâèþ

vx(0, t) = 0, t > 0.

Ïîýòîìó îêàçûâàåòñÿ, ÷òî ðåøåíèå v(x, t) âñïîìîãàòåëüíîé çàäà÷è (6.8)
ÿâëÿåòñÿ òàêæå ðåøåíèåì çàäà÷è (6.7) íà ïîëóïðÿìîé11:
Îòâåò:

u(x, t) =

t∫
0

+∞∫
0

e
− (x−ξ)2

4a2(t−τ) + e
− (x+ξ)2

4a2(t−τ)

2a
√
π(t− τ)

· f(ξ, τ)dξdτ.

� 588. Íàéòè ðåøåíèå çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè:{
ut − a2uxx + hu = f(x, t), x > 0, t > 0;
u(x, 0) = 0, x > 0;
ux(0, t) = 0, t > 0.

(6.11)

Øàã 1. Èçáàâëåíèå îò ìëàäøåãî ñëàãàåìîãî.
×òîáû èçáàâèòüñÿ îò ñëàãàåìîãî hu, êîòîðîå îòëè÷àåò äàííóþ çàäà÷ó îò óæå
ðåø¼ííîé â � 586, ñäåëàåì çàìåíó:

w(x, t) = u(x, t) · eht =⇒ wt = (ut + hu) · eht. (6.12)

Óìíîæèì óðàâíåíèå ut−a2uxx+hu = f(x, t) íà eht è ïîëó÷èì äëÿ íîâîé ôóíêöèè
w

wt − a2wxx = f(x, t) · eht.
Òàêèì îáðàçîì, ââåä¼ííàÿ ôóíêöèÿ w(x, t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è:{

wt − a2wxx = f1(x, t) ≡ f(x, t) · eht, x > 0, t > 0;
w(x, 0) = 0, x > 0;
wx(0, t) = 0, t > 0.

(6.13)

Øàã 2. Ðåøåíèå ïîëó÷åííîé çàäà÷è.
Ðåøåíèå ýòîé çàäà÷è ìû ïîëó÷èëè â � 586. Âîñïîëüçóåìñÿ ðåçóëüòàòîì:

w(x, t) =

t∫
0

+∞∫
0

e
− (x−ξ)2

4a2(t−τ) + e
− (x+ξ)2

4a2(t−τ)

2a
√
π(t− τ)

· f1(ξ, τ)︸ ︷︷ ︸
f(ξ, τ)·ehτ

dξdτ.

11Òî, ÷òî äðóãîãî ðåøåíèÿ ó çàäà÷è (6.7) íåò, ñëåäóåò èç ñîîòâåòñòâóþùåé òåîðåìû åäèíñòâåííîñòè.
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Âîçâðàùàÿñü ê ôóíêöèè u(x, t) = w(x, t) · e−ht, ïîëó÷àåì:
Îòâåò:

u(x, t) =

t∫
0

+∞∫
0

e
− (x−ξ)2

4a2(t−τ) + e
− (x+ξ)2

4a2(t−τ)

2a
√
π(t− τ)

· f(ξ, τ) · e−h(t−τ)dξdτ.

� 574M . Ïîêàçàòü, ÷òî ôóíêöèÿ

u(x, t) =
1

2a
√
πt

+∞∫
−∞

e−
(x−ξ)2

4a2t · ϕ(ξ)dξ, (6.14)

ãäå ϕ(x) � íåïðåðûâíàÿ îãðàíè÷åííàÿ íà R ôóíêöèÿ, ÿâëÿåòñÿ ðåøåíèåì ñëå-
äóþùåé çàäà÷è: {

ut − a2uxx = 0, x ∈ R, t > 0;
u(x, 0) = ϕ(x), x > 0.

(6.15)

Øàã 1. Ôîðìàëüíîå äèôôåðåíöèðîâàíèå (6.14).
Íàéä¼ì ôîðìàëüíî (òî åñòü íå çàäóìûâàÿñü íàä ïðàâîìî÷íîñòüþ ýòèõ äåéñòâèé)
ïðîèçâîäíûå îò ôóíêöèè u(x, t), âõîäÿùèå â óðàâíåíèå (6.14).

ut = − 1

4a
√
π t

3
2

+∞∫
−∞

e−
(x−ξ)2

4a2t · ϕ(ξ)dξ +
1

2a
√
πt

+∞∫
−∞

(x− ξ)2

4a2t2
· e−

(x−ξ)2

4a2t · ϕ(ξ)dξ;

äàëåå, òàê êàê

d

dx
e−

(x−ξ)2

4a2t = − 2(x− ξ)
4a2t

·e−
(x−ξ)2

4a2t ,
d2

dx2 e
− (x−ξ)2

4a2t =

(
− 1

2a2t
+

(x− ξ)2

4a4t2

)
·e−

(x−ξ)2

4a2t ,

òî äëÿ uxx ïîëó÷àåì âûðàæåíèå

uxx =
1

2a
√
πt

+∞∫
−∞

(
− 1

2a2t
+

(x− ξ)2

4a4t2

)
· e−

(x−ξ)2

4a2t · ϕ(ξ)dξ.

Øàã 2. Ïîäñòàíîâêà ôîðìàëüíûõ ïðîèçâîäíûõ â óðàâíåíèå òåïëîïðîâîäíîñòè.
Ïîäñòàâèâ íàéäåííûå ôîðìàëüíûå ïðîèçâîäíûå ut è uxx â óðàâíåíèå
ut − a2uxx = 0, âèäèì, ÷òî îêðàøåííûå îäèíàêîâî ñëàãàåìûå äðóã äðóãà ñî-
êðàùàþò, è óðàâíåíèå ïðåâðàùàåòñÿ â âåðíîå ðàâåíñòâî:

ut− a2uxx = − 1

4a
√
π t

3
2

+∞∫
−∞

e−
(x−ξ)2

4a2t ϕ(ξ)dξ +
1

2a
√
πt

+∞∫
−∞

(x− ξ)2

4a2t2
· e−

(x−ξ)2

4a2t ϕ(ξ)dξ−

− a2 · 1

2a
√
πt

+∞∫
−∞

(
− 1

2a2t
+

(x− ξ)2

4a4t2

)
· e−

(x−ξ)2

4a2t ϕ(ξ)dξ ≡ 0.
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Øàã 3. Ôîðìàëüíàÿ ïîäñòàíîâêà ðåøåíèÿ â íà÷àëüíîå óñëîâèå.
Ôóíêöèÿ u(x, t), çàäàííàÿ ôîðìóëîé (6.14), íå îïðåäåëåíà ïðè t = 0. Îäíàêî
å¼ ìîæíî äîîïðåäåëèòü â íà÷àëüíûé ìîìåíò âðåìåíè ïî íåïðåðûâíîñòè, òî åñòü
ñ÷èòàòü å¼ ðàâíîé â ìîìåíò t = 0 å¼ ïðåäåëó ïðè t→ 0 + 0:

u(x, 0) = lim
t→0+0

u(x, t) = lim
t→0+0

1

2a
√
πt

+∞∫
−∞

e−
(x−ξ)2

4a2t · ϕ(ξ)dξ =

=

[
ξ = x+ 2aη

√
t, ⇒

dξ = 2a
√
t dη

]
= lim

t→0+0

1√
π

+∞∫
−∞

e−η
2 · ϕ(x+ 2aη

√
t)dη =

=
1√
π

+∞∫
−∞

e−η
2 · lim

t→0+0
ϕ(x+ 2aη

√
t) dη = ϕ(x) · 1√

π

+∞∫
−∞

e−η
2

dη = ϕ(x) · 1√
π
·
√
π =

=
[
êàê èíòåãðàë Ýéëåðà�Ïóàññîíà

]
= ϕ(x).

Òàêèì îáðàçîì, ìû óáåäèëèñü, ÷òî ôîðìóëà (6.14) äåéñòâèòåëüíî çàäà¼ò ðåøåíèå
çàäà÷è (6.15), åñëè âñå ôîðìàëüíûå äåéñòâèÿ Øàãîâ 1 è 3 ÿâëÿþòñÿ ïðàâîìî÷-
íûìè.
Â òåîðåòè÷èñêîì êóðñå âñå ïðîâåäåííûå ôîðìàëüíûå ìàíèïóëÿöèè ïîëíîñòüþ
îáîñíîâûâàþòñÿ ïðè ñîîòâåòñòâóþùèõ ïðåäïîëîæåíèÿõ (ñì., íàïðèìåð, [2]).

� 581. Íàéòè ðåøåíèå çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè íà ïî-
ëóïðÿìîé â ñëó÷àå îäíîðîäíîãî êðàåâîãî óñëîâèÿ ïåðâîãî ðîäà:{

ut − a2uxx = 0, x > 0, t > 0;
u(x, 0) = ϕ(x), x > 0;
u(0, t) = 0, t > 0.

(6.16)

Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó íà ïðÿìîé:{
vt − a2vxx = 0, x ∈ (−∞, +∞), t > 0;
v(x, 0) = ϕ1(x), x ∈ (−∞, +∞),

(6.17)

ãäå ôóíêöèÿ ϕ1(x) ïîñòðîåíà ïî ôóíêöèè ϕ(x) å¼ íå÷¼òíûì ïðîäîëæåíèåì
íà âñþ ÷èñëîâóþ îñü:

ϕ1(x) =

{
ϕ(x), ïðè x > 0;
−ϕ(−x), ïðè x < 0, (6.18)

Ðàññìîòðèì, êàêèì óñëîâèÿì óäîâëåòâîðÿåò v(x, t) íà ïðîìåæóòêå x ∈ (0, +∞).
Òàê êàê v � ðåøåíèå (6.17), òî:

1) èç ïåðâîãî ðàâåíñòâà (6.17) ñëåäóåò, ÷òî

vt − a2vxx = 0, x ∈ (0, +∞), t > 0;
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2) èç âòîðîãî ðàâåíñòâà (6.17) ñëåäóåò, ÷òî

v(x, 0) = ϕ1(x) ≡ ϕ(x), x ∈ (0, +∞), t > 0.

Óáåäèìñÿ, ÷òî äëÿ ðåøåíèÿ v(x, t) âñïîìîãàòåëüíîé çàäà÷è (6.17) ñïðàâåäëèâî
ñîîòíîøåíèå

v(0, t) = 0, t > 0.

Äëÿ ýòîãî âîñïîëüçóåìñÿ ôîðìóëîé Ïóàññîíà äëÿ ñëó÷àÿ f ≡ 0:

v(x, t) =
1

2a
√
πt

+∞∫
−∞

e−
(x−ξ)2

4a2t · ϕ1(ξ)dξ =
1

2a
√
πt

+∞∫
0

(
e−

(x−ξ)2

4a2t − e−
(x+ξ)2

4a2t

)
· ϕ(ξ)dξ.

Òîãäà äëÿ v(0, t) ïîëó÷àåì:

v(0, t) =
1

2a
√
πt

+∞∫
0

(
e−

ξ2

4a2t − e−
ξ2

4a2t

)
︸ ︷︷ ︸

=0

· ϕ(ξ)dξ.

Òàêèì îáðàçîì, íàéäåííàÿ ôóíêöèÿ v(x, t) óäîâëåòâîðÿåò, ïîìèìî óñëîâèé
vt − a2vxx = 0 è v(x, 0) = ϕ(x), êðàåâîìó óñëîâèþ

v(0, t) = 0, t > 0.

Ïîýòîìó îêàçûâàåòñÿ, ÷òî ðåøåíèå v(x, t) âñïîìîãàòåëüíîé çàäà÷è (6.17)
ÿâëÿåòñÿ òàêæå ðåøåíèåì çàäà÷è (6.16) íà ïîëóïðÿìîé12:

u(x, t) ≡ v(x, t), x > 0, t > 0.

Îòâåò:

u(x, t) =
1

2a
√
πt

+∞∫
0

(
e−

(x−ξ)2

4a2t − e−
(x+ξ)2

4a2t

)
· ϕ(ξ)dξ.

� 583. Íàéòè ðåøåíèå çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè:{
ut − a2uxx + hu = 0, x > 0, t > 0;
u(x, 0) = ϕ(x), x > 0;
u(0, t) = 0, t > 0.

(6.19)

Øàã 1. Èçáàâëåíèå îò ìëàäøåãî ñëàãàåìîãî.
×òîáû èçáàâèòüñÿ îò ñëàãàåìîãî hu, êîòîðîå îòëè÷àåò äàííóþ çàäà÷ó îò óæå
ðåø¼ííîé â � 581, ñäåëàåì çàìåíó:

w(x, t) = u(x, t) · eht =⇒ wt = (ut + hu) · eht. (6.20)

Óìíîæèì óðàâíåíèå ut− a2uxx + hu = 0 íà eht è ïîëó÷èì äëÿ íîâîé ôóíêöèè w

wt − a2wxx = 0.
12Òî, ÷òî äðóãîãî ðåøåíèÿ ó çàäà÷è (6.16) íåò, ñëåäóåò èç ñîîòâåòñòâóþùåé òåîðåìû åäèíñòâåííîñòè.
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Òàêèì îáðàçîì, ââåä¼ííàÿ ôóíêöèÿ w(x, t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è:{
wt − a2wxx = 0, x > 0, t > 0;
w(x, 0) = ϕ1(x) ≡ ϕ(x) · eh·0, x > 0;
w(0, t) = 0, t > 0.

(6.21)

Øàã 2. Ðåøåíèå ïîëó÷åííîé çàäà÷è.
Ðåøåíèå ýòîé çàäà÷è ìû ïîëó÷èëè â � 581. Âîñïîëüçóåìñÿ ðåçóëüòàòîì:

w(x, t) =
1

2a
√
πt

+∞∫
0

(
e−

(x−ξ)2

4a2t − e−
(x+ξ)2

4a2t

)
· ϕ1(ξ)︸ ︷︷ ︸

=ϕ(ξ)

dξ.

Âîçâðàùàÿñü ê ôóíêöèè u(x, t) = w(x, t) · e−ht, ïîëó÷àåì:
Îòâåò:

u(x, t) =
e−ht

2a
√
πt

+∞∫
0

(
e−

(x−ξ)2

4a2t − e−
(x+ξ)2

4a2t

)
· ϕ(ξ)dξ.

� 585. Íàéòè ðåøåíèå çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè :{
ut − a2uxx = f(x, t), x > 0, t > 0;
u(x, 0) = 0, x > 0;
u(0, t) = 0, t > 0.

(6.22)

Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó íà ïðÿìîé:{
vt − a2vxx = f1(x, t), x ∈ (−∞, +∞), t > 0;
v(x, 0) = 0, x ∈ (−∞, +∞),

(6.23)

ãäå ôóíêöèÿ f1(x, t) ïîñòðîåíà ïî ôóíêöèè f(x, t) å¼ íå÷¼òíûì ïðîäîëæåíè-
åì íà âñþ ÷èñëîâóþ îñü:

f1(x, t) =

{
f(x, t), ïðè x > 0;
−f(−x, t), ïðè x < 0, (6.24)

Ðàññìîòðèì, êàêèì óñëîâèÿì óäîâëåòâîðÿåò v(x, t) íà ïðîìåæóòêå x ∈ (0, +∞).
Òàê êàê v � ðåøåíèå (6.23), òî:

1) èç ïåðâîãî ðàâåíñòâà (6.23) ñëåäóåò, ÷òî

vt − a2vxx = f1(x t) ≡ f(x, t), x ∈ (0, +∞), t > 0;

2) èç âòîðîãî ðàâåíñòâà (6.23) ñëåäóåò, ÷òî

v(x, 0) = 0, x ∈ (0, +∞), t > 0.

Óáåäèìñÿ, ÷òî äëÿ ðåøåíèÿ v(x, t) âñïîìîãàòåëüíîé çàäà÷è (6.23) ñïðàâåäëèâî
ñîîòíîøåíèå

v(0, t) = 0, t > 0.
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Äëÿ ýòîãî âîñïîëüçóåìñÿ ôîðìóëîé Ïóàññîíà äëÿ ñëó÷àÿ ϕ(x) ≡ 0:

v(x, t) =

t∫
0

+∞∫
−∞

e
− (x−ξ)2

4a2(t−τ)

2a
√
π(t− τ)

· f(ξ, τ)dξdτ =

=

t∫
0

+∞∫
0

e
− (x−ξ)2

4a2(t−τ) − e−
(x+ξ)2

4a2(t−τ)

2a
√
π(t− τ)

· f(ξ, τ)dξdτ. (6.25)

Òîãäà äëÿ v(0, t) ïîëó÷àåì:

v(0, t) =

t∫
0

+∞∫
0

=0︷ ︸︸ ︷
e
− ξ2

4a2(t−τ) − e−
ξ2

4a2(t−τ)

2a
√
π(t− τ)

· f(ξ, τ)dξdτ = 0.

Òàêèì îáðàçîì, íàéäåííàÿ ôóíêöèÿ v(x, t) óäîâëåòâîðÿåò, ïîìèìî óñëîâèé
vt − a2vxx = f1(x, t) è v(x, 0) = 0, åù¼ è êðàåâîìó óñëîâèþ

v(0, t) = 0, t > 0.

Ïîýòîìó îêàçûâàåòñÿ, ÷òî ðåøåíèå v(x, t) âñïîìîãàòåëüíîé çàäà÷è (6.23)
ÿâëÿåòñÿ òàêæå ðåøåíèåì çàäà÷è (6.22) íà ïîëóïðÿìîé13:
Îòâåò:

u(x, t) =

t∫
0

+∞∫
0

e
− (x−ξ)2

4a2(t−τ) − e−
(x+ξ)2

4a2(t−τ)

2a
√
π(t− τ)

· f(ξ, τ)dξdτ.

� 587. Íàéòè ðåøåíèå çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè:{
ut − a2uxx + hu = f(x, t), x > 0, t > 0;
u(x, 0) = 0, x > 0;
u(0, t) = 0, t > 0.

(6.26)

Øàã 1. Èçáàâëåíèå îò ìëàäøåãî ñëàãàåìîãî.
×òîáû èçáàâèòüñÿ îò ñëàãàåìîãî hu, êîòîðîå îòëè÷àåò äàííóþ çàäà÷ó îò óæå
ðåø¼ííîé â � 585, ñäåëàåì çàìåíó:

w(x, t) = u(x, t) · eht =⇒ wt = (ut + hu) · eht. (6.27)

Óìíîæèâ óðàâíåíèå ut − a2uxx + hu = f íà eht, ïîëó÷èì äëÿ íîâîé ôóíêöèè w

wt − a2wxx = f(x, t) · eht.

Òàêèì îáðàçîì, ââåä¼ííàÿ ôóíêöèÿ w(x, t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è:{
wt − a2wxx = f1(x, t) ≡ f(x, t) · eht, x > 0, t > 0;
w(x, 0) = 0, x > 0;
w(0, t) = 0, t > 0.

(6.28)

13Òî, ÷òî äðóãîãî ðåøåíèÿ ó çàäà÷è (6.22) íåò, ñëåäóåò èç ñîîòâåòñòâóþùåé òåîðåìû åäèíñòâåííîñòè.
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Øàã 2. Ðåøåíèå ïîëó÷åííîé çàäà÷è.
Ðåøåíèå ýòîé çàäà÷è ìû ïîëó÷èëè â � 585. Âîñïîëüçóåìñÿ ðåçóëüòàòîì:

w(x, t) =

t∫
0

+∞∫
0

e
− (x−ξ)2

4a2(t−τ) − e−
(x+ξ)2

4a2(t−τ)

2a
√
π(t− τ)

· f1(ξ, τ)︸ ︷︷ ︸
f(ξ, τ)·ehτ

dξdτ.

Âîçâðàùàÿñü ê ôóíêöèè u(x, t) = w(x, t) · e−ht, ïîëó÷àåì:
Îòâåò:

u(x, t) =

t∫
0

+∞∫
0

e
− (x−ξ)2

4a2(t−τ) − e−
(x+ξ)2

4a2(t−τ)

2a
√
π(t− τ)

· f(ξ, τ) · e−h(t−τ)dξdτ.

� 584. Íàéòè ðåøåíèå çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè:{
ut − a2uxx + hu = 0, x > 0, t > 0;
u(x, 0) = ϕ(x), x > 0;
ux(0, t) = 0, t > 0.

(6.29)

Øàã 1. Èçáàâëåíèå îò ìëàäøåãî ñëàãàåìîãî.
×òîáû èçáàâèòüñÿ îò ñëàãàåìîãî hu, êîòîðîå îòëè÷àåò äàííóþ çàäà÷ó îò óæå
ðåø¼ííîé â � 581, ñäåëàåì çàìåíó:

w(x, t) = u(x, t) · eht =⇒ wt = (ut + hu) · eht. (6.30)

Óìíîæèì óðàâíåíèå ut− a2uxx + hu = 0 íà eht è ïîëó÷èì äëÿ íîâîé ôóíêöèè w

wt − a2wxx = 0.

Òàêèì îáðàçîì, ââåä¼ííàÿ ôóíêöèÿ w(x, t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è:{
wt − a2wxx = 0, x > 0, t > 0;
w(x, 0) = ϕ1(x) ≡ ϕ(x) · eh·0, x > 0;
wx(0, t) = 0, t > 0.

(6.31)

Øàã 2. Ðåøåíèå ïîëó÷åííîé çàäà÷è.
Ðåøåíèå ýòîé çàäà÷è ìû ïîëó÷èëè â � 582. Âîñïîëüçóåìñÿ ðåçóëüòàòîì:

w(x, t) =
1

2a
√
πt

+∞∫
0

(
e−

(x−ξ)2

4a2t + e−
(x+ξ)2

4a2t

)
· ϕ1(ξ)︸ ︷︷ ︸

=ϕ(ξ)

dξ.

Âîçâðàùàÿñü ê ôóíêöèè u(x, t) = w(x, t) · e−ht, ïîëó÷àåì:
Îòâåò:

u(x, t) =
e−ht

2a
√
πt

+∞∫
0

(
e−

(x−ξ)2

4a2t + e−
(x+ξ)2

4a2t

)
· ϕ(ξ)dξ.
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7. Ìåòîä Ôóðüå äëÿ îäíîðîäíûõ óðàâíåíèé íà îòðåçêå [0, l]

7.1. Ðàçëîæåíèå ôóíêöèè â ðÿä Ôóðüå ïî ñîáñòâåííûì ôóíêöèÿì
çàäà÷è Øòóðìà�Ëèóâèëëÿ

Ââåäåì äëÿ óïðîùåíèÿ ôîðìóëèðîâîê îïðåäåëåíèå êëàññè÷åñêèõ êðàåâûõ îïå-
ðàòîðîâ.

Îïðåäåëåíèå 7.1. Êëàññè÷åñêèìè êðàåâûìè îïåðàòîðàìè äëÿ îòðåçêà
x ∈ [0, l] íàçûâàþòñÿ îïåðàòîðû:

íà ëåâîì êîíöå x = 0 íà ïðàâîì êîíöå x = l

I-ãî ðîäà Γ0(X) = X(0) Γl(X) = X(l);

II-ãî ðîäà Γ0(X) = X ′(0) Γl(X) = X ′(l);

III-ãî ðîäà Γ0(X) = X ′(0)− hX(0) Γl(X) = X ′(l) + hX(l),

h > 0.

Îïðåäåëåíèå 7.2. Çàäà÷à îïðåäåëåíèÿ ïàðû {λ, X(x)}, ãäå X(x) 6≡ 0{
X ′′(x) + λX(x) = 0, x ∈ (0, l);
Γ0(X) = Γl(X) = 0, (7.1)

ãäå Γ0(X), Γl(X) � êëàññè÷åñêèå êðàåâûå îïåðàòîðû, íàçûâàåòñÿ çàäà÷åé
Øòóðìà�Ëèóâèëëÿ.
Ïðè ýòîì òå çíà÷åíèÿ λ, ïðè êîòîðûõ (7.2) èìååò íåòðèâèàëüíîå ðåøåíèå X(x),
íàçûâàþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè çàäà÷è (7.2), à ñàìà ôóíêöèÿ X(x)
� ñîáñòâåííîé ôóíêöèåé çàäà÷è Øòóðìà�Ëèóâèëëÿ (7.2).

Òåîðåìà 7.1 (Â.À. Ñòåêëîâ).
Ïóñòü {Xk}∞k=1 � îðòîãîíàëüíàÿ ñèñòåìà ñîáñòâåííûõ ôóíêöèé çàäà÷è

Øòóðìà�Ëèóâèëëÿ.

Òîãäà ∀f(x) ∈ C2[a, b], óäîâëåòâîðÿþùåé êðàåâûì óñëîâèÿì, ∃{ck}∞k=1 :

f =
∞∑
k=1

ckXk(x),

ïðè÷¼ì ïîñëåäíèé ðÿä ñõîäèòñÿ ê f(x) àáñîëþòíî è ðàâíîìåðíî íà [a, b], à
äëÿ ck âåðíî ïðåäñòàâëåíèå

ck =
(f,Xk)

‖Xk‖2 =

b∫
a

f(x)Xk(x)dx

b∫
a

X2
k(x)dx

(7.2)

Â ñèëó äàííîé òåîðåìû, íàì äîñòàòî÷íî îäèí ðàç âû÷èñëèòü ‖Xk‖2 äëÿ êàæäîé
çàäà÷è Øòóðìà�Ëèóâèëëÿ, ÷òîáû çíàòü âèä êîýôôèöèåíòîâ ðàçëîæåíèÿ ck.
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7.2. Ïðèìåðû ðåøåíèÿ çàäà÷

� 643. Íàéòè ðåøåíèå u(x, t) íà÷àëüíî-êðàåâîé çàäà÷è
utt = a2uxx,
u(x, 0) = ϕ(x),
ut(x, 0) = ψ(x),
u(0, t) = u(l, t) = 0.

(7.3)

Øàã 1. Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ utt = a2uxx ñ êðàåâûìè óñëîâèÿìè
u(0, t) = u(l, t) = 0 â âèäå U(x, t) = X(x)T (t).
Ñðàçó çàìåòèì, ÷òî êðàåâûå óñëîâèÿ îçíà÷àþò äëÿ ôóíêöèè X(x) ñëåäóþùåå:

X(0) = X(l) = 0. (7.4)

Ïîäñòàâèì U(x, t) â óðàâíåíèå, ïîëó÷èì:

X(x)T ′′(t) = a2X ′′(x)T (t).

Ïðåäïîëîæèâ, ÷òî X(x)T (t) 6= 0, ïîäåëèì ýòî ðàâåíñòâî íà a2X(x)T (t) 6= 0:

− X ′′(x)

X(x)
= − T ′′(t)

a2T (t)
= λ.

Îòñþäà äëÿ ôóíêöèè X(x) èìååì çàäà÷ó

X ′′(x) + λX(x) = 0, (7.5)

X(0) = X(l) = 0, (7.6)

à äëÿ ôóíêöèè T (t) � óðàâíåíèå:

T ′′(t) + λa2T (t) = 0, t > 0. (7.7)

Çàäà÷à (7.5)�(7.6) åñòü çàäà÷à Øòóðìà�Ëèóâèëëÿ. Îáùåå ðåøåíèå óðàâíå-
íèÿ (7.5) èìååò âèä

X(x) = c1 sin(
√
λx) + c2 cos(

√
λx) ïðè λ > 0; (7.8)

X(x) = c1e
√
−λx + c2e

−
√
−λx ïðè λ < 0; (7.9)

X(x) = c1x+ c2 ïðè λ = 0; (7.10)

• Ïðè λ > 0 èìååì èç êðàåâîãî óñëîâèÿ X(0) = 0, ÷òî c2 = 0, ⇒
X(x) = c1 sin(

√
λx). Ïîýòîìó èç âòîðîãî êðàåâîãî óñëîâèÿ X(l) = 0 ïî-

ëó÷àåì, ÷òî
√
λ l = πn îòêóäà èìååì áåñêîíå÷íîå ìíîæåñòâî ñîáñòâåííûõ

÷èñåë çàäà÷è Øòóðìà�Ëèóâèëëÿ:

λn =
π2n2

l2
, n ∈ N. (7.11)

Èì ñîîòâåòñòâóåò áåñêîíå÷íîå ìíîæåñòâî ñîáñòâåííûõ ôóíêöèé:

Xn(x) = sin
(πnx

l

)
, n ∈ N. (7.12)
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• Ïðè λ < 0 èìååì èç êðàåâîãî óñëîâèÿ X(0) = 0, ÷òî c2 = −c1, ⇒
X(x) = 2c1 sh

√
−λx. Ïîýòîìó èç âòîðîãî êðàåâîãî óñëîâèÿ X(l) = 0 ïî-

ëó÷àåì, ÷òî c1 = 0, ò.å. çàäà÷à Øòóðìà�Ëèóâèëëÿ íå èìååò îòðèöàòåëüíûõ
ñîáñòâåííûõ ÷èñåë.

• Ïðè λ = 0 èìååì èç êðàåâîãî óñëîâèÿ X(0) = 0, ÷òî c2 = 0, ⇒
X(x) = c1x. Ïîýòîìó èç âòîðîãî êðàåâîãî óñëîâèÿ X(l) = 0 ïîëó÷àåì, ÷òî
c1 = 0, ò.å. çàäà÷à Øòóðìà�Ëèóâèëëÿ íå èìååò ñîáñòâåííîãî ÷èñëà, ðàâíîãî
íóëþ.

Èòàê, ìû èìååì áåñêîíå÷íîå ìíîæåñòâî íåòðèâèàëüíûõ ðåøåíèé

λn =
π2n2

l2
, Xn(x) = sin

(πnx
l

)
, n ∈ N,

çàäà÷è (7.5), (7.6). Ñòàëî áûòü, ðàññìàòðèâàòü çàäà÷ó (7.7) èìååò ñìûñë òîëüêî
ïðè λ = λn, è ìû ïîëó÷àåì ñåìåéñòâî çàäà÷:

T ′′n (t) + λna
2Tn(t) = 0, t > 0. (7.13)

Ðåøåíèå ýòîãî ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà èìååò âèä:

Tn(t) = An cos
(πna

l
t
)

+Bn sin
(πna

l
t
)
, t > 0, (7.14)

ãäå An, Bn � ïðîèçâîëüíûå ïîñòîÿííûå.
Øàã 2. Ðåøàåì çàäà÷ó (7.3).

Áóäåì èñêàòü ðåøåíèå çàäà÷è (7.3) â âèäå u(x, t) =
∞∑
n=1

Xn(x)Tn(t), ò.å.

u(x, t) =
∞∑
n=1

sin
(πnx

l

)(
An cos

(πna
l
t
)

+Bn sin
(πna

l
t
))

. (7.15)

Èç óñëîâèé çàäà÷è ìû åù¼ íå èñïîëüçîâàëè òîëüêî íà÷àëüíûå óñëîâèÿ
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x). Äëÿ ôóíêöèè u(x, t) èñêîìîãî âèäà îíè îçíà-
÷àþò:

ϕ(x) = u(x, 0) =
∞∑
n=1

Xn(x)Tn(0) =
∞∑
n=1

AnXn(x), (7.16)

ψ(x) = ut(x, 0) =
∞∑
n=1

Xn(x)T ′n(0) =
∞∑
n=1

Bna
√
λnXn(x). (7.17)

Ïóñòü ôóíêöèè ϕ(x) è ψ(x), âõîäÿùèå â íà÷àëüíûå óñëîâèÿ, ðàçëàãàþòñÿ â ðÿä

ϕ(x) =
∞∑
n=1

αnXn(x), ψ(x) =
∞∑
n=1

βnXn(x), (7.18)
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Âûÿñíèì, êàêèìè äîëæíû áûòü êîýôôèöèåíòû αn, βn. Äëÿ ýòîãî äîìíîæèì
(7.18) íà Xm = sin

(
πmx
l

)
ñêàëÿðíî â ñìûñëå L2[0, l]:

(ϕ, Xm) = αm

l∫
0

sin2
(πmx

l

)
dx =

αm
2

l∫
0

(
1− cos

(
2πmx

l

))
dx =

lαm
2
,

îòêóäà

αn =
2

l
(ϕ, Xn) =

2

l

l∫
0

ϕ(x) sin
(πnx

l

)
dx. (7.19)

Àíàëîãè÷íî, äëÿ βn èìååì ïðåäñòàâëåíèå:

βn =
2

l
(ψ,Xn) =

2

l

l∫
0

ψ(x) sin
(πnx

l

)
dx. (7.20)

Òî åñòü αn, βn âû÷èñëÿþòñÿ â òî÷íîñòè ïî ôîðìóëå (7.2)
14.

Òàêèì îáðàçîì, äëÿ êîýôôèöèåíòîâ An, Bn èç ïðåäñòàâëåíèÿ (7.15) ðåøåíèÿ
u(x, t), ñîïîñòàâëÿÿ (7.16) � (7.18), ïîëó÷èì:

An = αn =
2

l

l∫
0

ϕ(x) sin
(πnx

l

)
dx; (7.21)

Bn =
βn

a
√
λn

=
2

aπn

l∫
0

ψ(x) sin
(πnx

l

)
dx. (7.22)

Âñ¼, ÷òî íàì îñòàëîñü ñäåëàòü, � ýòî ïîäñòàâèòü â ôîðìóëó (7.15) íàéäåííûå
êîýôôèöèåíòû An, Bn èç (7.21), (7.22).

� 649M . Íàéòè ðåøåíèå u(x, t) óðàâíåíèÿ15{
utt = a2uxx,
u(0, t) = ux(l, t) = 0,
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x)

(7.23)

Øàã 1. Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ utt = a2uxx ñ êðàåâûìè óñëîâèÿìè

u(0, t) = ux(l, t) = 0 â âèäå U(x, t) = X(x)T (t).

Ñðàçó çàìåòèì, ÷òî êðàåâûå óñëîâèÿ îçíà÷àþò äëÿ ôóíêöèè X(x) ñëåäóþùåå:

X(0) = X ′(l) = 0. (7.24)

14Ìîæíî áûëî âîñïîëüçîâàòüñÿ ôîðìóëîé (7.2) ñðàçó. Äëÿ ýòîãî íàì ïðèøëîñü áû âû÷èñëèòü ‖Xn‖2, òî

åñòü òîò æå ñàìûé èíòåãðàë
l∫
0

sin2
(
πmx
l

)
dx.

15Çíà÷îê M ïîñëå íîìåðà çàäà÷è ìû áóäåì ñòàâèòü â òåõ ñëó÷àÿõ, êîãäà ìîäèôèöèðóåì çàäàíèå ñîîòâåò-
ñòâóþùåãî íîìåðà çàäà÷íèêà [1].
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Ïîäñòàâèì U(x, t) â óðàâíåíèå, ïîëó÷èì:

X(x)T ′′(t) = a2X ′′(x)T (t)

Ïðåäïîëîæèâ, ÷òî X(x)T (t) 6= 0, ïîäåëèì ýòî ðàâåíñòâî íà a2X(x)T (t) 6= 0:

− X ′′(x)

X(x)
= − T ′′(t)

a2T (t)
= λ.

Îòñþäà äëÿ ôóíêöèè X(x) èìååì çàäà÷ó

X ′′(x) + λX(x) = 0, (7.25)

X(0) = X ′(l) = 0, (7.26)

à äëÿ ôóíêöèè T (t) � óðàâíåíèå:

T ′′(t) + λa2T (t) = 0, t > 0. (7.27)

Çàäà÷à (7.25)�(7.26) åñòü çàäà÷à Øòóðìà�Ëèóâèëëÿ. Îáùåå ðåøåíèå óðàâíå-
íèÿ (7.25) èìååò âèä

X(x) = c1 sin(
√
λx) + c2 cos(

√
λx) ïðè λ > 0; (7.28)

X(x) = c1e
√
−λx + c2e

−
√
−λx ïðè λ < 0; (7.29)

X(x) = c1x+ c2 ïðè λ = 0. (7.30)

• Ïðè λ > 0 èìååì èç êðàåâîãî óñëîâèÿ X(0) = 0, ÷òî c2 = 0, ⇒
X(x) = c1 sin(

√
λx) ⇒ X ′(x) = c1

√
λ cos(

√
λx). Ïîýòîìó èç âòîðîãî

êðàåâîãî óñëîâèÿ X ′(l) = 0 ïîëó÷àåì, ÷òî
√
λ l = π

(1
2 + k

)
îòêóäà èìååì

áåñêîíå÷íîå ìíîæåñòâî ñîáñòâåííûõ ÷èñåë çàäà÷è Øòóðìà�Ëèóâèëëÿ:

λn =

(
π(2n− 1)

2l

)2

, n ∈ N. (7.31)

Èì ñîîòâåòñòâóåò áåñêîíå÷íîå ìíîæåñòâî ñîáñòâåííûõ ôóíêöèé:

Xn(x) = sin

(
π(2n− 1)

2l
x

)
, n ∈ N. (7.32)

• Ïðè λ < 0 èìååì èç êðàåâîãî óñëîâèÿ X(0) = 0, ÷òî c2 = −c1, ⇒
X(x) = 2c1 sh

√
−λx ⇒ X ′(x) = 2c1

√
−λ ch(

√
−λx). Ïîýòîìó èç âòîðîãî

êðàåâîãî óñëîâèÿ X ′(l) = 0 ïîëó÷àåì, ÷òî c1 = 0, ò.å. çàäà÷à Øòóðìà�
Ëèóâèëëÿ íå èìååò îòðèöàòåëüíûõ ñîáñòâåííûõ ÷èñåë

• Ïðè λ = 0 èìååì èç êðàåâîãî óñëîâèÿ X(0) = 0, ÷òî c2 = 0, ⇒
X(x) = c1x ⇒ X ′(x) = c1. Ïîýòîìó èç âòîðîãî êðàåâîãî óñëîâèÿ
X ′(l) = 0 ïîëó÷àåì, ÷òî c1 = 0, ò.å. çàäà÷à Øòóðìà�Ëèóâèëëÿ íå èìååò
ñîáñòâåííîãî ÷èñëà, ðàâíîãî íóëþ.
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Èòàê, ìû èìååì áåñêîíå÷íîå ìíîæåñòâî íåòðèâèàëüíûõ ðåøåíèé

λn =

(
π(2n− 1)

2l

)2

, Xn(x) = sin

(
π(2n− 1)

2l
x

)
, n ∈ N,

çàäà÷è (7.25), (7.26). Ñòàëî áûòü, ðàññìàòðèâàòü óðàâíåíèå (7.27) èìååò ñìûñë
òîëüêî ïðè λ = λn, è ìû ïîëó÷àåì ñåìåéñòâî çàäà÷:

T ′′n (t) + λna
2Tn(t) = 0, t > 0. (7.33)

Ðåøåíèå ýòîãî ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà èìååò âèä:

Tn(t) = An cos

(
π(2n− 1)a

2l
t

)
+Bn sin

(
π(2n− 1)a

2l
t

)
, t > 0, (7.34)

ãäå An, Bn � ïðîèçâîëüíûå ïîñòîÿííûå.

Øàã 2. Ðåøàåì çàäà÷ó (7.23).

Áóäåì èñêàòü ðåøåíèå çàäà÷è (7.23) â âèäå u(x, t) =
∞∑
n=1

Xn(x)Tn(t), ò.å.

u(x, t) =

=
∞∑
n=1

sin

(
π(2n− 1)

2l
x

)(
An cos

(
π(2n− 1)a

2l
t

)
+Bn sin

(
π(2n− 1)a

2l
t

))
.

(7.35)

Èç óñëîâèé çàäà÷è ìû åù¼ íå èñïîëüçîâàëè òîëüêî íà÷àëüíûå óñëîâèÿ
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x). Äëÿ ôóíêöèè u(x, t) èñêîìîãî âèäà îíè îçíà-
÷àþò:

ϕ(x) = u(x, 0) =
∞∑
n=1

Xn(x)Tn(0) =
∞∑
n=1

AnXn(x), (7.36)

ψ(x) = ut(x, 0) =
∞∑
n=1

Xn(x)T ′n(0) =
∞∑
n=1

Bna
√
λnXn(x). (7.37)

Ïóñòü ôóíêöèè ϕ(x) è ψ(x), âõîäÿùèå â íà÷àëüíûå óñëîâèÿ, ðàçëàãàþòñÿ â ðÿä

ϕ(x) =
∞∑
n=1

αnXn(x), ψ(x) =
∞∑
n=1

βnXn(x). (7.38)

Âûÿñíèì, êàêèìè äîëæíû áûòü êîýôôèöèåíòû αn, βn. Äëÿ ýòîãî äîìíîæèì

(7.38) íà Xm = sin
(
π(2m−1)

2l x
)
ñêàëÿðíî â ñìûñëå L2[0, l]:

(ϕ,Xm) = αm

l∫
0

sin2
(
π(2m− 1)

2l
x

)
dx =

αm
2

l∫
0

(
1− cos

(
π(2m− 1)

l
x

))
dx =

=
αm
2

l∫
0

dx =
lαm

2
,
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îòêóäà

αn =
2

l
(ϕ,Xn) =

2

l

l∫
0

ϕ(x) sin

(
π(2n− 1)

2l
x

)
dx. (7.39)

Àíàëîãè÷íî äëÿ βn èìååì ïðåäñòàâëåíèå:

βn =
2

l
(ψ,Xn) =

2

l

l∫
0

ψ(x) sin

(
π(2n− 1)

2l
x

)
dx. (7.40)

Òàêèì îáðàçîì, äëÿ êîýôôèöèåíòîâ An, Bn èç ïðåäñòàâëåíèÿ (7.35) ðåøåíèÿ
u(x, t) èìååì:

An = αn =
2

l

l∫
0

ϕ(x) sin

(
π(2n− 1)

2l
x

)
dx; (7.41)

Bn =
βn

a
√
λn

=
4

aπ(2n− 1)

l∫
0

ψ(x) sin

(
π(2n− 1)

2l
x

)
dx. (7.42)

Âñ¼, ÷òî íàì îñòàëîñü ñäåëàòü, � ýòî ïîäñòàâèòü â ôîðìóëó (7.35) íàéäåííûå
êîýôôèöèåíòû An, Bn èç (7.41), (7.46).

� 645. Íàéòè ðåøåíèå u(x, t) óðàâíåíèÿ{
utt = a2uxx,
u(0, t) = ux(l, t) = 0,
u(x, 0) = x, ut(x, 0) = sin πx

2l + sin 3πx
2l .

(7.43)

Äàííàÿ çàäà÷à � ÷àñòíûé ñëó÷àé ðàññìîòðåííîé â �649M . Ïîýòîìó ìû ìîæåì
ñðàçó âîñïîëüçîâàòüñÿ ôîðìóëàìè (7.35), (7.41), (7.46) äëÿ ïîëó÷åíèÿ îòâåòà.
Íàéä¼ì ïî (7.41) êîýôôèöèåíòû An:

An =
2

l

l∫
0

x sin

(
π(2n− 1)

2l
x

)
dx =

=
2

l

− 2lx

(2n− 1)π
cos

(
(2n− 1)π

2l
x

)∣∣∣∣x=l

x=0
+

2l

(2n− 1)π

l∫
0

cos

(
(2n− 1)π

2l
x

)
dx

 =

=
2

l

[
4l2

(2n− 1)2π2 sin

(
(2n− 1)π

2l
x

)∣∣∣∣x=l

x=0

]
=

2

l

[
4l2

(2n− 1)2π2 (−1)n+1
]

=

=
8l

(2n− 1)2π2 (−1)n+1. (7.44)
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Äëÿ òîãî ÷òîáû íàéòè Bn, çàìåòèì, ÷òî çàäàííàÿ ôóíêöèÿ ψ(x) óæå ðàçëîæåíà

â ðÿä ïî ôóíêöèÿì Xn(x) = sin
(

(2n−1)π
2 x

)
:

ψ(x) = sin
πx

2l
+ sin

3πx

2l
. (7.45)

Ñëåäîâàòåëüíî, β1 = β2 = 1, β3 = β4 = . . . = 0, îòêóäà, òàê êàê Bn = βn
2l

π(2n−1)a ,

B1 =
2l

πa
, B2 =

2l

3πa
, B3 = B4 = . . . = 0. (7.46)

Ïîäñòàâèì íàéäåííûå An è Bn â

u(x, t) =
∞∑
n=1

sin
(
π(2n−1)

2l x
)(

An cos
(
π(2n−1)a

2l t
)

+Bn sin
(
π(2n−1)a

2l t
))

.

Ïîëó÷èì îòâåò:

u(x, t) =
∞∑
n=1

sin

(
π(2n− 1)

2l
x

)(
8l

(2n− 1)2π2 (−1)n+1 cos

(
π(2n− 1)a

2l
t

))
+

+
2l

aπ
sin
( π

2l
x
)

sin
(πa

2l
t
)

+
2l

3aπ
sin

(
3π

2l
x

)
sin

(
3πa

2l
t

)
.

� 649. Íàéòè ðåøåíèå u(x, t) óðàâíåíèÿ{
utt = a2uxx,
ux(0, t) = ux(l, t) = 0,
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x)

(7.47)

Øàã 1. Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ utt = a2uxx ñ êðàåâûìè óñëîâèÿìè

ux(0, t) = ux(l, t) = 0 â âèäå U(x, t) = X(x)T (t).

Ñðàçó çàìåòèì, ÷òî êðàåâûå óñëîâèÿ îçíà÷àþò äëÿ ôóíêöèè X(x) ñëåäóþùåå:

X ′(0) = X ′(l) = 0. (7.48)

Ïîäñòàâèì U(x, t) â óðàâíåíèå, ïîëó÷èì:

X(x)T ′′(t) = a2X ′′(x)T (t)

Ïðåäïîëîæèâ, ÷òî X(x)T (t) 6= 0, ïîäåëèì ýòî ðàâåíñòâî íà a2X(x)T (t) 6= 0:

− X ′′(x)

X(x)
= − T ′′(t)

a2T (t)
= λ.

Îòñþäà äëÿ ôóíêöèè X(x) èìååì çàäà÷ó

X ′′(x) + λX(x) = 0, (7.49)

X ′(0) = X ′(l) = 0, (7.50)
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à äëÿ ôóíêöèè T (t) � óðàâíåíèå:

T ′′(t) + λa2T (t) = 0, t > 0. (7.51)

Çàäà÷à (7.49)�(7.50) åñòü çàäà÷à Øòóðìà�Ëèóâèëëÿ. Îáùåå ðåøåíèå óðàâíå-
íèÿ (7.49) èìååò âèä

X(x) = c1 sin(
√
λx) + c2 cos(

√
λx) ïðè λ > 0; (7.52)

X(x) = c1e
√
−λx + c2e

−
√
−λx ïðè λ < 0; (7.53)

X(x) = c1x+ c2 ïðè λ = 0. (7.54)

• Ïðè λ > 0 èìååì

X ′(x) = c1
√
λ cos(

√
λx)− c2

√
λ sin(

√
λx).

È èç êðàåâîãî óñëîâèÿ X ′(0) = 0 ñëåäóåò, ÷òî c1 = 0, ⇒
X(x) = c2 cos(

√
λx) ⇒ X ′(x) = −c2

√
λ sin(

√
λx). Ïîýòîìó èç âòî-

ðîãî êðàåâîãî óñëîâèÿ X ′(l) = 0 ïîëó÷àåì, ÷òî
√
λ l = πn, îòêóäà èìååì

áåñêîíå÷íîå ìíîæåñòâî ñîáñòâåííûõ ÷èñåë çàäà÷è Øòóðìà�Ëèóâèëëÿ:

λn =
π2n2

l2
, n ∈ N. (7.55)

Èì ñîîòâåòñòâóåò áåñêîíå÷íîå ìíîæåñòâî ñîáñòâåííûõ ôóíêöèé:

Xn(x) = cos
(πnx

l

)
, n ∈ N. (7.56)

• Ïðè λ < 0 èìååì

X ′(x) = c1
√
−λe

√
−λx − c2

√
−λe−

√
−λx.

È èç êðàåâîãî óñëîâèÿ X ′(0) = 0 ñëåäóåò, ÷òî c1 = c2, ⇒
X(x) = 2c1 ch

√
−λx ⇒ X ′(x) = 2c1

√
−λ sh(

√
−λx). Ïîýòîìó èç âòîðîãî

êðàåâîãî óñëîâèÿ X ′(l) = 0 ïîëó÷àåì, ÷òî c1 = 0, ò.å. çàäà÷à Øòóðìà�
Ëèóâèëëÿ íå èìååò îòðèöàòåëüíûõ ñîáñòâåííûõ ÷èñåë.

• Ïðè λ = 0 èìååì èç êðàåâîãî óñëîâèÿ X ′(0) = 0, ÷òî c1 = 0, ⇒
X(x) = c2 ⇒ X ′(x) = 0), è âòîðîå êðàåâîå óñëîâèå X ′(l) = 0 âûïîëíÿåò-
ñÿ àâòîìàòè÷åñêè, ò.å. äàííàÿ çàäà÷à Øòóðìà�Ëèóâèëëÿ èìååò ñîáñòâåííîå
÷èñëî, ðàâíîå íóëþ è ñîîòâåòñòâóþùóþ åìó ñîáñòâåííóþ ôóíêöèþ:

λ0 = 0, X0(x) = 1. (7.57)

Çàìåòèì, ÷òî ýòà ïàðà (ñîáñòâåííîå ÷èñëî�ñîáñòâåííàÿ ôóíêöèÿ) ìîæåò
áûòü çàïèñàíà â òîì æå âèäå, ÷òî è λn â (7.55) è Xn è (7.56) ïðè n = 0:

λ0 =
π202

l2
= 0, X0 = cos

(
π0x

l

)
= 1.
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Èòàê, ìû èìååì áåñêîíå÷íîå ìíîæåñòâî íåòðèâèàëüíûõ ðåøåíèé

λn =
π2n2

l2
, Xn(x) = cos

(πnx
l

)
, n ∈ {0, 1, 2, . . .}.

çàäà÷è (7.49), (7.50). Ñòàëî áûòü, ðàññìàòðèâàòü çàäà÷ó (7.51) èìååò ñìûñë òîëü-
êî ïðè λ = λn, è ìû ïîëó÷àåì ñåìåéñòâî çàäà÷:

T ′′n (t) + λna
2Tn(t) = 0, t > 0. (7.58)

Ïðè n = 0 ýòî óðàâíåíèå âûðîæäàåòñÿ â

T ′′0 (t) = 0, t > 0.

Åãî ðåøåíèå:
T0 = A0 +B0t, (7.59)

ãäå A0, B0 � ïðîèçâîëüíûå ïîñòîÿííûå.
Ïðè n > 0 ðåøåíèå ýòîãî ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà
èìååò âèä:

Tn(t) = An cos
(πna

l
t
)

+Bn sin
(πna

l
t
)
, t > 0, (7.60)

ãäå An, Bn � ïðîèçâîëüíûå ïîñòîÿííûå.

Øàã 2. Ðåøàåì çàäà÷ó (7.47).

Áóäåì èñêàòü ðåøåíèå çàäà÷è (7.47) â âèäå u(x, t) =
∞∑
n=0

Xn(x)Tn(t), ò.å.

u(x, t) = A0 +B0t+
∞∑
n=1

cos
(πnx

l

)(
An cos

(πna
l
t
)

+Bn sin
(πna

l
t
))

. (7.61)

Èç óñëîâèé çàäà÷è ìû åù¼ íå èñïîëüçîâàëè òîëüêî íà÷àëüíûå óñëîâèÿ
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x). Äëÿ ôóíêöèè u(x, t) èñêîìîãî âèäà îíè îçíà-
÷àþò:

ϕ(x) = u(x, 0) =
∞∑
n=0

Xn(x)Tn(0) = A0 +
∞∑
n=1

AnXn(x), (7.62)

ψ(x) = ut(x, 0) =
∞∑
n=0

Xn(x)T ′n(0) = B0 +
∞∑
n=1

πna

l
BnXn(x). (7.63)

Ïóñòü ôóíêöèè ϕ(x) è ψ(x), âõîäÿùèå â íà÷àëüíûå óñëîâèÿ, ðàçëàãàþòñÿ â ðÿä
Ôóðüå ïî êîñèíóñàì:

ϕ(x) =
α0

2
+
∞∑
n=1

αn cos
πnx

l
, ψ(x) =

β0

2
+
∞∑
n=1

βn cos
πnx

l
,

(7.64)
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ãäå êîýôôèöèåíòû αn, βn èìåþò âèä:

αn =
2

l

l∫
0

ϕ(x) cos
(πnx

l

)
dx, βn =

2

l

l∫
0

ψ(x) cos
(πnx

l

)
dx.

(Êîíå÷íî, ýòè ôîðìóëû äëÿ âû÷èñëåíèÿ αn, βn ìû ìîãëè ïîëó÷èòü òåì æå ñïî-
ñîáîì, ÷òî è ôîðìóëû (7.39), (7.40), íî ìû âîñïîëüçîâàëèñü çíàíèåì ñòàäàðòíûõ
ôîðìóë äëÿ ðÿäà Ôóðüå).

Òàêèì îáðàçîì, äëÿ êîýôôèöèåíòîâ An, Bn èç ïðåäñòàâëåíèÿ (7.61) ðåøåíèÿ
u(x, t), èìååì:

A0 =
α0

2
=

2

l

l∫
0

ϕ(x)dx, An = αn =
2

l

l∫
0

ϕ(x) cos
(πnx

l

)
dx, n > 0,

B0 =
β0

2
=

2

l

l∫
0

ψ(x)dx, Bn =
lβn
πna

=
2l

πna

l∫
0

ψ(x) cos
(πnx

l

)
dx, n > 0.

Âñ¼, ÷òî íàì îñòàëîñü ñäåëàòü, � ýòî ïîäñòàâèòü â ôîðìóëó (7.61) íàéäåííûå
êîýôôèöèåíòû An, Bn.

� 688. Íàéòè ðåøåíèå u(x, t) óðàâíåíèÿ{
ut = a2uxx,
u(0, t) = ux(l, t) = 0,
u(x, 0) = ϕ(x).

(7.65)

Øàã 1. Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ ut = a2uxx ñ êðàåâûìè óñëîâèÿìè

u(0, t) = ux(l, t) = 0 â âèäå U(x, t) = X(x)T (t).

Ñðàçó çàìåòèì, ÷òî êðàåâûå óñëîâèÿ îçíà÷àþò äëÿ ôóíêöèè X(x) ñëåäóþùåå:

X(0) = X ′(l) = 0. (7.66)

Ïîäñòàâèì U(x, t) â óðàâíåíèå, ïîëó÷èì:

X(x)T ′(t) = a2X ′′(x)T (t).

Ïðåäïîëîæèâ, ÷òî X(x)T (t) 6= 0, ïîäåëèì ýòî ðàâåíñòâî íà a2X(x)T (t) 6= 0:

− X ′′(x)

X(x)
= − T ′(t)

a2T (t)
= λ.

Îòñþäà äëÿ ôóíêöèè X(x) èìååì çàäà÷ó

X ′′(x) + λX(x) = 0, (7.67)

X(0) = X ′(l) = 0, (7.68)
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à äëÿ ôóíêöèè T (t) � óðàâíåíèå:

T ′(t) + λa2T (t) = 0, t > 0. (7.69)

Çàäà÷à (7.67)�(7.68) åñòü çàäà÷à Øòóðìà�Ëèóâèëëÿ. Îáùåå ðåøåíèå óðàâíå-
íèÿ (7.67) èìååò âèä

X(x) = c1 sin(
√
λx) + c2 cos(

√
λx) ïðè λ > 0; (7.70)

X(x) = c1e
√
−λx + c2e

−
√
−λx ïðè λ < 0; (7.71)

X(x) = c1x+ c2 ïðè λ = 0. (7.72)

• Ïðè λ > 0 èìååì èç êðàåâîãî óñëîâèÿ X(0) = 0, ÷òî c2 = 0, ⇒
X(x) = c1 sin(

√
λx) ⇒ X ′(x) = c1

√
λ cos(

√
λx). Ïîýòîìó èç âòîðîãî

êðàåâîãî óñëîâèÿ X ′(l) = 0 ïîëó÷àåì, ÷òî
√
λ l = π

(1
2 + k

)
, îòêóäà èìååì

áåñêîíå÷íîå ìíîæåñòâî ñîáñòâåííûõ ÷èñåë çàäà÷è Øòóðìà�Ëèóâèëëÿ:

λn =

(
π(2n− 1)

2l

)2

, n ∈ N. (7.73)

Èì ñîîòâåòñòâóåò áåñêîíå÷íîå ìíîæåñòâî ñîáñòâåííûõ ôóíêöèé:

Xn(x) = sin

(
π(2n− 1)

2l
x

)
, n ∈ N. (7.74)

• Ïðè λ < 0 èìååì èç êðàåâîãî óñëîâèÿ X(0) = 0, ÷òî c1 = −c2, ⇒
X(x) = 2c1 sh

√
−λx ⇒ X ′(x) = 2c1

√
−λ ch(

√
−λx). Ïîýòîìó èç âòîðîãî

êðàåâîãî óñëîâèÿ X ′(l) = 0 ïîëó÷àåì, ÷òî c1 = 0, ò.å. çàäà÷à Øòóðìà�
Ëèóâèëëÿ íå èìååò îòðèöàòåëüíûõ ñîáñòâåííûõ ÷èñåë.

• Ïðè λ = 0 èìååì èç êðàåâîãî óñëîâèÿ X(0) = 0, ÷òî c2 = 0, ⇒
X(x) = c1x ⇒ X ′(x) = c1. Ïîýòîìó èç âòîðîãî êðàåâîãî óñëîâèÿ
X ′(l) = 0 ïîëó÷àåì, ÷òî c1 = 0, ò.å. çàäà÷à Øòóðìà�Ëèóâèëëÿ íå èìååò
ñîáñòâåííîãî ÷èñëà, ðàâíîãî íóëþ.

Èòàê, ìû èìååì áåñêîíå÷íîå ìíîæåñòâî íåòðèâèàëüíûõ ðåøåíèé

λn =
(
π(2n−1)

2l

)2
, Xn(x) = sin

(
π(2n−1)

2l x
)
, n ∈ N çàäà÷è (7.67), (7.68). Ñòà-

ëî áûòü, ðàññìàòðèâàòü çàäà÷ó (7.27) èìååò ñìûñë òîëüêî ïðè λ = λn, è ìû
ïîëó÷àåì ñåìåéñòâî çàäà÷:

T ′n(t) + λna
2Tn(t) = 0, t > 0. (7.75)

Ðåøåíèå ýòîãî ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà èìååò âèä:

Tn(t) = Ane
− (π(2n−1)a)2

(2l)2
t
, (7.76)

ãäå An � ïðîèçâîëüíûå ïîñòîÿííûå.
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Øàã 2. Ðåøàåì çàäà÷ó (7.65).

Áóäåì èñêàòü ðåøåíèå çàäà÷è (7.65) â âèäå u(x, t) =
∞∑
n=1

Xn(x)Tn(t), ò.å.

u(x, t) =
∞∑
n=1

sin

(
π(2n− 1)

2l
x

)
Ane

− (π(2n−1)a)2

(2l)2
t
. (7.77)

Èç óñëîâèé çàäà÷è ìû åù¼ íå èñïîëüçîâàëè òîëüêî íà÷àëüíûå óñëîâèÿ
u(x, 0) = ϕ(x). Äëÿ ôóíêöèè u(x, t) èñêîìîãî âèäà îíè îçíà÷àþò:

ϕ(x) = u(x, 0) =
∞∑
n=1

Xn(x)Tn(0) =
∞∑
n=1

AnXn(x), (7.78)

Ïóñòü ôóíêöèÿ ϕ(x), âõîäÿùàÿ â íà÷àëüíîå óñëîâèå, ðàçëàãàåòñÿ â ðÿä

ϕ(x) =
∞∑
n=1

αnXn(x). (7.79)

Âûÿñíèì, êàêèìè äîëæíû áûòü êîýôôèöèåíòû αn. Äëÿ ýòîãî äîìíîæèì (7.79)
íà Xm = sin

(
π
(
− 1

2 +m
)
x
)
ñêàëÿðíî â ñìûñëå L2[0, l]:

(ϕ,Xm) = αm

l∫
0

sin2
(
π(2n− 1)

2l
x

)
dx =

αm
2

l∫
0

(
1− cos

(
π(2n− 1)

2l
x

))
dx =

=
αm
2

l∫
0

dx =
lαm

2
,

îòêóäà

αn =
2

l
(ϕ,Xn) =

2

l

l∫
0

ϕ(x) sin

(
π(2n− 1)

2l
x

)
dx. (7.80)

Òàêèì îáðàçîì, äëÿ êîýôôèöèåíòîâAn èç ïðåäñòàâëåíèÿ (7.78) ðåøåíèÿ u(x, t)
èìååì:

An = αn =
2

l

l∫
0

ϕ(x) sin

(
π(2n− 1)

2l
x

)
dx. (7.81)

Âñ¼, ÷òî íàì îñòàëîñü ñäåëàòü, � ýòî ïîäñòàâèòü â ôîðìóëó (7.78) íàéäåííûå
êîýôôèöèåíòû An èç (7.81).

� 687M . Íàéòè ðåøåíèå u(x, t) íà÷àëüíî-êðàåâîé çàäà÷è{
ut = a2uxx,
u(x, 0) = ϕ(x),
u(0, t) = u(l, t) = 0.

(7.82)
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Øàã 1. Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ ut = a2uxx ñ êðàåâûìè óñëîâèÿìè

u(0, t) = u(l, t) = 0 â âèäå U(x, t) = X(x)T (t).

Ñðàçó çàìåòèì, ÷òî êðàåâûå óñëîâèÿ îçíà÷àþò äëÿ ôóíêöèè X(x) ñëåäóþùåå:

X(0) = X(l) = 0. (7.83)

Ïîäñòàâèì U(x, t) â óðàâíåíèå, ïîëó÷èì:

X(x)T ′(t) = a2X ′′(x)T (t).

Ïðåäïîëîæèâ, ÷òî X(x)T (t) 6= 0, ïîäåëèì ýòî ðàâåíñòâî íà a2X(x)T (t) 6= 0:

− X ′′(x)

X(x)
= − T ′(t)

a2T (t)
= λ.

Îòñþäà äëÿ ôóíêöèè X(x) èìååì çàäà÷ó

X ′′(x) + λX(x) = 0, (7.84)

X(0) = X(l) = 0, (7.85)

à äëÿ ôóíêöèè T (t) � óðàâíåíèå:

T ′(t) + λa2T (t) = 0, t > 0. (7.86)

Çàäà÷à (7.84)�(7.85) åñòü çàäà÷àØòóðìà�Ëèóâèëëÿ (ìû óæå èçó÷àëè å¼ â � 643).
Îáùåå ðåøåíèå óðàâíåíèÿ (7.84) èìååò âèä

X(x) = c1 sin(
√
λx) + c2 cos(

√
λx) ïðè λ > 0; (7.87)

X(x) = c1e
√
−λx + c2e

−
√
−λx ïðè λ < 0; (7.88)

X(x) = c1x+ c2 ïðè λ = 0. (7.89)

• Ïðè λ > 0 ñóùåñòâóåò áåñêîíå÷íîå ìíîæåñòâî ñîáñòâåííûõ ÷èñåë çàäà÷è
Øòóðìà�Ëèóâèëëÿ:

λn =
π2n2

l2
, n ∈ N. (7.90)

Èì ñîîòâåòñòâóåò áåñêîíå÷íîå ìíîæåñòâî ñîáñòâåííûõ ôóíêöèé:

Xn(x) = sin
(πnx

l

)
, n ∈ N. (7.91)

• Ïðè λ < 0 çàäà÷à Øòóðìà�Ëèóâèëëÿ íå èìååò íåòðèâèàëüíûõ ðåøåíèé.

• Ïðè λ = 0 äàííàÿ çàäà÷à Øòóðìà�Ëèóâèëëÿ íå èìååò íåòðèâèàëüíûõ ðå-
øåíèé.

Èòàê, ìû èìååì áåñêîíå÷íîå ìíîæåñòâî íåòðèâèàëüíûõ ðåøåíèé

λn =
π2n2

l2
, Xn(x) = sin

(πnx
l

)
, n ∈ N,
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çàäà÷è (7.84), (7.85). Ñòàëî áûòü, ðàññìàòðèâàòü çàäà÷ó (7.86) èìååò ñìûñë òîëü-
êî ïðè λ = λn, è ìû ïîëó÷àåì ñåìåéñòâî çàäà÷:

T ′n(t) + λna
2Tn(t) = 0, t > 0. (7.92)

Ðåøåíèå ýòîãî ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà èìååò âèä:

Tn(t) = Ane
− π2n2a2

l2
t t > 0, (7.93)

ãäå An � ïðîèçâîëüíûå ïîñòîÿííûå.

Øàã 2. Ðåøàåì çàäà÷ó (7.82).

Áóäåì èñêàòü ðåøåíèå çàäà÷è (7.82) â âèäå u(x, t) =
∞∑
n=1

Xn(x)Tn(t), ò.å.

u(x, t) =
∞∑
n=1

sin
(πnx

l

)
Ane

− π2n2a2

l2
t. (7.94)

Èç óñëîâèé çàäà÷è ìû åù¼ íå èñïîëüçîâàëè òîëüêî íà÷àëüíîå óñëîâèå
u(x, 0) = ϕ(x). Äëÿ ôóíêöèè u(x, t) èñêîìîãî âèäà îíè îçíà÷àþò:

ϕ(x) = u(x, 0) =
∞∑
n=1

Xn(x)Tn(0) =
∞∑
n=1

AnXn(x). (7.95)

Ïóñòü ôóíêöèÿ ϕ(x), âõîäÿùàÿ â íà÷àëüíîå óñëîâèå, ðàçëàãàåòñÿ â ðÿä Ôóðüå
ïî ñèíóñàì:

ϕ(x) =
∞∑
n=1

bn sin
(πnx

l

)
, (7.96)

ãäå

bn =
2

l

l∫
0

ϕ(x) sin
(πnx

l

)
dx. (7.97)

Ñîïîñòàâëÿÿ (7.95) è (7.96), (7.97), ïîëó÷èì äëÿ êîýôôèöèåíòîâ An ≡ bn ïðåä-
ñòàâëåíèå:

An ≡ bn =
2

l

l∫
0

ϕ(x) sin
(πnx

l

)
dx. (7.98)

Âñ¼, ÷òî íàì îñòàëîñü ñäåëàòü, � ýòî ïîäñòàâèòü â ôîðìóëó (7.94) íàéäåííûå
êîýôôèöèåíòû An èç (7.98).

� 687. Íàéòè ðåøåíèå u(x, t) íà÷àëüíî-êðàåâîé çàäà÷è{
ut = a2uxx,
u(x, 0) = Ax,
u(0, t) = u(l, t) = 0.

(7.99)
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Øàã 1. Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ ut = a2uxx ñ êðàåâûìè óñëîâèÿìè

u(0, t) = u(l, t) = 0 â âèäå U(x, t) = X(x)T (t).

Ìû óæå íåñêîëüêî ðàç ðåøàëè ýòó çàäà÷ó, â ÷àñòíîñòè â � 687M . Ó íå¼ åñòü
áåñêîíå÷íîå ìíîæåñòâî íåòðèâèàëüíûõ ðåøåíèé

λn =
π2n2

l2
, Xn(x) = sin

(πnx
l

)
, n ∈ N

Ïîýòîìó äëÿ ôóíêöèé Tn(t) ó íàñ ïîëó÷àåòñÿ ñåìåéñòâî çàäà÷:

T ′n(t) + λna
2Tn(t) = 0, t > 0. (7.100)

Ðåøåíèå ýòîãî ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà èìååò âèä:

Tn(t) = Ane
− π2n2a2

l2
t, t > 0, (7.101)

ãäå An � ïðîèçâîëüíûå ïîñòîÿííûå.

Øàã 2. Ðåøàåì çàäà÷ó (7.99).

Áóäåì èñêàòü ðåøåíèå çàäà÷è (7.99) â âèäå u(x, t) =
∞∑
n=1

Xn(x)Tn(t), ò.å.

u(x, t) =
∞∑
n=1

sin
(πnx

l

)
Ane

− π2n2a2

l2
t. (7.102)

Èç óñëîâèé çàäà÷è ìû åù¼ íå èñïîëüçîâàëè òîëüêî íà÷àëüíîå óñëîâèå
u(x, 0) = ϕ(x). Íî â äàííîì ñëó÷àå ôóíêöèÿ ϕ(x) íàì çàäàíà:

ϕ(x) = Ax.

Ïîýòîìó âîñïîëüçóåìñÿ ôîðìóëàìè, ïîëó÷åííûìè â � 687M :

An ≡ bn =
2

l

l∫
0

ϕ(x) sin
(πnx

l

)
dx, (7.103)

ãäå

bn =
2

l

l∫
0

ϕ(x) sin
(πnx

l

)
dx. (7.104)

Íàéä¼ì êîýôôèöèåíòû An ≡ bn:

An =
2

l

l∫
0

Ax sin
(πnx

l

)
dx = −A 2l

πnl

x cos
πnx

l

∣∣∣x=l

x=0
−

l∫
0

cos
(πnx

l
dx
) =

= −A 2

πn

(
(l(−1)n − 0)− l

πn
sin
(πnx

l

)∣∣∣∣x=l

x=0

)
=

2Al(−1)n+1

πn
.
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Òàêèì îáðàçîì,

An =
2Al(−1)n+1

πn
.

Ïîäñòàâëÿåì íàéäåííûå êîýôôèöèåíòû An â ôîðìóëó (7.102):

u(x, t) =
2Al

π

∞∑
n=1

(−1)n+1

n
sin
(πnx

l

)
e−

π2n2a2

l2
t.

� 691. Íàéòè ðåøåíèå u(x, t) óðàâíåíèÿ{
ut = a2uxx,
u(x, 0) = ϕ(x),
ux(0, t) = ux(l, t) + hu(l, t) = 0, h > 0.

(7.105)

Øàã 1. Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ utt = a2uxx ñ êðàåâûìè óñëîâèÿìè

ux(0, t) = ux(l, t) + hu(l, t) = 0 â âèäå U(x, t) = X(x)T (t).

Ñðàçó çàìåòèì, ÷òî êðàåâûå óñëîâèÿ îçíà÷àþò äëÿ ôóíêöèè X(x) ñëåäóþùåå:

X ′(0) = X ′(l) + hX(l) = 0. (7.106)

Ïîäñòàâèì U(x, t) â óðàâíåíèå, ïîëó÷èì:

X(x)T ′(t) = a2X ′′(x)T (t)

Ïðåäïîëîæèâ, ÷òî X(x)T (t) 6= 0, ïîäåëèì ýòî ðàâåíñòâî íà a2X(x)T (t) 6= 0:

X ′′(x)

X(x)
=

T ′(t)

a2T (t)
= −λ.

Îòñþäà äëÿ ôóíêöèè X(x) èìååì çàäà÷ó

X ′′(x) + λX(x) = 0, (7.107)

X ′(0) = X ′(l) + hX(l) = 0, (7.108)

à äëÿ ôóíêöèè T (t) � óðàâíåíèå:

T ′(t) + λa2T (t) = 0, t > 0. (7.109)

Çàäà÷à (7.107)�(7.108) åñòü çàäà÷à Øòóðìà�Ëèóâèëëÿ. Îáùåå ðåøåíèå óðàâ-
íåíèÿ (7.107) èìååò âèä

X(x) = c1 sin(
√
λx) + c2 cos(

√
λx) ïðè λ > 0; (7.110)

X(x) = c1e
√
−λx + c2e

−
√
−λx ïðè λ < 0; (7.111)

X(x) = c1x+ c2 ïðè λ = 0; (7.112)
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• Ïðè λ > 0 èìååì

X ′(x) = c1
√
λ cos(

√
λx)− c2

√
λ sin(

√
λx)

È èç êðàåâîãî óñëîâèÿ X ′(0) = 0 ñëåäóåò, ÷òî c1 = 0, ⇒
X(x) = c2 cos(

√
λx) ⇒ X ′(x) = −c2

√
λ sin(

√
λx).

Ïîýòîìó èç âòîðîãî êðàåâîãî óñëîâèÿ X ′(l) + hX(l) = 0 ïîëó÷àåì, ÷òî
−
√
λ sin(

√
λ l) + h cos(

√
λ l) = 0, îòêóäà (î÷åâèäíî, êîñèíóñ íå ìîæåò áûòü

ðàâåí íóëþ, òàê êàê òîãäà ñèíóñ ðàâíÿëñÿ áû (±1), è ðàâåíñòâî íå áûëî áû
âûïîëíåíî) √

λ tg(
√
λ l) = h. (7.113)

Ýòî óðàâíåíèå, êàê ëåãêî óâèäåòü èç
ãðàôèêà, èìååò áåñêîíå÷íî ìíîãî ðåøåíèé
λn, n ∈ N. Ñàìè ýòè ðåøåíèÿ ÿâíûì îáðàçîì
âûïèñàòü íåëüçÿ, íî ëþáîå ìîæåò áûòü
íàéäåíî ñî ñêîëü óãîäíî áîëüøîé òî÷íîñòüþ
÷èñëåííî. Ìû èõ èñêàòü íå áóäåì, óäîâëåòâî-
ðèâøèñü çíàíèåì, ÷òî îíè åñòü, è èõ ìîæíî
íàéòè.
Òàêèì îáðàçîì, ñóùåñòâóåò áåñêîíå÷-

íîå ìíîæåñòâî ñîáñòâåííûõ ÷èñåë çàäà÷è

Øòóðìà�Ëèóâèëëÿ:

λn > 0 − ðåøåíèÿ óðàâíåíèÿ
√
λn tg(

√
λn l) = h, n ∈ N. (7.114)

Èì ñîîòâåòñòâóåò áåñêîíå÷íîå ìíîæåñòâî ñîáñòâåííûõ ôóíêöèé:

Xn(x) = cos
(√

λn x
)
, n ∈ N. (7.115)

• Ïðè λ < 0 çàäà÷à Øòóðìà�Ëèóâèëëÿ íèêîãäà íå èìååò íåòðèâèàëüíûõ
ðåøåíèé.

• Ïðè λ = 0 èìååì èç êðàåâîãî óñëîâèÿ X ′(0) = 0, ÷òî c1 = 0, ⇒
X(x) = c2 ⇒ X ′(x) = 0), è âòîðîå êðàåâîå óñëîâèå X ′(l) + hX(l) = 0
äà¼ò òðåáîâàíèå c2 = 0, ò.å. äàííàÿ çàäà÷à Øòóðìà�Ëèóâèëëÿ ïðè λ = 0
òàêæå íå èìååò íåòðèâèàëüíûõ ðåøåíèé.

Èòàê, ìû èìååì áåñêîíå÷íîå ìíîæåñòâî íåòðèâèàëüíûõ ðåøåíèé

λn − ðåøåíèÿ óðàâíåíèÿ (7.113), Xn(x) = cos
(√

λn x
)
, n ∈ N,

çàäà÷è (7.107), (7.108). Ñòàëî áûòü, ðàññìàòðèâàòü çàäà÷ó (7.109) èìååò ñìûñë
òîëüêî ïðè λ = λn, è ìû ïîëó÷àåì ñåìåéñòâî çàäà÷:

T ′n(t) + λna
2Tn(t) = 0, t > 0. (7.116)

Îáùåå ðåøåíèå ýòîãî ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà èìååò
âèä:

Tn(t) = Ane
−
√
λn t, t > 0, (7.117)
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ãäå An � ïðîèçâîëüíûå ïîñòîÿííûå.

Øàã 2. Ðåøàåì çàäà÷ó (7.105).

Áóäåì èñêàòü ðåøåíèå çàäà÷è (7.105) â âèäå u(x, t) =
∞∑
n=1

Xn(x)Tn(t), ò.å.

u(x, t) =
∞∑
n=1

cos
(√

λn x
)
· Ane

−
√
λn t. (7.118)

Èç óñëîâèé çàäà÷è ìû åù¼ íå èñïîëüçîâàëè òîëüêî íà÷àëüíîå óñëîâèå
u(x, 0) = ϕ(x). Äëÿ ôóíêöèè u(x, t) èñêîìîãî âèäà îíè îçíà÷àþò:

ϕ(x) = u(x, 0) =
∞∑
n=1

Xn(x)Tn(0) =
∞∑
n=1

AnXn(x). (7.119)

Ïóñòü ôóíêöèÿ ϕ(x), âõîäÿùàÿ â íà÷àëüíîå óñëîâèå, ðàçëàãàåòñÿ â ðÿä

ϕ(x) =
∞∑
n=1

αnXn(x). (7.120)

Âûÿñíèì, êàêèìè äîëæíû áûòü êîýôôèöèåíòû αn ≡ An. Äëÿ ýòîãî äîìíîæèì
(7.120) íà Xm = cos

(√
λm x

)
ñêàëÿðíî â ñìûñëå L2[0, l] è ó÷ò¼ì, ÷òî ñèñòåìà ñîá-

ñòâåííûõ ôóíêöèé çàäà÷è Øòóðìà�Ëèóâèëëÿ âñåãäà ÿâëÿåòñÿ îðòîãîíàëüíîé â
ñìûñëå ýòîãî ñêàëÿðíîãî ïðîèçâåäåíèÿ:

(ϕ,Xm) = αm

l∫
0

cos2
(√

λm x
)
dx =

αm
2

l∫
0

(
1 + cos

(
2
√
λm x

))
dx =

=
αm
2

(
l +

1

2
√
λm

sin
(

2
√
λm x

)∣∣∣∣x=l

x=0

)
=
αm
2

(
l +

sin
(
2
√
λm l

)
2
√
λm

)
,

îòêóäà, ïîëüçóÿñü òîæäåñòâàìè cos2 α = 1
1+tg2 α

, sin 2α = 2 sinα cosα, ïîëó÷àåì:

l+
sin
(
2
√
λm l

)
2
√
λm

=
[√

λm =
h

tg(
√
λm l)

]
= l+

sin
(√

λm l
)

cos
(√

λm l
)

h
tg(
√
λm l) =

= l +
sin2 (√λm l)

h
= l +

1− cos2
(√

λm l
)

h
=
[

cos2 α =
1

1 + tg2 α

]
=

= l +
1− 1

1+tg2(
√
λm l)

h
=
[

tg2
(√

λm l
)

=
h2

λm

]
= l +

1− λm
λm+h2

h
=

= l +
h2

h (λm + h2)
=
l
(
λm + h2

)
+ h

λm + h2 .
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Â èòîãå äëÿ êîýôôèöèåíòîâ αn ≡ An ïîëó÷àåì ðàâåíñòâî:

An = αn = 2
λn + h2

l (λn + h2) + h
(ϕ,Xn) = 2

λn + h2

l (λn + h2) + h

l∫
0

ϕ(x) cos
(√

λn l
)
dx.

Âñ¼, ÷òî íàì îñòàëîñü ñäåëàòü, � ýòî ïîäñòàâèòü â ôîðìóëó (7.118) íàéäåííûå
êîýôôèöèåíòû An.

Îòâåò: u(x, t) =
∞∑
n=1

{
2 λn+h2

l(λn+h2)+h

l∫
0
ϕ(x) cos

(√
λn l
)
dx

}
cos
(√

λn x
)
e−
√
λn t.

8. Ìåòîä Ôóðüå äëÿ íåîäíîðîäíûõ óðàâíåíèé

� 699M . Ðàññìîòðèì íåîäíîðîäíóþ íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ óðàâ-
íåíèÿ òåïëîïðîâîäíîñòè ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè âòîðîãî ðîäà.

ut − a2uxx = f(x, t), x ∈ (0, l), t > 0, (8.1)

ux(0, t) = ux(l, t) = 0, t > 0, (8.2)

u(x, 0) = ϕ(x), x ∈ [0, l]. (8.3)

Øàã 1. Ðåøåíèå çàäà÷è Øòóðìà�Ëèóâèëëÿ.
Ðàññìîòðèì çàäà÷ó

X ′′(x) + λX(x) = 0, (8.4)

X ′(0) = X ′(l) = 0. (8.5)

Çàäà÷à (8.4)�(8.5) åñòü çàäà÷à Øòóðìà�Ëèóâèëëÿ. Îáùåå ðåøåíèå óðàâíåíèÿ
(8.4) èìååò âèä

X(x) = c1 sin(
√
λx) + c2 cos(

√
λx) ïðè λ > 0; (8.6)

X(x) = c1e
√
−λx + c2e

−
√
−λx ïðè λ < 0; (8.7)

X(x) = c1x+ c2 ïðè λ = 0. (8.8)

• Ïðè λ > 0 èìååì èç êðàåâîãî óñëîâèÿ X ′(0) = 0, ÷òî c1 = 0, ⇒
X(x) = c2 cos(

√
λx) ⇒ X ′(x) = −c2

√
λ sin(

√
λx). Ïîýòîìó èç âòî-

ðîãî êðàåâîãî óñëîâèÿ X ′(l) = 0 ïîëó÷àåì, ÷òî
√
λ l = πk, îòêóäà èìååì

áåñêîíå÷íîå ìíîæåñòâî ñîáñòâåííûõ ÷èñåë çàäà÷è Øòóðìà�Ëèóâèëëÿ:

λn =
(πn
l

)2
, n ∈ N. (8.9)

Èì ñîîòâåòñòâóåò áåñêîíå÷íîå ìíîæåñòâî ñîáñòâåííûõ ôóíêöèé:

Xn(x) =
2

l
cos
(πnx

l

)
, n ∈ N (8.10)

(ìíîæèòåëü 2
l ïîÿâëÿåòñÿ, ÷òîáû ñèñòåìà ýòèõ ôóíêöèé ïðåâðàòèëàñü èç

îðòîãîíàëüíîé â îðòîíîðìèðîâàííóþ).
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• Ïðè λ < 0 èìååì èç êðàåâîãî óñëîâèÿ X ′(0) = 0, ÷òî c1 = c2, ⇒
X(x) = 2c1 ch

√
−λx ⇒ X ′(x) = 2c1

√
−λ sh(

√
−λx). Ïîýòîìó èç âòîðîãî

êðàåâîãî óñëîâèÿ X ′(l) = 0 ïîëó÷àåì, ÷òî c1 = 0, ò.å. çàäà÷à Øòóðìà�
Ëèóâèëëÿ íå èìååò îòðèöàòåëüíûõ ñîáñòâåííûõ ÷èñåë.

• Ïðè λ = 0 èìååì èç êðàåâîãî óñëîâèÿ X ′(0) = 0, ÷òî c1 = 0, ⇒
X(x) = c2. Âòîðîå êðàåâîå óñëîâèå X ′(l) = 0 âûïîëíåíî, ïîýòîìó çàäà-
÷à Øòóðìà�Ëèóâèëëÿ (8.4)�(8.5) èìååò ñîáñòâåííîå ÷èñëî, ðàâíîå íóëþ:
λ0 = 0. Åìó ñîîòâåòñòâóåò ñîáñòâåííàÿ ôóíêèöÿ X0(x) ≡ 1

l .

Èòàê, ìû èìååì áåñêîíå÷íîå ìíîæåñòâî íåòðèâèàëüíûõ ðåøåíèé çàäà÷è (8.4)�
(8.5):

λ0 = 0, X0(x) ≡ 1; λn =
(πn
l

)2
, Xn(x) = cos

(πnx
l

)
, n ∈ N.

Øàã 2. Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ ut − a2uxx = f(x, t) ñ êðàåâûìè óñëî-

âèÿìè ux(0, t) = ux(l, t) = 0 â âèäå u(x, t) =
∞∑
n=0

XnTn(t), ãäå ôóíêöèèXn(x)

èìååþò âèä:

X0(x) ≡ 1

l
, Xn(x) =

2

l
cos
(πnx

l

)
. (8.11)

Çàìåòèì ñðàçó, ÷òî êàæäîå ñëàãàåìîå ïðèâåä¼ííîãî ðÿäà óäîâëåòâîðÿåò êðàåâûì
óñëîâèÿì (8.2), ÷òî äîñòàòî÷íî (åñëè ðÿä äîïóñêàåò ïî÷ëåííûé ïåðåõîä ê ïðåäåëó
ïðè x → 0 + 0, x → l = −0) äëÿ òîãî, ÷òîáû ôóíêöèÿ u(x, t), îïðåäåë¼ííàÿ
òàêèì îáðàçîì, òàêæå óäîâëåòâîðÿëà êðàåâûì óñëîâèÿì (8.2).

Ïóñòü ôóíêöèÿ f(x, t) ðàçëîæåíà ïðè êàæäîì t ∈ [0, T ] â ðÿä Ôóðüå ïî êîñè-
íóñàì

f(x, t) =
f0(t)

2
+
∞∑
n=1

cos
(πnx

l

)
fn(t). (8.12)

Ïðè ýòîì, â ñèëó òåîðåìû Ñòåêëîâà (ñòð. 64),

fn(t) = (f,Xn) =
2

l

l∫
0

f(x, t) cos
(πnx

l

)
dx. (8.13)

Òîãäà óðàâíåíèå (8.1) ïðèîáðåòàåò âèä

∞∑
n=0

(
Xn(x)T ′n(t)− a2X ′′n (x)Tn(t)

)
=
f0(t)

2
+
∞∑
n=1

fn(t) cos
(πnx

l

)
.

Äëÿ åãî âûïîëíåíèÿ äîñòàòî÷íî, ÷òîáû

1

l
T ′0 (t) =

f0(t)

2
, äëÿ n = 0,

Xn(x)T ′n(t)− a2X ′′n (x)Tn(t) = fn(t) cos
(πnx

l

)
äëÿ n ∈ N,
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òî åñòü

T ′0 (t) =
f0(t)

2
· l äëÿ n = 0,(

T ′n(t) +
(πna)2

l2
Tn(t)

)
cos
(πnx

l

)
= fn(t) cos

(πnx
l

)
äëÿ n ∈ N.

Ýòî çàâåäîìî âûïîëíåíî, åñëè

T ′0 (t) =
f0(t)

2
· l äëÿ n = 0, (8.14)

T ′n(t) +
(πna)2

l2
Tn(t) = fn(t) äëÿ n ∈ N. (8.15)

Èòàê, ìû ïîëó÷èëè óñëîâèÿ íà ôóíêöèè Tn(t), äîñòàòî÷íûå äëÿ òîãî, ÷òîáû

ôóíêöèÿ u(x, t) =
∞∑
n=0

Tn(t) cos
(
πnx
l

)
áûëà (åñëè ðÿä � ¾õîðîøèé¿) ðåøåíèåì

óðàâíåíèÿ ut − a2uxx = f(x, t) ñ êðàåâûìè óñëîâèÿìè ux(0, t) = ux(l, t) = 0.

Øàã 3. Ðåøàåì çàäà÷ó (8.1) � (8.3).
Èç óñëîâèé çàäà÷è (8.1) � (8.3) ìû åù¼ íå èñïîëüçîâàëè òîëüêî íà÷àëüíûå óñëî-
âèÿ u(x, 0) = ϕ(x). Ïóñòü ôóíêöèÿ ϕ(x), âõîäÿùàÿ â íà÷àëüíîå óñëîâèå, ðàçëà-
ãàåòñÿ â ðÿä ïî êîñèíóñàì

ϕ(x) =
ϕ0

2
+
∞∑
n=1

ϕn cos
(πnx

l

)
, x ∈ [0, l], (8.16)

ãäå

ϕn =
2

l

l∫
0

ϕ(x) cos
(πnx

l

)
dx. (8.17)

Ïîäñòàâèì ôóíêöèþ u(x, t) =
∞∑
n=0

Tn(t) cos
(
πnx
l

)
(îïÿòü-òàêè â ïðåäïîëîæåíèè,

÷òî ðÿä � ¾õîðîøèé¿) â íà÷àëüíîå óñëîâèå:

∞∑
n=0

Tn(0) cos
(πnx

l

)
=
ϕ0

2
+
∞∑
n=1

ϕn cos
(πnx

l

)
.

Äëÿ âûïîëíåíèÿ ýòîãî ðàâåíñòâà äîñòàòî÷íî, ÷òîáû

T0(0) =
ϕ0

2
äëÿ n = 0,

Tn(0) = ϕn äëÿ n ∈ N.
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Òàêèì îáðàçîì, äëÿ ôóíêöèé Tn(t) èìååì çàäà÷ó Êîøè: T ′0 (t) = f0(t)
2 · l

T0(0) = ϕ0

2

äëÿ n = 0, (8.18) T ′n(t) + (πna)2

l2 Tn(t) = fn(t)

Tn(0) = ϕn

äëÿ n ∈ N. (8.19)

Ýòè çàäà÷è Êîøè èìåþò åäèíñòâåííîå ðåøåíèå ïðè ëþáûõ fn ∈ C[0, T ] è ëþáûõ
çíà÷åíèÿõ ϕn ∈ R.

Âñ¼, ÷òî íàì îñòàëîñü ñäåëàòü, � ýòî ïîäñòàâèòü ðåøåíèÿ çàäà÷ (8.18), (8.19)

â ôîðìóëó u(x, t) =
∞∑
n=0

Tn(t) cos
(
πnx
l

)
.

� 699M2. Ðåøèòü íåîäíîðîäíóþ íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ óðàâ-
íåíèÿ êîëåáàíèé ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè âòîðîãî ðîäà.

utt − a2uxx = f(x, t), x ∈ (0, l), t > 0, (8.20)

ux(0, t) = ux(l, t) = 0, t > 0, (8.21)

u(x, 0) = ϕ(x), x ∈ [0, l]. (8.22)

ut(x, 0) = ψ(x), x ∈ [0, l]. (8.23)

Øàã 1. Ðåøåíèå çàäà÷è Øòóðìà�Ëèóâèëëÿ.
Ýòîò øàã ïîëíîñòüþ ïîâòîðÿåò Øàã 1. çàäà÷è � 699M .
Øàã 2. Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ utt− a2uxx = f(x, t) ñ êðàåâûìè óñëî-

âèÿìè ux(0, t) = ux(l, t) = 0 â âèäå u(x, t) =
∞∑
n=0

XnTn(t), ãäå ôóíêöèèXn(x)

èìååþò âèä:

X0(x) ≡ 1, Xn(x) = cos
(πnx

l

)
. (8.24)

Ïóñòü ôóíêöèÿ f(x, t) ðàçëîæåíà ïðè êàæäîì t ∈ [0, T ] â ðÿä Ôóðüå ïî êîñè-
íóñàì

f(x, t) =
f0(t)

2
+
∞∑
n=1

cos
(πnx

l

)
fn(t). (8.25)

Ïðè ýòîì êîýôôèöèåíòû äàííîãî ðÿäà Ôóðüå èùóòñÿ ïî ôîðìóëå:

fn(t) = (f,Xn) =
2

l

l∫
0

f(x, t) cos
(πnx

l

)
dx. (8.26)

Òîãäà óðàâíåíèå (8.20) ïðèîáðåòàåò âèä

∞∑
n=0

(
Xn(x)T ′′n (t)− a2X ′′n (x)Tn(t)

)
=
f0(t)

2
+
∞∑
n=1

fn(t) cos
(πnx

l

)
.
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Äëÿ åãî âûïîëíåíèÿ äîñòàòî÷íî, ÷òîáû

T ′′0 (t) =
f0(t)

2
äëÿ n = 0,

Xn(x)T ′′n (t)− a2X ′′n (x)Tn(t) = fn(t) cos
(πnx

l

)
äëÿ n ∈ N,

òî åñòü

T ′′0 (t) =
f0(t)

2
äëÿ n = 0,(

T ′′n (t) +
(πna)2

l2
Tn(t)

)
cos
(πnx

l

)
= fn(t) cos

(πnx
l

)
äëÿ n ∈ N.

Ýòî çàâåäîìî âûïîëíåíî, åñëè

T ′′0 (t) =
f0(t)

2
äëÿ n = 0, (8.27)

T ′′n (t) +
(πna)2

l2
Tn(t) = fn(t) äëÿ n ∈ N. (8.28)

Èòàê, ìû ïîëó÷èëè óñëîâèÿ íà ôóíêöèè Tn(t), äîñòàòî÷íûå äëÿ òîãî, ÷òîáû

ôóíêöèÿ u(x, t) =
∞∑
n=0

Tn(t) cos
(
πnx
l

)
áûëà (åñëè ðÿä � ¾õîðîøèé¿) ðåøåíèåì

óðàâíåíèÿ utt − a2uxx = f(x, t) ñ êðàåâûìè óñëîâèÿìè ux(0, t) = ux(l, t) = 0.

Øàã 3. Ðåøàåì çàäà÷ó (8.20) � (8.23).
Èç óñëîâèé çàäà÷è (8.20) � (8.23) ìû åù¼ íå èñïîëüçîâàëè òîëüêî íà÷àëüíûå
óñëîâèÿ u(x, 0) = ϕ(x), ut(x, 0) = ψ(x).
Ïóñòü ôóíêöèè ϕ(x), ψ(x), âõîäÿùèå â íà÷àëüíûå óñëîâèÿ, ðàçëàãàþòñÿ â ðÿä

ïî êîñèíóñàì

ϕ(x) =
ϕ0

2
+
∞∑
n=1

ϕn cos
(πnx

l

)
, x ∈ [0, l], (8.29)

ãäå

ϕn =
2

l

l∫
0

ϕ(x) cos
(πnx

l

)
dx. (8.30)

ψ(x) =
ψ0

2
+
∞∑
n=1

ψn cos
(πnx

l

)
, x ∈ [0, l], (8.31)

ãäå

ψn =
2

l

l∫
0

ψ(x) cos
(πnx

l

)
dx. (8.32)
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Ïîäñòàâèì ôóíêöèþ u(x, t) =
∞∑
n=0

Tn(t) cos
(
πnx
l

)
(îïÿòü-òàêè â ïðåäïîëîæåíèè,

÷òî ðÿä � ¾õîðîøèé¿) â íà÷àëüíûå óñëîâèÿ:

∞∑
n=0

Tn(0) cos
(πnx

l

)
=
ϕ0

2
+
∞∑
n=1

ϕn cos
(πnx

l

)
;

∞∑
n=0

T ′n(0) cos
(πnx

l

)
=
ψ0

2
+
∞∑
n=1

ψn cos
(πnx

l

)
.

Äëÿ âûïîëíåíèÿ ýòèõ ðàâåíñòâ äîñòàòî÷íî, ÷òîáû

T0(0) =
ϕ0

2
, T ′0 (0) =

ψ0

2
äëÿ n = 0,

Tn(0) = ϕn, T ′n(0) = ψn äëÿ n ∈ N.

Òàêèì îáðàçîì, èç (8.27), (8.28) è (8.29) � (8.30), äëÿ ôóíêöèé Tn(t) èìååì çàäà-
÷ó Êîøè: 

T ′′0 (t) = f0(t)
2 ,

T0(0) = ϕ0

2 ,

T ′0 (0) = ψ0

2

äëÿ n = 0, (8.33)


T ′′n (t) + (πna)2

l2 Tn(t) = fn(t),

Tn(0) = ϕn,

T ′n(0) = ψn

äëÿ n ∈ N. (8.34)

Ýòè çàäà÷è Êîøè èìåþò åäèíñòâåííîå ðåøåíèå ïðè ëþáûõ fn ∈ C[0, T ] è ëþáûõ
çíà÷åíèÿõ ϕn ∈ R, ψn ∈ R.
Ïðè n = 0:

T0(t) =
ϕ0

2
+

t∫
0

ψ0

2
+

1

2

τ∫
0

f0(κ)dκ

 dτ. (8.35)

Ïðè n ∈ N:
ñíà÷àëà ðåøàåì îäíîðîäíîå óðàâíåíèå:

T ′′n (t) +
(πna)2

l2
Tn(t) = 0.

Åãî îáùåå ðåøåíèå èìååò âèä:

Tn(t) = c1 sin
πnat

l
+ c2 cos

πnat

l
.
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Ìåòîä âàðèàöèè ïîñòîÿííîé ïîçâîëÿåò íàì èñêàòü ðåøåíèå óðàâíåíèÿ (8.34) â
âèäå

Tn(t) = c1(t) sin
πnat

l
+ c2(t) cos

πnat

l
,

ãäå c1,2(t) � åñòü ðåøåíèÿ ñèñòåìû{
c ′1(t) sin πnat

l + c ′2(t) cos πnat
l = 0;

πna
l

(
c ′1(t) cos πnat

l − c
′
2(t) sin πnat

l

)
= fn(t).

îòêóäà

c ′1(t) =
l

πna
fn(t) cos

πnat

l
, c ′2(t) = − l

πna
fn(t) sin

πnat

l
.

Ñ ó÷¼òîì íà÷àëüíûõ óñëîâèé Tn(0) = ϕn, T ′n(0) = ψn îêîí÷àòåëüíî ïîëó÷à-
åì

c1(t) =
lψn
πna

+
l

πna

t∫
0

fn(τ) cos
πnaτ

l
dτ, c2(t) = ϕn −

l

πna

t∫
0

fn(τ) sin
πnaτ

l
dτ.

Òàêèì îáðàçîì,

Tn(t) = ϕn sin
πnat

l
+ ψn

l

πna
cos

πnat

l
+

+
l

πna

sin
πnat

l

t∫
0

fn(τ) cos
πnaτ

l
dτ − cos

πnat

l

t∫
0

fn(τ) sin
πnaτ

l
dτ

 . (8.36)

Âñ¼, ÷òî íàì îñòàëîñü ñäåëàòü, � ýòî ïîäñòàâèòü (8.35), (8.36) â ôîðìóëó

u(x, t) =
∞∑
n=0

Tn(t) cos
(πnx

l

)
.

� 654M (êëàññè÷åñêèé ñïîñîá). Ðåøèòü íåîäíîðîäíóþ íà÷àëüíî-êðàåâóþ
çàäà÷ó äëÿ óðàâíåíèÿ êîëåáàíèé ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè âòîðîãî
ðîäà.

utt − a2uxx = f(x), x ∈ (0, l), t > 0, (8.37)

u(0, t) = u(l, t) = 0, t > 0, (8.38)

u(x, 0) =
β − α
l

x+ α, x ∈ [0, l], (8.39)

ut(x, 0) = 0, x ∈ [0, l]. (8.40)

(8.41)
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Øàã 1. Ðåøåíèå çàäà÷è Øòóðìà�Ëèóâèëëÿ.
Ðàññìîòðèì çàäà÷ó

X ′′(x) + λX(x) = 0, (8.42)

X(0) = X(l) = 0. (8.43)

Çàäà÷à (8.42)�(8.43) åñòü çàäà÷à Øòóðìà�Ëèóâèëëÿ. Å¼ ðåøåíèå íàì óæå èç-
âåñòíî:

λn =
(πnx)2

l2
, Xn(x) = sin

(πnx
l

)
, n ∈ N.

Øàã 2. Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ utt− a2uxx = f(x, t) ñ êðàåâûìè óñëî-

âèÿìè u(0, t) = u(l, t) = 0 â âèäå u(x, t) =
∞∑
n=1

XnTn(t), ãäå ôóíêöèè Xn(x)

èìååþò âèä:

Xn(x) = sin
(πnx

l

)
, n ∈ N. (8.44)

Ïóñòü ôóíêöèÿ f(x) ðàçëîæåíà â ðÿä Ôóðüå ïî ñèíóñàì (òàê êàê â äàííîì
ïðèìåðå f íå çàâèñèò îò t, òî fn � òóò ïðîñòî êîíñòàíòû, íå çàâèñÿùèå îò t)

f(x) =
∞∑
n=1

sin
(πnx

l

)
fn. (8.45)

Ïðè ýòîì, êîýôôèöèåíòû äàííîãî ðÿäà Ôóðüå èùóòñÿ ïî ôîðìóëàì:

fn = (f,Xn) =
2

l

l∫
0

f(x) sin
(πnx

l

)
dx. (8.46)

Òîãäà óðàâíåíèå (8.37) ïðèîáðåòàåò âèä

∞∑
n=1

(
Xn(x)T ′′n (t)− a2X ′′n (x)Tn(t)

)
=

∞∑
n=1

fn sin
(πnx

l

)
.

Äëÿ åãî âûïîëíåíèÿ äîñòàòî÷íî, ÷òîáû

Xn(x)T ′′n (t)− a2X ′′n (x)Tn(t) = fn sin
(πnx

l

)
äëÿ n ∈ N,

òî åñòü(
T ′′n (t) +

(πna)2

l2
Tn(t)

)
sin
(πnx

l

)
= fn sin

(πnx
l

)
äëÿ n ∈ N.

Ýòî çàâåäîìî âûïîëíåíî, åñëè

T ′′n (t) +
(πna)2

l2
Tn(t) = fn äëÿ n ∈ N. (8.47)
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Èòàê, ìû ïîëó÷èëè óñëîâèÿ íà ôóíêöèè Tn(t), äîñòàòî÷íûå äëÿ òîãî, ÷òîáû

ôóíêöèÿ u(x, t) =
∞∑
n=0

Tn(t) sin
(
πnx
l

)
áûëà (åñëè ðÿä � ¾õîðîøèé¿) ðåøåíèåì

óðàâíåíèÿ utt − a2uxx = f(x, t) ñ êðàåâûìè óñëîâèÿìè u(0, t) = u(l, t) = 0.

Øàã 3. Ðåøàåì çàäà÷ó (8.37) � (8.40).
Èç óñëîâèé çàäà÷è (8.37) � (8.40) ìû åù¼ íå èñïîëüçîâàëè òîëüêî íà÷àëüíûå
óñëîâèÿ u(x, 0) = ϕ(x) = α−β

l x− α, ut(x, 0) = ψ = 0. Íàéä¼ì ðàçëîæåíèå ôóíê-
öèé ϕ(x), ψ(x), âõîäÿùèõ â íà÷àëüíûå óñëîâèÿ, â ðÿä ïî ñèíóñàì

ϕ(x) =
∞∑
n=1

ϕn sin
(πnx

l

)
, ãäå ϕn =

2

l

l∫
0

ϕ(x) sin
(πnx

l

)
dx. (8.48)

ψ(x) =
∞∑
n=1

ψn sin
(πnx

l

)
, ãäå ψn =

2

l

l∫
0

ψ(x) sin
(πnx

l

)
dx. (8.49)

Ïîäñòàâèì ôóíêöèþ u(x, t) =
∞∑
n=1

Tn(t) sin
(
πnx
l

)
(îïÿòü-òàêè â ïðåäïîëîæåíèè,

÷òî ðÿä � ¾õîðîøèé¿) â íà÷àëüíûå óñëîâèÿ:

∞∑
n=1

Tn(0) sin
(πnx

l

)
=

∞∑
n=1

ϕn sin
(πnx

l

)
;

∞∑
n=1

T ′n(0) sin
(πnx

l

)
=

∞∑
n=1

ψn sin
(πnx

l

)
.

Äëÿ âûïîëíåíèÿ ýòèõ ðàâåíñòâ äîñòàòî÷íî, ÷òîáû

Tn(0) = ϕn T ′n(0) = ψn äëÿ n ∈ N.

Òàêèì îáðàçîì, èç (8.47) è (8.48) � (8.49), äëÿ ôóíêöèé Tn(t) èìååì çàäà÷ó Êîøè:
T ′′n (t) + (πna)2

l2 Tn(t) = fn,

Tn(0) = ϕn,

T ′n(0) = ψn

äëÿ n ∈ N. (8.50)

Ýòè çàäà÷è Êîøè èìåþò åäèíñòâåííîå ðåøåíèå ïðè ëþáûõ fn ∈ R è ëþáûõ
çíà÷åíèÿõ ϕn ∈ R, ψn ∈ R.
Íàéä¼ì ϕn, ψn èç (8.48), (8.49) ñ ó÷¼òîì, ÷òî

ϕ(x) =
β − α
l

x+ α, ψ = 0.
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ϕn =
2

l

l∫
0

ϕ(x) sin
(πnx

l

)
dx =

2

l

− l

πn

β − α
l

x cos
(πnx

l

)∣∣∣∣∣∣
x=l

x=0

+

+
l

πn

α− β
l

l∫
0

cos
(πnx

l

)
dx+ α

l∫
0

sin
(πnx

l

)
dx

 =

︸ ︷︷ ︸
0

=
2

l

(
− (−1)nl(β − α)

πn
+
α l (1− (−1)n)

πn

)
=

2

πn
(α− (−1)nβ) ,

ψn = 0.

Ïðè n ∈ N:
ñíà÷àëà ðåøàåì îäíîðîäíîå óðàâíåíèå:

T ′′n (t) +
(πna)2

l2
Tn(t) = 0.

Åãî îáùåå ðåøåíèå èìååò âèä:

Tn(t) = c1 sin
πnat

l
+ c2 cos

πnat

l
.

Ïðîñòîé âèä ïðàâîé ÷àñòè ïîçâîëÿåò íàì óãàäàòü ÷àñòíîå ðåøåíèå íåîäíîðîä-

íîãî óðàâíåíèÿ (8.50) â âèäå êîíñòàíòû: l2fn
(πna)2 . Ïîýòîìó îáùåå ðåøåíèå (8.50)

èìååò âèä:

Tn(t) = c1 sin
πnat

l
+ c2 cos

πnat

l
+

l2fn
(πna)2 .

Èç íà÷àëüíîãî óñëîâèÿ T ′n(0) = ψn = 0 ñëåäóåò, ÷òî

c1 = 0.

À âòîðîå íà÷àëüíîå óñëîâèå Tn(0) = ϕn = 2
πn (α− (−1)nβ) äà¼ò íàì

c2 =
2

πn
(α− (−1)nβ)− l2fn

(πna)2 .

Òàêèì îáðàçîì,

Tn(t) =

(
2

πn
(α− (−1)nβ)− l2fn

(πna)2

)
cos

πnat

l
+

l2fn
(πna)2 . (8.51)

Âñ¼, ÷òî íàì îñòàëîñü ñäåëàòü, � ýòî ïîäñòàâèòü (8.51) â ôîðìóëó

u(x, t) =
∞∑
n=1

Tn(t) sin
(πnx

l

)
.
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Ïîëó÷èì îòâåò:

u(x, t) =
∞∑
n=1

(
2

πn
(α− (−1)nβ)− l2fn

(πna)2

)
cos

πnat

l
sin
(πnx

l

)
+

+
∞∑
n=1

l2fn
(πna)2 sin

(πnx
l

)
.

� 654M (êîðîòêèé ñïîñîá, èñïîëüçóþùèé âèä äàííûõ ôóíêöèé).
Ðåøèòü íåîäíîðîäíóþ íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ êîëåáàíèé ñ

îäíîðîäíûìè êðàåâûìè óñëîâèÿìè âòîðîãî ðîäà.

utt − a2uxx = f(x), x ∈ (0, l), t > 0, (8.52)

u(0, t) = u(l, t) = 0, t > 0, (8.53)

u(x, 0) =
β − α
l

x+ α, x ∈ [0, l]. (8.54)

ut(x, 0) = 0, x ∈ [0, l]. (8.55)

(8.56)

Øàã 1. Òàê êàê ïðàâûå ÷àñòè âñåõ ðàâåíñòâ â ýòîé çàäà÷å íå çàâèñÿò îò âðåìåíè,
áóäåì èñêàòü ðåøåíèå çàäà÷è â âèäå ñóììû

u(x, t) = v(x, t) + w(x).

Íàéä¼ì w = w(x) òàêóþ, ÷òîáû

wtt − a2wxx = f(x), x ∈ (0, l), t > 0, (8.57)

w(0, t) = w(l, t) = 0, t > 0. (8.58)

Ðàç w = w(x), òî wtt = 0, è çàäà÷à (8.57) � (8.58) ïðèíèìàåò áîëåå ïðîñòîé âèä:

w ′′(x) = − f(x)

a2 , x ∈ (0, l), (8.59)

w(0) = w(l) = 0. (8.60)

Ïðîèíòåãðèðóåì óðàâíåíèå (8.59) îäèí ðàç:

w ′(x) = − 1

a2

x∫
0

f(s)ds+ c1.

Ïðîèíòåãðèðóåì âòîðîé ðàç:

w(x) = − 1

a2

x∫
0

y∫
0

f(s)dsdy + c1x+ c2.

-93-



Èç êðàåâîãî óñëîâèÿ w(0) = 0 ïîëó÷àåì, ÷òî c2 = 0, à èç w(l) = 0, � ÷òî

0 = − 1

a2

l∫
0

y∫
0

f(s)dsdy + c1l,

îòêóäà

c1 =
1

la2

l∫
0

y∫
0

f(s)dsdy.

Èòàê, ôóíêöèÿ w(x) íàì ïîëíîñòüþ èçâåñòíà:

w(x) =
x

la2

l∫
0

y∫
0

f(s)dsdy − 1

a2

x∫
0

y∫
0

f(s)dsdy. (8.61)

Òîãäà äëÿ v(x, t) = u(x, t)− w(x) ïîëó÷àåòñÿ çàäà÷à

vtt − a2vxx = 0, x ∈ (0, l), t > 0, (8.62)

v(0, t) = v(l, t) = 0, t > 0, (8.63)

v(x, 0) =
β − α
l

x+ α− w(x) = ϕ(x), x ∈ [0, l], (8.64)

vt(x, 0) = 0, x ∈ [0, l]. (8.65)

(8.66)

Òàêóþ çàäà÷ó ìû óæå óìååì ðåøàòü (ñì. íîìåð 643, ñåìèíàð 6). Å¼ îòâåò:

v(x, t) =
∞∑
n=1

sin
(πnx

l

)(
An cos

(πna
l
t
)

+Bn sin
(πna

l
t
))

, (8.67)

ãäå An è Bn çàäàþòñÿ ðàâåíñòâàìè

An =
2

l

l∫
0

ϕ(x) sin
(πnx

l

)
dx; (8.68)

Bn =
2

aπn

l∫
0

ψ(x) sin
(πnx

l

)
dx. (8.69)

Â íàøåì ñëó÷àå ψ = 0, à ϕ = β−α
l x+ α− w(x), îòêóäà

An =
2

l

l∫
0

(
β − α
l

x+ α− w(x)

)
sin
(πnx

l

)
dx, Bn = 0,
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è ôóíêöèÿ v èìååò âèä

v(x, t) =
∞∑
n=1

An sin
(πnx

l

)
cos

(
πnat

l

)
. (8.70)

Âñ¼, ÷òî íàì îñòàëîñü ñäåëàòü, � ýòî ïîäñòàâèòü â ôîðìóëó

u(x, t) = v(x, t) + w(x)

íàéäåííûå ôóíêöèè v è wèç (8.70) è (8.61).

� 667. Ðåøèòü íåîäíîðîäíóþ íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ
êîëåáàíèé ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè âòîðîãî ðîäà.

utt − a2uxx = f(x, t), x ∈ (0, l), t > 0, (8.71)

u(0, t) = ux(l, t) = 0, t > 0, (8.72)

u(x, 0) = 0, x ∈ [0, l]. (8.73)

ut(x, 0) = 0, x ∈ [0, l]. (8.74)

Øàã 1. Ðåøåíèå çàäà÷è Øòóðìà�Ëèóâèëëÿ.
Ýòîò øàã ìû ïðîõîäèëè, êîãäà ðåøàëè çàäà÷ó � 649M . Ðåçóëüòàò:
áåñêîíå÷íîå ìíîæåñòâî íåòðèâèàëüíûõ ðåøåíèé

λn =

(
π(2n− 1)

2l

)2

, Xn(x) = sin

(
π(2n− 1)x

2l

)
, n ∈ N.

Øàã 2. Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ utt− a2uxx = f(x, t) ñ êðàåâûìè óñëî-

âèÿìè ux(0, t) = ux(l, t) = 0 â âèäå u(x, t) =
∞∑
n=0

XnTn(t), ãäå ôóíêöèèXn(x)

èìååþò âèä:

Xn(x) = sin

(
π(2n− 1)x

2l

)
. (8.75)

Ïóñòü ôóíêöèÿ f(x, t) ðàçëîæåíà ïðè êàæäîì t ∈ [0, T ] â ðÿä Ôóðüå ïî ôóíê-
öèÿì Xn(x):

f(x, t) =
∞∑
n=1

sin

(
π(2n− 1)x

2l

)
fn(t). (8.76)

Ïðè ýòîì êîýôôèöèåíòû äàííîãî ðÿäà Ôóðüå èùóòñÿ ïî ôîðìóëàì (êàê ìû
óáåäèëèñü, ðåøàÿ � 649M):

fn(t) = (f,Xn) =
2

l

l∫
0

f(x, t) sin

(
π(2n− 1)x

2l

)
dx. (8.77)

Òîãäà óðàâíåíèå (8.71) ïðèîáðåòàåò âèä

∞∑
n=0

(
Xn(x)T ′′n (t)− a2X ′′n (x)Tn(t)

)
=

∞∑
n=1

fn(t) sin

(
π(2n− 1)x

2l

)
.
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Äëÿ åãî âûïîëíåíèÿ äîñòàòî÷íî, ÷òîáû

Xn(x)T ′′n (t)− a2X ′′n (x)Tn(t) = fn(t) sin

(
π(2n− 1)x

2l

)
äëÿ n ∈ N,

òî åñòü ïðè âñåõ íàòóðàëüíûõ n(
T ′′n (t) +

π2(2n− 1)2a2

4l2
Tn(t)

)
sin

(
π(2n− 1)x

2l

)
= fn(t) sin

(
π(2n− 1)x

2l

)
.

Ýòî çàâåäîìî âûïîëíåíî, åñëè

T ′′n (t) +
π2(2n− 1)2a2

4l2
Tn(t) = fn(t) äëÿ n ∈ N. (8.78)

Èòàê, ìû ïîëó÷èëè óñëîâèÿ íà ôóíêöèè Tn(t), äîñòàòî÷íûå äëÿ òîãî, ÷òîáû

ôóíêöèÿ u(x, t) =
∞∑
n=0

Tn(t) cos
(
πnx
l

)
áûëà (åñëè ðÿä � ¾õîðîøèé¿) ðåøåíèåì

óðàâíåíèÿ utt − a2uxx = f(x, t) ñ êðàåâûìè óñëîâèÿìè ux(0, t) = ux(l, t) = 0.

Øàã 3. Ðåøàåì çàäà÷ó (8.71) � (8.74).
Èç óñëîâèé çàäà÷è (8.71) � (8.74) ìû åù¼ íå èñïîëüçîâàëè òîëüêî íà÷àëüíûå
óñëîâèÿ u(x, 0) = 0, ut(x, 0) = 0. Ôóíêöèè ϕ(x) ≡ 0, ψ(x) ≡ 0, âõîäÿùèå â
íà÷àëüíûå óñëîâèÿ, ðàçëàãàþòñÿ â ðÿä ïî ôóíêöèÿì Xn(x)

ϕ(x) ≡ 0 =
∞∑
n=1

ϕn sin

(
π(2n− 1)x

2l

)
, x ∈ [0, l] ãäå ϕn = 0, (8.79)

ψ(x) ≡ 0 =
ψ0

2
+
∞∑
n=1

ψn cos
(πnx

l

)
, x ∈ [0, l] ãäå ψn = 0. (8.80)

Ïîäñòàâèì ôóíêöèþ u(x, t) =
∞∑
n=1

Tn(t) sin
(
π(2n−1)x

2l

)
(îïÿòü-òàêè â ïðåäïîëîæå-

íèè, ÷òî ðÿä � ¾õîðîøèé¿) â íà÷àëüíûå óñëîâèÿ:
∞∑
n=1

Tn(0) sin

(
π(2n− 1)x

2l

)
=

∞∑
n=1

ϕn sin

(
π(2n− 1)x

2l

)
= 0;

∞∑
n=1

T ′n(0) sin

(
π(2n− 1)x

2l

)
=

∞∑
n=1

ψn sin

(
π(2n− 1)x

2l

)
= 0.

Äëÿ âûïîëíåíèÿ ýòèõ ðàâåíñòâ äîñòàòî÷íî, ÷òîáû

Tn(0) = ϕn = 0, T ′n(0) = ψn = 0 äëÿ n ∈ N.
Òàêèì îáðàçîì, èç (8.78) è (8.79) � (8.80) äëÿ ôóíêöèé Tn(t) èìååì çàäà÷ó Êîøè:

T ′′n (t) + π2(2n−1)2a2

4l2 Tn(t) = fn(t),

Tn(0) = 0,

T ′n(0) = 0.

n ∈ N. (8.81)
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Ýòè çàäà÷è Êîøè èìåþò åäèíñòâåííîå ðåøåíèå ïðè ëþáûõ fn ∈ C[0, T ] è ëþáûõ
çíà÷åíèÿõ ϕn ∈ R, ψn ∈ R.
Ñíà÷àëà ðåøàåì îäíîðîäíîå óðàâíåíèå

T ′′n (t) +
π2(2n− 1)2a2

4l2
Tn(t) = 0.

Åãî îáùåå ðåøåíèå èìååò âèä

Tn(t) = c1 sin
π(2n− 1)at

2l
+ c2 cos

π(2n− 1)at

2l
.

Ìåòîä âàðèàöèè ïîñòîÿííîé ïîçâîëÿåò íàì èñêàòü ðåøåíèå óðàâíåíèÿ (8.81) â
âèäå

Tn(t) = c1(t) sin
π(2n− 1)at

2l
+ c2(t) cos

π(2n− 1)at

2l
,

ãäå c1,2(t) � åñòü ðåøåíèÿ ñèñòåìû
c ′1(t) sin π(2n−1)at

2l + c ′2(t) cos π(2n−1)at
2l = 0;

π(2n−1)a
2l

(
c ′1(t) cos π(2n−1)at

2l − c ′2(t) sin π(2n−1)at
2l

)
= fn(t),

îòêóäà

c ′1(t) =
2l

π(2n− 1)a
fn(t) cos

π(2n− 1)at

2l
,

c ′2(t) = − 2l

π(2n− 1)a
fn(t) sin

π(2n− 1)at

2l
.

Ñ ó÷¼òîì íà÷àëüíûõ óñëîâèé Tn(0) = ϕn = 0, T ′n(0) = ψn = 0 îêîí÷àòåëüíî
ïîëó÷àåì

c1(t) =
2l

π(2n− 1)a

t∫
0

fn(τ) cos
π(2n− 1)aτ

2l
dτ,

c2(t) = − 2l

π(2n− 1)a

t∫
0

fn(τ) sin
π(2n− 1)aτ

2l
dτ.

Òàêèì îáðàçîì,

Tn(t) =
2l

π(2n− 1)a

sin
π(2n− 1)at

2l

t∫
0

fn(τ) cos
π(2n− 1)aτ

2l
dτ−

− cos
π(2n− 1)at

2l

t∫
0

fn(τ) sin
π(2n− 1)aτ

2l
dτ

 . (8.82)
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Âñ¼, ÷òî íàì îñòàëîñü ñäåëàòü, � ýòî ïîäñòàâèòü (8.82) â ôîðìóëó

u(x, t) =
∞∑
n=1

Tn(t) sin
π(2n− 1)x

2l
.

9. Ìåòîä Ôóðüå â ñëó÷àå íåîäíîðîäíûõ êðàåâûõ óñëîâèé

9.1. Ñâåäåíèå íåîäíîðîäíûõ êðàåâûõ óñëîâèé ê îäíîðîäíûì

Ðàññìîòðèì íåîäíîðîäíóþ íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ òåïëîïðî-
âîäíîñòè ñ íåîäíîðîäíûìè êðàåâûìè óñëîâèÿìè ïåðâîãî ðîäà.

ut − a2uxx = f(x, t), x ∈ (0, l), t > 0, (9.1)

u(0, t) = µ(t) t > 0, (9.2)

u(l, t) = ν(t), t > 0, (9.3)

u(x, 0) = ϕ(x), x ∈ [0, l]. (9.4)

Å¼ ëåãêî ñâåñòè ê àíàëîãè÷íîé çàäà÷å, íî óæå ñ îäíîðîäíûìè êðàåâûìè óñëîâè-
ÿìè. Ýòî äåëàåòñÿ ïðè ïîìîùè ïîäõîäÿùåé çàìåíû ïåðåìåííûõ:

v(x, t) = u(x, t)−
(
l − x
l

µ(t) +
x

l
ν(t)

)
. (9.5)

Â ñàìîì äåëå, ïðè x = 0

v(0, t) = u(0, t)−
(
l

l
µ(t) +

0

l
ν(t)

)
= µ(t)− µ(t) = 0.

À ïðè x = l

v(l, t) = u(l, t)−
(
l − l
l

µ(t) +
l

l
ν(t)

)
= ν(t)− ν(t) = 0.

×òî æå ïîñëå òàêîé çàìåíû ïðîèçîéä¼ò ñ óðàâíåíèåì è íà÷àëüíûì óñëîâèåì?
Èçó÷èì ýòîò âîïðîñ. Ïîñêîëüêó

ut = vt +

(
l − x
l

µ ′(t) +
x

l
ν ′(t)

)
, uxx = vxx,

òî óðàâíåíèå ïðèìåò âèä

vt − a2vxx = f(x, t)−
(
l − x
l

µ ′(t) +
x

l
ν ′(t)

)
= f1(x, t).

Íà÷àëüíîå óñëîâèå ïðåîáðàçóåòñÿ ñëåäóþùèì îáðàçîì:

v(x, 0) = ϕ(x)−
(
l − x
l

µ(0) +
x

l
ν(0)

)
= ϕ1(x).
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Èòàê, èñõîäíàÿ çàäà÷à ñâåëàñü ê çàäà÷å íàõîæäåíèÿ ôóíêöèè v(x, t) ñ îäíîðîä-
íûìè êðàåâûìè óñëîâèÿìè:

vt − a2vxx = f1(x, t), x ∈ (0, l), t > 0,

v(0, t) = 0 t > 0,

v(l, t) = 0, t > 0,

v(x, 0) = ϕ1(x), x ∈ [0, l],

ãäå

f1(x, t) = f(x, t)−
(
l − x
l

µ ′(t) +
x

l
ν ′(t)

)
,

ϕ1(x) = ϕ(x)−
(
l − x
l

µ(0) +
x

l
ν(0)

)
.

Çàìå÷àíèå 9.1. Â ñëó÷àå ëþáûõ êðàåâûõ óñëîâèé, êðîìå óñëîâèé II-ãî ðîäà
íà îáîèõ êîíöàõ, ìîæíî ïîäîáðàòü ôóíêöèþ

w(x, t) = (a1x+ b1)µ(t) + (a2x+ b2)ν(t)

òàê, ÷òîáû äëÿ ôóíêöèè v(x, t) = u(x, t) − w(x, t) âûïîëíÿëèñü îäíîðîäíûå
êðàåâûå óñëîâèÿ òîãî æå âèäà.
Îòäåëüíûé ñëó÷àé ïðåäñòàâëÿþò ñîáîé óñëîâèÿ II-ãî ðîäà íà îáîèõ êîíöàõ. Â
ýòîì ñëó÷àå ôóíêöèþ w â âèäå w(x, t) = (a1x + b1)µ(t) + (a2x + b2)ν(t) íàéòè
ìîæíî íå âñåãäà, íî âñåãäà å¼ ìîæíî íàéòè â âèäå

w(x, t) = (a1x
2 + b1x)µ(t) + (a2x

2 + b2x)ν(t).

Ïðèìåð 9.1. Êðàåâûå óñëîâèÿ

ux(0, t)− hu(0, t) = µ(t), ux(l, t) = ν(t)

ñâîäÿòñÿ ê îäíîðîäíûì òàê:
íàéä¼ì w(x, t) = (a1x+b1)µ(t)+(a2x+b2)ν(t), ÷òîáû îíà óäîâëåòâîðÿëà êðàåâûì
óñëîâèÿì

wx(0, t)− hw(0, t) = µ(t), wx(l, t) = ν(t).

Òîãäà

w(0, t) = b1µ(t)+b2ν(t), wx(0, t) = a1µ(t)+a2ν(t), wx(l, t) = a1µ(t)+a2ν(t).

Èç âòîðîãî êðàåâîãî óñëîâèÿ

ν(t) = a1µ(t) + a2ν(t)

ïîëó÷àåì:
a1 = 0, a2 = 1.

À èç ïåðâîãî êðàåâîãî óñëîâèÿ ñ ó÷¼òîì íàéäåííûõ a1,2

µ(t) = (a1µ(t) + a2ν(t))− h (b1µ(t) + b2ν(t)) = −hb1µ(t) + (1− hb2)ν(t)

íàõîäèì:

b1 = − 1

h
, b2 =

1

h
.

Íàêîíåö,

w(x, t) = − 1

h
µ(t) +

xh+ 1

h
ν(t).
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Ïðèìåð 9.2. Êðàåâûå óñëîâèÿ II-ãî ðîäà

ux(0, t) = µ(t), ux(l, t) = ν(t)

ñâîäÿòñÿ ê îäíîðîäíûì òàê:
íàéä¼ì w(x, t) = (a1x

2 + b1x)µ(t) + (a2x
2 + b2x)ν(t), ÷òîáû îíà óäîâëåòâîðÿëà

êðàåâûì óñëîâèÿì
wx(0, t) = µ(t), wx(l, t) = ν(t).

Òîãäà

wx(0, t) = b1µ(t) + b2ν(t), wx(l, t) = (2a1l + b1)µ(t) + (2a2l + b2)ν(t).

Èç ïåðâîãî êðàåâîãî óñëîâèÿ

µ(t) = b1µ(t) + b2ν(t)

ïîëó÷àåì:
b1 = 1, b2 = 0.

À èç âòîðîãî êðàåâîãî óñëîâèÿ ñ ó÷¼òîì íàéäåííûõ b1,2

ν(t) = (2a1l + b1)µ(t) + (2a2l + b2)ν(t) = (2a1l + 1)µ(t) + 2a2lν(t)

íàõîäèì:

a1 = − 1

2l
, a2 =

1

2l
.

Íàêîíåö,

w(x, t) =

(
x− x2

2l

)
µ(t) +

x2

2l
ν(t).

9.2. Ïðèìåðû ðåøåíèÿ çàäà÷

� 659. Ñâåñòè çàäà÷ó

utt − uxx = 0, x ∈ (0, l), t > 0, (9.6)

u(0, t) = µ(t), u(l, t) = ν(t), t > 0, (9.7)

u(x, 0) = ϕ(x), x ∈ [0, l], (9.8)

ut(x, 0) = ψ(x), x ∈ [0, l] (9.9)

ê çàäà÷å ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè.
Øàã � 1. Ïîñòðîåíèå âñïîìîãàòåëüíîé ôóíêöèè.
Íàéä¼ì w(x, t) = (a1x+b1)µ(t)+(a2x+b2)ν(t), ÷òîáû îíà óäîâëåòâîðÿëà êðàåâûì
óñëîâèÿì

w(0, t) = µ(t), w(l, t) = ν(t).

Âèä èñêîìîé ôóíêöèè w(x, t) äà¼ò íà êîíöàõ îòðåçêà

w(0, t) = b1µ(t) + b2ν(t), w(l, t) = (a1l + b1)µ(t) + (a2l + b2)ν(t).

Èç ïåðâîãî êðàåâîãî óñëîâèÿ

µ(t) = b1µ(t) + b2ν(t)
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ïîëó÷àåì:
b1 = 1, b2 = 0.

À èç âòîðîãî êðàåâîãî óñëîâèÿ ñ ó÷¼òîì íàéäåííûõ b1,2

ν(t) = (a1l + b1)µ(t) + (a2l + b2)ν(t) = (a1l + 1)µ(t) + a2lν(t)

íàõîäèì:

a1 = − 1

l
, a2 =

1

l
.

Íàêîíåö,

w(x, t) =
(

1− x

l

)
µ(t) +

x

l
ν(t) =

l − x
l

µ(t) +
x

l
ν(t).

Äëÿ ïîñòðîåííîé òàêèì îáðàçîì ôóíêöèè w(x, t) èìååì:

wt =
l − x
l

µ ′(t) +
x

l
ν ′(t), wtt =

l − x
l

µ ′′(t) +
x

l
ν ′′(t),

wxx ≡ 0, w(x, 0) =
l − x
l

µ(0) +
x

l
ν(0).

Ïîýòîìó w(x, t) óäîâëåòâîðÿåò ðàâåíñòâàì:

wtt − wxx =
l − x
l

µ ′′(t) +
x

l
ν ′′(t), x ∈ (0, l), t > 0, (9.10)

w(0, t) = µ(t), w(l, t) = ν(t), t > 0, (9.11)

w(x, 0) =
l − x
l

µ(0) +
x

l
ν(0), x ∈ [0, l], (9.12)

wt(x, 0) =
l − x
l

µ ′(0) +
x

l
ν ′(0), x ∈ [0, l]. (9.13)

Øàã � 2. Ñâåäåíèå ê çàäà÷å ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè.
Äëÿ ôóíêöèè v(x, t) = u(x, t) − w(x, t), âû÷èòàÿ èç (9.6) � (9.9) ðàâåíñòâà
(9.10) � (9.13), ïîëó÷èì çàäà÷ó

vtt − a2vxx = − l − x
l

µ ′′(t)− x

l
ν ′′(t), x ∈ (0, l), t > 0, (9.14)

v(0, t) = v(l, t) = 0, t > 0, (9.15)

v(x, 0) = ϕ(x)−
(
l − x
l

µ(0) +
x

l
ν(0)

)
, x ∈ [0, l], (9.16)

vt(x, 0) = ψ(x)−
(
l − x
l

µ ′(0) +
x

l
ν ′(0)

)
, x ∈ [0, l]. (9.17)

� 660. Ñâåñòè çàäà÷ó

utt − uxx = 0, x ∈ (0, l), t > 0, (9.18)

ux(0, t) = µ(t), u(l, t) = ν(t), t > 0, (9.19)

u(x, 0) = ϕ(x), x ∈ [0, l], (9.20)

ut(x, 0) = 0, x ∈ [0, l]. (9.21)
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ê çàäà÷å ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè.
Øàã � 1. Ïîñòðîåíèå âñïîìîãàòåëüíîé ôóíêöèè.
Íàéä¼ì w(x, t) = (a1x+b1)µ(t)+(a2x+b2)ν(t), ÷òîáû îíà óäîâëåòâîðÿëà êðàåâûì
óñëîâèÿì

wx(0, t) = µ(t), w(l, t) = ν(t)

Âèä èñêîìîé ôóíêöèè w(x, t) äà¼ò íà êîíöàõ îòðåçêà

wx(0, t) = a1µ(t) + a2ν(t), w(l, t) = (a1l + b1)µ(t) + (a2l + b2)ν(t).

Èç ïåðâîãî êðàåâîãî óñëîâèÿ

µ(t) = a1µ(t) + a2ν(t)

ïîëó÷àåì:
a1 = 1, a2 = 0.

À èç âòîðîãî êðàåâîãî óñëîâèÿ ñ ó÷¼òîì íàéäåííûõ a1,2

ν(t) = (a1l + b1)µ(t) + (a2l + b2)ν(t) = (l + b1)µ(t) + b2ν(t)

íàõîäèì:
b1 = −l, b2 = 1.

Íàêîíåö,
w(x, t) = (x− l)µ(t) + ν(t).

Äëÿ ïîñòðîåííîé òàêèì îáðàçîì ôóíêöèè w(x, t) èìååì:

wt = (x− l)µ ′(t) + ν ′(t), wtt = (x− l)µ ′′(t) + ν ′′(t),

wxx ≡ 0, w(x, 0) = (x− l)µ(0) + ν(0).

Ïîýòîìó w(x, t) óäîâëåòâîðÿåò ðàâåíñòâàì:

wtt − wxx = (x− l)µ ′′(t) + ν ′′(t), x ∈ (0, l), t > 0, (9.22)

wx(0, t) = µ(t), w(l, t) = ν(t), t > 0, (9.23)

w(x, 0) = (x− l)µ(0) + ν(0), x ∈ [0, l], (9.24)

wt(x, 0) = (x− l)µ ′(0) + ν ′(0), x ∈ [0, l]. (9.25)

Øàã � 2. Ñâåäåíèå ê çàäà÷å ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè.
Äëÿ ôóíêöèè v(x, t) = u(x, t) − w(x, t), âû÷èòàÿ èç (9.18) � (9.21) ðàâåíñòâà
(9.22) � (9.25), ïîëó÷èì çàäà÷ó

vtt − vxx = −(x− l)µ ′′(t)− ν ′′(t), x ∈ (0, l), t > 0, (9.26)

vx(0, t) = v(l, t) = 0, t > 0, (9.27)

v(x, 0) = ϕ(x)− ((x− l)µ(0) + ν(0)) , x ∈ [0, l], (9.28)

vt(x, 0) = − ((x− l)µ ′(0) + ν ′(0)) , x ∈ [0, l]. (9.29)

� 655. Íàéòè ðåøåíèå u(x, t) çàäà÷è

utt − a2uxx = f(x), x ∈ (0, l), t > 0, (9.30)

ux(0, t) = α, ux(l, t) = β, t > 0, (9.31)

u(x, 0) = ϕ(x), x ∈ [0, l], (9.32)

ut(x, 0) = ψ(x), x ∈ [0, l]. (9.33)
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Øàã � 1. Ñâåä¼ì ýòó çàäà÷ó ê çàäà÷å ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè.
Íàéä¼ì w(x, t) = (a1x

2+b1x)α+(a2x
2+b2x)β, ÷òîáû îíà óäîâëåòâîðÿëà êðàåâûì

óñëîâèÿì
wx(0, t) = α, wx(l, t) = β.

Âèä èñêîìîé ôóíêöèè w(x, t) äà¼ò íà êîíöàõ îòðåçêà

wx(0, t) = b1α + b2β, wx(l, t) = (2a1l + b1)α + (2a2l + b2)β.

Èç ïåðâîãî êðàåâîãî óñëîâèÿ

α = b1α + b2β

ïîëó÷àåì:
b1 = 1, b2 = 0.

À èç âòîðîãî êðàåâîãî óñëîâèÿ ñ ó÷¼òîì íàéäåííûõ b1,2

β = (2a1l + b1)α + (2a2l + b2)β = (2a1l + 1)α + 2a2lβ

íàõîäèì:

a1 = − 1

2l
, a2 =

1

2l
.

Íàêîíåö,

w(x, t) =

(
x− x2

2l

)
α +

x2

2l
β = αx+

β − α
2l

x2.

Äëÿ ïîñòðîåííîé òàêèì îáðàçîì ôóíêöèè w(x, t) èìååì:

wt = wtt ≡ 0, wxx =
β − α
l

, w(x, 0) = αx+
β − α

2l
x2.

Ïîýòîìó w(x, t) óäîâëåòâîðÿåò ðàâåíñòâàì:

wtt − a2wxx = a2α− β
l

, x ∈ (0, l), t > 0, (9.34)

wx(0, t) = α, wx(l, t) = β, t > 0, (9.35)

w(x, 0) = αx+
β − α

2l
x2, x ∈ [0, l], (9.36)

wt(x, 0) = 0, x ∈ [0, l]. (9.37)

Ïîýòîìó äëÿ ôóíêöèè v(x, t) = u(x, t) − w(x, t), âû÷èòàÿ èç (9.30) � (9.33) ðà-
âåíñòâà (9.34) � (9.37), ïîëó÷èì çàäà÷ó

vtt − a2vxx = f(x, t)− a2α− β
l

= f1(x), x ∈ (0, l), t > 0, (9.38)

vx(0, t) = vx(l, t) = 0, t > 0, (9.39)

v(x, 0) = ϕ(x)−
(
αx+

β − α
2l

x2
)

= ϕ1(x), x ∈ [0, l], (9.40)

vt(x, 0) = ψ(x), x ∈ [0, l]. (9.41)
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Øàã � 2. Ðåøàåì çàäà÷ó ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè (9.38) � (9.41).
Ýòà çàäà÷à � ÷àñòíûé ñëó÷àé ðåø¼ííîé ðàíåå çàäà÷è � 669M2. Å¼ ðåøåíèå:

v(x, t) =
∞∑
n=0

Tn(t) cos
(πnx

l

)
, (9.42)

ãäå

T0(t) =
ϕ0

2
+

t∫
0

ψ0

2
+

1

2

τ∫
0

f0(κ)dκ

 dτ. (9.43)

Tn(t) = ϕ1n sin
πnat

l
+ ψn

l

πna
cos

πnat

l
+

+
l

πna

sin
πnat

l

t∫
0

f1n(τ) cos
πnaτ

l
dτ − cos

πnat

l

t∫
0

f1n(τ) sin
πnaτ

l
dτ

 . (9.44)

Ïðè ýòîì â íàøåì ñëó÷àå f1(x, t) = f1(x) ⇒ f1n(t) = f1n,

ϕ1n =
2

l

l∫
0

ϕ1(x) cos
(πnx

l

)
dx, ψn =

2

l

l∫
0

ψ(x) cos
(πnx

l

)
dx,

f1n =
2

l

l∫
0

f1(x) cos
(πnx

l

)
dx.

Íàêîíåö, ïîñêîëüêó f1n íå çàâèñÿò îò âðåìåíè, èõ â (9.44) ìîæíî âûíåñòè çà
çíàêè èíòåãðàëîâ:

t∫
0

f1n(τ) cos
πnaτ

l
dτ = f1n

t∫
0

cos
πnaτ

l
dτ = f1n

l

πna
sin

πnat

l
,

t∫
0

f1n(τ) sin
πnaτ

l
dτ = f1n

t∫
0

sin
πnaτ

l
dτ = −f1n

l

πna

(
cos

πnat

l
− 1

)
.

Êðîìå òîãî, T0 â ñèëó (9.45) è íåçàâèñèìîñòè f10 îò t èìååò âèä:

T0(t) =
ϕ10

2
+

t∫
0

ψ0

2
+
f10

2

τ∫
0

dκ

 dτ =
ϕ10

2
+
ψ0

2
t+

f10

2

t2

2
. (9.45)
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Ïîäñòàâëÿÿ âñ¼ ýòî â (9.42), ïîëó÷èì:

v(x, t) =
ϕ10

2
+
ψ0

2
t+

f10

4
t2+

+
∞∑
n=1

(
ϕ1n sin

πnat

l
+ ψn

l

πna
cos

πnat

l

)
cos
(πnx

l

)
+

+
∞∑
n=1

f1n

(πna)2

(
sin2 πnat

l
+ cos2 πnat

l
− cos

πnat

l

)
cos
(πnx

l

)
.

èëè, êîðî÷å:

v(x, t) =
ϕ10

2
+
ψ0

2
t+

f10

4
t2+

+
∞∑
n=1

(
ϕ1n sin

πnat

l
+ ψn

l

πna
cos

πnat

l
− f1n

(πna)2 cos
πnat

l

)
cos
(πnx

l

)
. (9.46)

Îòâåò: u(x, t) = αx+ β−α
2l x

2 + v(x, t), ãäå v(x, t) çàäàíà â (9.46).

10. Ìåòîä Ôóðüå â ïðÿìîóãîëüíèêå

10.1. Ïðèìåðû ðåøåíèÿ çàäà÷

� 713. Íàéòè ôóíêöèþ u(x, y; t) èç óñëîâèé
ut = a2 (uxx + uyy) + f(x, y; t), (x, y) ∈ Π, t > 0;
u(x, y; 0) = 0, (x, y) ∈ Π;
u(0, y; t) = ux(p, y; t) = 0, 0 < y < s, 0 < t < T,
u(x, 0; t) = u(x, s; t) = 0, 0 < x < p, 0 < t < T,

(10.1)

ãäå ÷åðåç Π îáîçíà÷åí ïðÿìîóãîëüíèê

Π = {(x, y) : 0 6 x 6 p, 0 6 y 6 s} .
Øàã 1. Ïðåäâàðèòåëüíûå ðàññóæäåíèÿ.
Åñëè èñêàòü ðåøåíèå çàäà÷è (10.1) â âèäå äâîéíîãî ðÿäà

u(x, y; t) =
∞∑
k=1

∞∑
n=1

Xk(x)Yn(y)Tkn(t), (10.2)

òî, ïîäñòàâèâ ýòîò ðÿä è ðÿä

f(x, y; t) =
∞∑
k=1

∞∑
n=1

Xk(x)Yn(y)fkn(t) (10.3)

â óðàâíåíèå ut = a2 (uxx + uyy) + f , ïîëó÷èì, ÷òî îíî çàâåäîìî âûïîëíÿåòñÿ,
åñëè ðàâíû ÷ëåíû ðÿäîâ â ëåâîé è ïðàâîé ÷àñòÿõ ñ îäèíàêîâûìè íîìåðàìè:

Xk(x)Yn(y)T ′kn(t) = a2 · (X ′′k (x)Yn(y) +Xk(x)Y ′′n (y))Tkn(t) +Xk(x)Yn(y)fkn(t).
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Ïîäåëèâ ýòî ðàâåíñòâî íà a2 ·Xk(x)Yn(y)Tkn(t), ïîëó÷èì:

T ′kn(t)

a2Tkn(t)
=
X ′′k (x)

Xk(x)
+
Y ′′n (y)

Yn(y)
+

fkn(t)

a2Tkn(t)

èëè
T ′kn(t)− fkn(t)

a2Tkn(t)
=
X ′′k (x)

Xk(x)
+
Y ′′n (y)

Yn(y)
. (10.4)

Òàê êàê ñëåâà ñòîèò ôóíêöèÿ, çàâèñÿùàÿ òîëüêî îò t, à ñïðàâà � îò (x, y), òî ýòî
âîçìîæíî, òîëüêî åñëè è ëåâàÿ, è ïðàâàÿ ÷àñòè ýòîãî ðàâåíñòâà ðàâíû êîíñòàíòå.
Èòàê, ∃ λkn òàêàÿ, ÷òî

T ′kn(t) + a2λknTkn(t) = fkn(t),
X ′′k (x)

Xk(x)
+
Y ′′n (y)

Yn(y)
= −λkn.

Íî ñóììà ôóíêöèé, îäíà èç êîòîðûõ çàâèñèò òîëüêî îò x, à âòîðàÿ � òîëüêî îò
y, ìîæåò áûòü êîíñòàíòîé òîëüêî â ñëó÷àå, åñëè îáå ýòè ôóíêöèè � êîíñòàíòû.
Òîãäà ∃ µk è νn òàêèå, ÷òî

X ′′k (x)+µkXk(x) = 0, Y ′′n (y)+νnYn(x) = 0, µk+νn = λkn. (10.5)

Òàêèì îáðàçîì, åñòåñòâåííî íà÷àòü ðåøåíèå çàäà÷è (10.1) ñ ðåøåíèÿ äâóõ çàäà÷
Øòóðìà�Ëèóâèëëÿ � äëÿ Xk(x) è äëÿ Yn(y).
Øàã 2. Ðåøåíèå äâóõ çàäà÷ Øòóðìà�Ëèóâèëëÿ
Êðàåâûå óñëîâèÿ äàþò äëÿ ôóíêöèé Xk(x) è Yn(y) âûïîëíåíèå ðàâåíñòâ:

X(0) = X ′(p) = 0, Y (0) = Y (s) = 0. (10.6)

Òàêèì îáðàçîì, ôóíêöèè Xk(x) è Yn(x) åñòü ðåøåíèÿ çàäà÷ Øòóðìà�Ëèóâèëëÿ{
X ′′k (x) + µkXk(x) = 0,
Xk(0) = X ′k(p) = 0,

{
Y ′′n (y) + νnYn(y) = 0,
Yn(0) = Yn(s) = 0. (10.7)

Îáùåå ðåøåíèå óðàâíåíèÿ X ′′(x) + µX(x) = 0 èìååò âèä

X(x) = c1 sin(
√
µx) + c2 cos(

√
µx) ïðè µ > 0; (10.8)

X(x) = c1e
√
−µx + c2e

−
√
−µx ïðè µ < 0; (10.9)

X(x) = c1x+ c2 ïðè µ = 0. (10.10)

• Ïðè µ > 0 èìååì èç êðàåâîãî óñëîâèÿ X(0) = 0, ÷òî c2 = 0, ⇒
X(x) = (x) = c1 sin(

√
µx) ⇒ X ′(x) = c1

√
µ cos(

√
µx). Ïîýòîìó èç

âòîðîãî êðàåâîãî óñëîâèÿ X ′(p) = 0 ïîëó÷àåì, ÷òî
√
µ p = π

(
− 1

2 + k
)
,

îòêóäà èìååì áåñêîíå÷íîå ìíîæåñòâî ñîáñòâåííûõ ÷èñåë çàäà÷è Øòóðìà�
Ëèóâèëëÿ:

µk =

(
π(2k − 1)

2p

)2

, k ∈ N. (10.11)

Èì ñîîòâåòñòâóåò áåñêîíå÷íîå ìíîæåñòâî ñîáñòâåííûõ ôóíêöèé:

Xk(x) = sin

(
π(2k − 1)x

2p

)
, k ∈ N. (10.12)
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• Ïðè µ < 0 çàäà÷à Øòóðìà�Ëèóâèëëÿ íå èìååò íåòðèâèàëüíûõ ðåøåíèé.

• Ïðè µ = 0 èìååì èç êðàåâîãî óñëîâèÿ X(0) = 0, ÷òî c2 = 0, ⇒
X(x) = (x) = c1x ⇒ X ′(x) = c1. Ïîýòîìó èç âòîðîãî êðàåâîãî óñëî-
âèÿ X ′(p) = 0 ïîëó÷àåì, ÷òî c1 = 0, ò.å. çàäà÷à Øòóðìà�Ëèóâèëëÿ íå
èìååò ñîáñòâåííîãî ÷èñëà, ðàâíîãî íóëþ.

Èòàê, ìû èìååì áåñêîíå÷íîå ìíîæåñòâî íåòðèâèàëüíûõ ðåøåíèé

µk =

(
π(2k − 1)

2p

)2

, Xk(x) = sin

(
π(2k − 1)x

2p

)
, k ∈ N,

çàäà÷è {
X ′′k (x) + µkXk(x) = 0,
Xk(0) = X ′k(p) = 0.

Çàäà÷è, ïîäîáíûå çàäà÷å äëÿ Yn(y), ðàññìàòðèâàëèñü óæå íå ðàç (� 687, � 705).
Ïîýòîìó çàïèøåì ðåçóëüòàò:

ñóùåñòâåò áåñêîíå÷íîå ìíîæåñòâî íåòðèâèàëüíûõ ðåøåíèé

νn =
π2n2

s2 , Yn(y) = sin
(πny

s

)
, n ∈ N.

Â ñèëó ñîîòíîøåíèÿ µk + νn = λkn, äëÿ ôóíêöèé Tkn èìååì óðàâíåíèå:

T ′kn(t) + a2λknTkn(t) = fkn(t), t > 0,

λkn =
π2(2k − 1)2

(2p)2 +
π2n2

s2 .

À ïîñêîëüêó íà÷àëüíîå óñëîâèå u(x, y; 0) = 0 áóäåò çàâåäîìî âûïîëíåíî, åñëè
Tkn(0) = 0, òî äëÿ ôóíêöèé Tkn(t) èìååì çàäà÷ó Êîøè:{

T ′kn(t) + a2λknTkn(t) = fkn(t), t > 0, λkn = π2(2k−1)2

(2p)2 + π2n2

s2 ;

Tkn(0) = 0.
(10.13)

Øàã 3. Ðåøàåì çàäà÷ó (10.13).
Ðåøåíèå ýòîãî ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà ïîëó÷èì
ìåòîäîì âàðèàöèè ïîñòîÿííîé.
Ñíà÷àëà ðåøèì ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå:

T ′o (t) + a2λknTo(t) = 0.

Åãî ðåøåíèå èìååò âèä:

To(t) = ce− a
2λknt t > 0,

ãäå c � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
Äàëåå áóäåì èñêàòü îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

T ′kn(t) + a2λknTkn(t) = fkn(t)
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â âèäå
Tkn(t) = c(t)e− a

2λknt, t > 0. (10.14)

Ïîäñòàâèâ (10.14) â óðàâíåíèå, ïîëó÷èì, ÷òî íåèçâåñòíàÿ ôóíêöèÿ c(t) äîëæíà
óäîâëåòâîðÿòü òðåáîâàíèþ

c ′(t)e− a
2λknt = fkn(t),

îòêóäà

c(t) = Tkn(0) +

t∫
0

fkn(τ)ea
2λknτdτ.

Èòàê, íàêîíåö, ðåøåíèå çàäà÷è Êîøè (10.13) çàäà¼òñÿ ôîðìóëîé:

Tkn(t) =

t∫
0

fkn(τ)e−a
2λkn(t−τ)dτ, t > 0. (10.15)

Íàì åù¼ íàäî íàéòè, ïî êàêîé ôîðìóëå âû÷èñëÿòü êîýôôèöèåíòû fkn(t) ðàç-
ëîæåíèÿ ôóíêöèè f(x, y; t) ïî ñîáñòâåííûì ôóíêöèÿìè çàäà÷Øòóðìà�Ëèóâèëëÿ.
Ïîëó÷èì ýòó ôîðìóëó. Äëÿ ýòîãî, êàê îáû÷íî, äîìíîæèì (10.3) íà

sin
(
π(2l−1)x

2p

)
sin
(
πmy
s

)
è ïðîèíòåãðèðóåì ïî Π. Ó÷èòûâàÿ îðòîãîíàëüíîñòü ñîá-

ñòâåííûõ ôóíêöèé çàäà÷ Øòóðìà�Ëèóâèëëÿ, ïîëó÷èì:

(
f, Xl · Ym

)
= flm(t)

p∫
0

sin2
(
π(2l − 1)x

2p

)
dx

s∫
0

sin2
(πmy

s

)
dy =

=
flm(t)

4

p∫
0

(
1− cos

(
π(2l − 1)x

p

))
dx

s∫
0

(
1− cos

(
2πmy

s

))
dy = flm(t)·ps

4
.

Îòñþäà

fkn(t) =
4

ps

p∫
0

s∫
0

f(x, y; t) sin

(
π(2l − 1)x

2p

)
sin
(πmy

s

)
dy.

Âñ¼, ÷òî íàì îñòàëîñü ñäåëàòü, � ýòî ïîäñòàâèòü â ôîðìóëó (10.2) ôóíêöèè

Xk(x) = sin
(
π(2k−1)x

2p

)
, Yn(y) = sin

(
πny
s

)
è òîëüêî ÷òî íàéäåííûå ôóíêöèè

Tkn(t) èç (10.15).
Îòâåò:

u(x, y; t) =
∞∑
k=1

∞∑
n=1

sin

(
π(2k − 1)x

2p

)
sin
(πny

s

) t∫
0

fkn(τ)e−a
2λkn(t−τ)dτ

 ,
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ãäå λkn = π2(2k−1)2

(2p)2 + π2n2

s2 , à fkn(t) íàõîäÿòñÿ ïî ôîðìóëå

fkn(t) =
4

ps

p∫
0

s∫
0

f(x, y; t) sin

(
π(2l − 1)x

2p

)
sin
(πmy

s

)
dy.

� 714. Íàéòè ôóíêöèþ u(x, y; t) èç óñëîâèé
ut = a2 (uxx + uyy) + A sin

(
3πx
2p

)
cos
(
πy
2s

)
, (x, y) ∈ Π, t > 0;

u(x, y; 0) = B sin
(
πx
2p

)
cos
(3πy

2s

)
, (x, y) ∈ Π;

u(0, y; t) = ux(p, y; t) = 0, 0 < y < s, 0 < t < T,
uy(x, 0; t) = u(x, s; t) = 0, 0 < x < p, 0 < t < T,

(10.16)
ãäå ÷åðåç Π îáîçíà÷åí ïðÿìîóãîëüíèê

Π = {(x, y) : 0 6 x 6 p, 0 6 y 6 s} .

Øàã 1. Ïðåäâàðèòåëüíûå ðàññóæäåíèÿ.
Åñëè èñêàòü ðåøåíèå çàäà÷è (10.16) â âèäå äâîéíîãî ðÿäà

u(x, y; t) =
∞∑
k=1

∞∑
n=1

Xk(x)Yn(y)Tkn(t), (10.17)

òî, ïîäñòàâèâ ýòîò ðÿä è ðÿä

f(x, y; t) ≡ A sin

(
3πx

2p

)
cos
(πy

2s

)
=

∞∑
k=1

∞∑
n=1

Xk(x)Yn(y)fkn (10.18)

â óðàâíåíèå ut = a2 (uxx + uyy) + f , ïîëó÷èì, ÷òî îíî çàâåäîìî âûïîëíÿåòñÿ,
åñëè ðàâíû ÷ëåíû ðÿäîâ â ëåâîé è ïðàâîé ÷àñòÿõ ñ îäèíàêîâûìè íîìåðàìè:

Xk(x)Yn(y)T ′kn(t) = a2 · (X ′′k (x)Yn(y) +Xk(x)Y ′′n (y))Tkn(t) +Xk(x)Yn(y)fkn.

Ïîäåëèâ ýòî ðàâåíñòâî íà a2 ·Xk(x)Yn(y)Tkn(t), ïîëó÷èì:

T ′kn(t)

a2Tkn(t)
=
X ′′k (x)

Xk(x)
+
Y ′′n (y)

Yn(y)
+

fkn
a2Tkn(t)

èëè
T ′kn(t)− fkn
a2Tkn(t)

=
X ′′k (x)

Xk(x)
+
Y ′′n (y)

Yn(y)
. (10.19)

Òàê êàê ñëåâà ñòîèò ôóíêöèÿ, çàâèñÿùàÿ òîëüêî îò t, à ñïðàâà � îò (x, y), òî ýòî
âîçìîæíî, òîëüêî åñëè è ëåâàÿ, è ïðàâàÿ ÷àñòè ýòîãî ðàâåíñòâà ðàâíû êîíñòàíòå.
Èòàê, ∃ λkn òàêàÿ, ÷òî

T ′kn(t) + a2λknTkn(t) = fkn,
X ′′k (x)

Xk(x)
+
Y ′′n (y)

Yn(y)
= −λkn.
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Íî ñóììà ôóíêöèé, îäíà èç êîòîðûõ çàâèñèò òîëüêî îò x, à âòîðàÿ � òîëüêî îò
y, ìîæåò áûòü êîíñòàíòîé òîëüêî â ñëó÷àå, åñëè îáå ýòè ôóíêöèè � êîíñòàíòû.
Òîãäà ∃ µk è νn òàêèå, ÷òî

X ′′k (x) + µkXk(x) = 0, Y ′′n (y) + νnYn(x) = 0, µk + νn = λkn.
(10.20)

Òàêèì îáðàçîì, åñòåñòâåííî íà÷àòü ðåøåíèå çàäà÷è (10.16) ñ ðåøåíèÿ äâóõ çàäà÷
Øòóðìà�Ëèóâèëëÿ � äëÿ Xk(x) è äëÿ Yn(y).
Øàã 2. Ðåøåíèå äâóõ çàäà÷ Øòóðìà�Ëèóâèëëÿ.
Êðàåâûå óñëîâèÿ äàþò äëÿ ôóíêöèé Xk(x) è Yn(y) âûïîëíåíèå ðàâåíñòâ:

X(0) = X ′(p) = 0, Y ′(0) = Y (s) = 0. (10.21)

Òàêèì îáðàçîì, ôóíêöèè Xk(x) è Yn(x) åñòü ðåøåíèÿ çàäà÷ Øòóðìà�Ëèóâèëëÿ{
X ′′k (x) + µkXk(x) = 0,
Xk(0) = X ′k(p) = 0,

{
Y ′′n (y) + νnYn(y) = 0,
Y ′n(0) = Yn(s) = 0. (10.22)

Çàäà÷ó äëÿ Xk(x) ìû óæå ðåøèëè â � 713, ñòð. 106. Âûïèøåì ðåçóëüòàò:
ñóùåñòâóåò áåñêîíå÷íîå ìíîæåñòâî íåòðèâèàëüíûõ ðåøåíèé

µk =

(
π(2k − 1)

2p

)2

, Xk(x) = sin

(
π(2k − 1)x

2p

)
, k ∈ N

ïåðâîé çàäà÷è èç (10.22).
Çàäà÷à äëÿ Yn(y) ðåøàåòñÿ àíàëîãè÷íî. Ó íå¼ òàêæå ñóùåñòâóåò áåñêîíå÷íîå

ìíîæåñòâî íåòðèâèàëüíûõ ðåøåíèé

νn =

(
π(2n− 1)

2s

)2

, Yn(y) = cos

(
π(2n− 1)y

2s

)
, n ∈ N.

Â ñèëó ñîîòíîøåíèÿ µk + νn = λkn, äëÿ ôóíêöèé Tkn èìååì óðàâíåíèå:

T ′kn(t) + a2λknTkn(t) = fkn, t > 0, λkn =
π2(2k − 1)2

(2p)2 +
π2(2n− 1)2

(2s)2 .

(10.23)
Íàéä¼ì ðàçëîæåíèå ôóíêöèé ϕ(x, y) è f(x, y; t) â ðÿä

ϕ(x, y) =
∞∑
k=1

∞∑
n=1

Xk(x)Yn(y)ϕkn. (10.24)

f(x, y; t) =
∞∑
k=1

∞∑
n=1

Xk(x)Yn(y)fkn(t). (10.25)

Ñóùåñòâåííûé ìîìåíò: â äàííîì ñëó÷àå êîýôôèöèåíòû ðàçëîæåíèÿ ϕkn è
fkn íàéòè ãîðàçäî ïðîùå, ÷åì îáû÷íî, ïîñêîëüêó ôóíêöèè ϕ(x, y) è f(x, y; t)
èìåþò â òî÷íîñòè âèä ÎÄÍÎÃÎ èç ñëàãàåìûõ ñîîòâåòñòâóþùåãî ðÿäà. À èìåííî:

ϕ(x, y) ≡ BX1(x)Y2(y) = B sin

(
πx

2p

)
cos

(
3πy

2s

)
, (10.26)
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f(x, y; t) ≡ AX2(x)Y1(y) = A sin

(
3πx

2p

)
cos
(πy

2s

)
. (10.27)

Ïîýòîìó

ϕkn =
{
B, k = 1, n = 2;
0, â îñòàëüíûõ ñëó÷àÿõ; fkn =

{
A, k = 2, n = 1;
0, â îñòàëüíûõ ñëó÷àÿõ.

(10.28)

Ïîñêîëüêó íà÷àëüíîå óñëîâèå

u(x, y; 0) = ϕ(x, y)

áóäåò çàâåäîìî âûïîëíåíî, åñëè Tkn(0) = ϕkn, òî äëÿ ôóíêöèé Tkn(t) èìååì
çàäà÷ó Êîøè:{
T ′kn(t) + a2λknTkn(t) = fkn, t > 0;
Tkn(0) = ϕkn,

λkn =

(
π(2k − 1)

2p

)2

+

(
π(2n− 1)

2s

)2

.

Øàã 3. Ðåøàåì çàäà÷ó Êîøè äëÿ Tkn.
Ìîæíî ðåøèòü ýòó çàäà÷ó Êîøè ìåòîäîì âàðèàöèè ïîñòîÿííîé, êàê â � 713
(ñòð.107). Íî â äàííîì ñëó÷àå ïðàâûå ÷àñòè åñòü êîíñòàíòû, è ÷àñòíîå ðåøåíèå
íåîäíîðîäíîãî óðàâíåíèÿ ëåãêî óãàäûâàåòñÿ:

T÷íî =
fkn
a2λkn

.

Ïîýòîìó îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

T ′kn(t) + a2λknTkn(t) = fkn

èìååò âèä

Tkn(t) = T÷íî + Tîî =
fkn
a2λkn

+ ce− a
2λknt. (10.29)

Ïîäñòàâèâ â (10.29) óñëîâèå Êîøè Tkn(0) = ϕkn, ïîëó÷èì, ÷òî c = ϕkn − fkn
a2λkn

è

Tkn(t) =
fkn
a2λkn

·
(

1− e− a2λknt
)

+ ϕkne
− a2λknt, t > 0. (10.30)

Òåïåðü îñòàëîñü âûïèñàòü â ÿâíîì âèäå âñå Tkn(t) âî âñåõ ñëó÷àÿõ.

Tkn(t) =


Be− a

2λ12t, k = 1, n = 2;
A

a2λ21
·
(

1− e− a2λ21t
)
, k = 2, n = 1;

0, â îñòàëüíûõ ñëó÷àÿõ.

t > 0.

(10.31)
Øàã 4. Ïîäãîòîâêà ê îòâåòó.
Âñ¼, ÷òî íàì îñòàëîñü ñäåëàòü, � ýòî ïîäñòàâèòü â ôîðìóëó (10.17) ôóíêöèè
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Xk(x) = sin
(
π(2k−1)x

2p

)
, Yn(y) = cos

(
π(2n−1)y

2s

)
è ó÷åñòü, ÷òî òîëüêî ÷òî íàé-

äåííûå ôóíêöèè Tkn(t) èç (10.31) ðàâíû íóëþ ïðè âñåõ k è n, êðîìå ñëó÷àåâ
k = 1, n = 2 è k = 2, n = 1. Ïîýòîìó äâîéíîé ðÿä

u(x, y; t) =
∞∑
k=1

∞∑
n=1

Xk(x)Yn(y)Tkn(t)

ïðåâðàòèòñÿ â ñóììó âñåãî äâóõ ñëàãàåìûõ:

u(x, y; t) = X1(x)Y2(y)T12(t) +X2(x)Y1(y)T21(t),

òî åñòü

u(x, y; t) = B sin

(
πx

2p

)
cos

(
3πy

2s

)
· e− a2λ12t+

+
A

a2λ21
sin

(
3πx

2p

)
cos
(πy

2s

)
·
(

1− e− a2λ21t
)
. (10.32)

Íàêîíåö, ñ ó÷¼òîì, ÷òî λkn = π2(2k−1)2

(2p)2 + π2(2n−1)2

(2s)2 , ïîëó÷àåì

λ12 =
π2

4p2 +
9π2

4s2 =
π2
(
s2 + 9p2

)
4p2s2 , λ21 =

9π2

4p2 +
π2

4s2 =
π2
(
9s2 + p2

)
4p2s2 . (10.33)

Îòâåò: u(x, y; t) îïðåäåëÿåòñÿ (10.32), ãäå λ12, λ21 çàäàíû â (10.33).

� 715. Íàéòè ôóíêöèþ u(x, y; t) èç óñëîâèé
ut = a2 (uxx + uyy) + A sin

(
πx
p

)
sin
(
πy
2s

)
, (x, y) ∈ Π, t > 0;

u(x, y; 0) = 0, (x, y) ∈ Π;
u(0, y; t) = u(p, y; t) = 0, 0 < y < s, 0 < t < T,
u(x, 0; t) = uy(x, s; t) = 0, 0 < x < p, 0 < t < T,

(10.34)
ãäå ÷åðåç Π îáîçíà÷åí ïðÿìîóãîëüíèê

Π = {(x, y) : 0 6 x 6 p, 0 6 y 6 s} .

Øàã 1. Ïðåäâàðèòåëüíûå ðàññóæäåíèÿ.
Åñëè èñêàòü ðåøåíèå çàäà÷è (10.34) â âèäå äâîéíîãî ðÿäà

u(x, y; t) =
∞∑
k=1

∞∑
n=1

Xk(x)Yn(y)Tkn(t), (10.35)

òî, ïîäñòàâèâ ýòîò ðÿä è ðÿä

f(x, y; t) ≡ A sin

(
πx

p

)
sin
(πy

2s

)
=

∞∑
k=1

∞∑
n=1

Xk(x)Yn(y)fkn (10.36)
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â óðàâíåíèå ut = a2 (uxx + uyy) + f , ïîëó÷èì, ÷òî îíî çàâåäîìî âûïîëíÿåòñÿ,
åñëè ðàâíû ÷ëåíû ðÿäîâ â ëåâîé è ïðàâîé ÷àñòÿõ ñ îäèíàêîâûìè íîìåðàìè:

Xk(x)Yn(y)T ′kn(t) = a2 · (X ′′k (x)Yn(y) +Xk(x)Y ′′n (y))Tkn(t) +Xk(x)Yn(y)fkn.

Ïîäåëèâ ýòî ðàâåíñòâî íà a2 ·Xk(x)Yn(y)Tkn(t), ïîëó÷èì:

T ′kn(t)

a2Tkn(t)
=
X ′′k (x)

Xk(x)
+
Y ′′n (y)

Yn(y)
+

fkn
a2Tkn(t)

èëè
T ′kn(t)− fkn
a2Tkn(t)

=
X ′′k (x)

Xk(x)
+
Y ′′n (y)

Yn(y)
. (10.37)

Òàê êàê ñëåâà ñòîèò ôóíêöèÿ, çàâèñÿùàÿ òîëüêî îò t, à ñïðàâà � îò (x, y), òî ýòî
âîçìîæíî, òîëüêî åñëè è ëåâàÿ, è ïðàâàÿ ÷àñòè ýòîãî ðàâåíñòâà ðàâíû êîíñòàíòå.
Èòàê, ∃ λkn òàêàÿ, ÷òî

T ′kn(t) + a2λknTkn(t) = fkn,
X ′′k (x)

Xk(x)
+
Y ′′n (y)

Yn(y)
= −λkn.

Íî ñóììà ôóíêöèé, îäíà èç êîòîðûõ çàâèñèò òîëüêî îò x, à âòîðàÿ � òîëüêî îò
y, ìîæåò áûòü êîíñòàíòîé òîëüêî â ñëó÷àå, åñëè îáå ýòè ôóíêöèè � êîíñòàíòû.
Òîãäà ∃ µk è νn òàêèå, ÷òî

X ′′k (x) + µkXk(x) = 0, Y ′′n (y) + νnYn(x) = 0, µk + νn = λkn.
(10.38)

Òàêèì îáðàçîì, åñòåñòâåííî íà÷àòü ðåøåíèå çàäà÷è (10.34) ñ ðåøåíèÿ äâóõ çàäà÷
Øòóðìà�Ëèóâèëëÿ � äëÿ Xk(x) è äëÿ Yn(y).
Øàã 2. Ðåøåíèå äâóõ çàäà÷ Øòóðìà�Ëèóâèëëÿ
Êðàåâûå óñëîâèÿ äàþò äëÿ ôóíêöèé Xk(x) è Yn(y) âûïîëíåíèå ðàâåíñòâ:

X(0) = X(p) = 0, Y (0) = Y ′(s) = 0. (10.39)

Òàêèì îáðàçîì, ôóíêöèèXk(x) è Yn(x) åñòü ðåøåíèÿ çàäà÷è Øòóðìà�Ëèóâèëëÿ{
X ′′k (x) + µkXk(x) = 0,
Xk(0) = Xk(p) = 0,

{
Y ′′n (y) + νnYn(y) = 0,
Yn(0) = Y ′n(s) = 0, (10.40)

Îáå çàäà÷è ìû óæå ðåøàëè (ñì. ñòð. 106). Âûïèøåì ðåçóëüòàò:
ñóùåñòâóåò áåñêîíå÷íîå ìíîæåñòâî íåòðèâèàëüíûõ ðåøåíèé

µk =

(
πk

p

)2

, Xk(x) = sin

(
πkx

p

)
, k ∈ N,

ïåðâîé çàäà÷è èç (10.40) è ñóùåñòâóåò áåñêîíå÷íîå ìíîæåñòâî íåòðèâèàëü-
íûõ ðåøåíèé

νn =

(
π(2n− 1)

2s

)2

, Yn(y) = sin

(
π(2n− 1)y

2s

)
, n ∈ N,

âòîðîé çàäà÷è èç (10.40).
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Â ñèëó ñîîòíîøåíèÿ µk + νn = λkn äëÿ ôóíêöèé Tkn èìååì óðàâíåíèå:

T ′kn(t) + a2λknTkn(t) = fkn, t > 0, λkn =
π2k2

p2 +
π2(2n− 1)2

4s2 . (10.41)

Â äàííîì ñëó÷àå ôóíêöèÿ ϕ(x, y) ≡ 0 íà÷àëüíîãî óñëîâèÿ ðàçëàãàåòñÿ â
òðèâèàëüíûé ðÿä

ϕ(x, y) =
∞∑
k=1

∞∑
n=1

Xk(x)Yn(y)ϕkn, ϕkn = 0 ∀ k, n ∈ N. (10.42)

Êîýôôèöèåíòû ðàçëîæåíèÿ fkn â ðÿä â äàííîì ñëó÷àå èùóòñÿ òàê æå, êàê â
� 714, ïîñêîëüêó ôóíêöèÿ f(x, y; t) èìååò â òî÷íîñòè âèä ÎÄÍÎÃÎ èç ñëàãàå-
ìûõ ñîîòâåòñòâóþùåãî ðÿäà. À èìåííî:

f(x, y; t) ≡ AX1(x)Y1(y) = A sin

(
πx

p

)
sin
(πy

2s

)
. (10.43)

Ïîýòîìó

fkn =
{
A, k = n = 1;
0, â îñòàëüíûõ ñëó÷àÿõ. (10.44)

Ïîñêîëüêó íà÷àëüíîå óñëîâèå

u(x, y; 0) = ϕ(x, y) ≡ 0

áóäåò çàâåäîìî âûïîëíåíî, åñëè Tkn(0) = ϕkn = 0, òî äëÿ ôóíêöèé Tkn(t) èìååì
çàäà÷ó Êîøè:{

T ′kn(t) + a2λknTkn(t) = fkn, t > 0;
Tkn(0) = 0.

λkn =
π2k2

p2 +
π2(2n− 1)2

4s2 . (10.45)

Øàã 3. Ðåøàåì çàäà÷ó (10.45).
Ìîæíî ðåøèòü ýòó çàäà÷ó Êîøè ìåòîäîì âàðèàöèè ïîñòîÿííîé, êàê â � 713
(ñòð.107). Íî â äàííîì ñëó÷àå ïðàâûå ÷àñòè åñòü êîíñòàíòû, è ÷àñòíîå ðåøåíèå
íåîäíîðîäíîãî óðàâíåíèÿ ëåãêî óãàäûâàåòñÿ:

T÷íî =
fkn
a2λkn

.

Ïîýòîìó îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

T ′kn(t) + a2λknTkn(t) = fkn

èìååò âèä

Tkn(t) = T÷íî + Tîî =
fkn
a2λkn

+ ce− a
2λknt. (10.46)

Ïîäñòàâèâ â (10.46) óñëîâèå Êîøè Tkn(0) = 0, ïîëó÷èì, ÷òî c = − fkn
a2λkn

è

Tkn(t) =
fkn
a2λkn

·
(

1− e− a2λknt
)
, t > 0. (10.47)
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Òåïåðü îñòàëîñü âûïèñàòü â ÿâíîì âèäå âñå Tkn(t) âî âñåõ ñëó÷àÿõ.

Tkn(t) =

{
A

a2λ11
·
(

1− e− a2λ11t
)
, k = 1, n = 1;

0, â îñòàëüíûõ ñëó÷àÿõ.
t > 0.

(10.48)
Øàã 4. Ïîäãîòîâêà ê îòâåòó.
Âñ¼, ÷òî íàì îñòàëîñü ñäåëàòü, � ýòî ïîäñòàâèòü â ôîðìóëó (10.35) ôóíêöèè

Xk(x) = sin
(
πkx
p

)
, Yn(y) = sin

(
π(2n−1)y

2s

)
è ó÷åñòü, ÷òî òîëüêî ÷òî íàéäåííûå

ôóíêöèè Tkn(t) èç (10.48) ðàâíû íóëþ ïðè âñåõ k è n, êðîìå ñëó÷àÿ k = n = 1.
Ïîýòîìó äâîéíîé ðÿä

u(x, y; t) =
∞∑
k=1

∞∑
n=1

Xk(x)Yn(y)Tkn(t)

ïðåâðàòèòñÿ â îäíî åäèíñòâåííîå ñëàãàåìîå:

u(x, y; t) = X1(x)Y1(y)T11(t),

òî åñòü

u(x, y; t) =
A

a2λ11
· sin

(
πx

p

)
sin
(πy

2s

)
·
(

1− e− a2λ11t
)
.

Íàêîíåö, ñ ó÷¼òîì, ÷òî λkn = π2k2

p2 + π2(2n−1)2

4s2 , ïîëó÷àåì

λ11 =
π2

p2 +
π2

4s2 =
π2
(
4s2 + p2

)
4p2s2 .

Îòâåò:

u(x, y; t) =
4Ap2s2

a2π2 (4s2 + p2)
· sin

(
πx

p

)
sin
(πy

2s

)
·
(

1− e− a2λ11t
)
.

11. Óðàâíåíèå Ëàïëàñà â êðóãå è âíå êðóãà

11.1. Óðàâíåíèå Ëàïëàñà â ïîëÿðíûõ êîîðäèíàòàõ

Ðàññìîòðèì â ïîëÿðíûõ êîîðäèíàòàõ{
x = r cosϕ,
y = r sinϕ (11.1)

óðàâíåíèå Ëàïëàñà ∆u = 0. Ïîñêîëüêó â ïî-
ëÿðíûõ êîîðäèíàòàõ

∆u =
1

r
(rur)r +

1

r2uϕϕ,

òî óðàâíåíèå Ëàïëàñà ïðèíèìàåò âèä:

-115-



∆u ≡ 1

r
(rur)r +

1

r2uϕϕ = 0. (11.2)

Áóäåì èñêàòü ðåøåíèå (11.2) ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ.
Øàã 1. Ïîèñê êðóãîâûõ ãàðìîíèê.
Ïóñòü ôóíêöèÿ

U(r, ϕ) = X(r)Φ(ϕ)

åñòü ðåøåíèå óðàâíåíèÿ (11.2). Òîãäà

1

r
(rX ′(r))

′
Φ(ϕ) +

1

r2 Φ ′′(ϕ)X(r) = 0.

Ïîäåëèì ýòî ðàâåíñòâî íà X(r)Φ(ϕ) è óìíîæèì íà r2:

r (rX ′(r)) ′

X(r)
= − Φ ′′(ϕ)

Φ(ϕ)
.

Òàê êàê ñëåâà ñòîèò ôóíêöèÿ, çàâèñÿùàÿ òîëüêî îò r, à ñïðàâà � ôóíêöèÿ, çàâè-
ñÿùàÿ òîëüêî îò ϕ, òî ðàâíû îíè äðóã äðóãó ìîãóò áûòü òîëüêî â ñëó÷àå, êîãäà
îíè � êîíñòàíòû. Òî÷íåå, ∃ λ ∈ R :

(rX ′(r)) ′

X(r)
= − Φ ′′(ϕ)

Φ(ϕ)
= λ.

Îòñþäà äëÿ X(r) ïîëó÷àåì óðàâíåíèå

r2X ′′(r) + rX ′(r)− λX(r) = 0, (11.3)

à äëÿ ôóíêöèé Φ � óðàâíåíèå

Φ ′′(ϕ) + λΦ(ϕ) = 0. (11.4)

Íåïðåðûâíûå ôóíêöèè íà ïëîñêîñòè äîëæíû ïåðèîäè÷åñêè çàâèñåòü îò ïîëÿð-
íîãî óãëà ϕ. Ïîýòîìó äîïîëíèì óðàâíåíèå (11.4) óñëîâèåì 2π�ïåðèîäè÷íîñòè:{

Φ′′(ϕ) + λΦ(ϕ) = 0,
Φ(ϕ+ 2π) = Φ(ϕ). (11.5)

Ðåøèì ýòó çàäà÷ó. Îáùèì ðåøåíèåì óðàâíåíèÿ Φ′′(ϕ) + λΦ(ϕ) = 0 ÿâëÿåòñÿ
ôóíêöèÿ {

Φ(ϕ) = c1 sh (βϕ) + c2 ch (βϕ) ïðè λ = −β2 < 0;
Φ(ϕ) = c1 + c2ϕ ïðè λ = 0;
Φ(ϕ) = c1 sin (βϕ) + c2 cos (βϕ) ïðè λ = β2 > 0.

Ëåãêî âèäåòü, ÷òî ôóíêöèè c1 sh (βϕ) + c2 ch (βϕ) íè ïðè êàêèõ c1, 2
(êðîìå c1 = c2 = 0) íå óäîâëåòâîðÿþò óñëîâèþ ïåðèîäè÷íîñòè Φ(ϕ+2π) = Φ(ϕ).
Â ñâîþ î÷åðåäü, ôóíêöèè c1+c2ϕ óäîâëåòâîðÿþò óñëîâèþ ïåðèîäè÷íîñòè òîëüêî
ïðè c2 = 0.
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Â òî æå âðåìÿ ôóíêöèÿ c1 sin (βϕ) + c2 cos (βϕ) óäîâëåòâîðÿåò ýòîìó óñëîâèþ
òîãäà è òîëüêî òîãäà, êîãäà

λ = β2 = k2, k ∈ Z.
Ìû áóäåì ðàññìàòðèâàòü òîëüêî k > 0, òàê êàê îòðèöàòåëüíûå çíà÷åíèÿ k íå
äàþò íîâûõ λ èëè Φ(ϕ). À ðàçðåøàÿ ÷èñëó k ïðèíèìàòü çíà÷åíèå k = 0, ìû
âêëþ÷àåì ôóíêöèþ Φ(ϕ) = const (ÿâëÿþùóþñÿ íåòðèâèàëüíûì ðåøåíèåì ïðè
λ = 0) â îáùóþ ôîðìóëó íåòðèâèàëüíûõ ðåøåíèé (11.6).

Èòàê, ôóíêöèÿ Φ(ϕ) åñòü ðåøåíèå (11.5) òîãäà è òîëüêî òîãäà, êîãäà

Φ(ϕ) = c1 sin (kϕ) + c2 cos (kϕ) , k = 0, 1, 2, . . . (11.6)

Íàêîíåö, äëÿ ôóíêöèè U(r, ϕ) = X(r)Φ(ϕ) ñ ó÷¼òîì (11.6), ïîëó÷àåì, ÷òî

ôóíêöèÿ
U(r, ϕ) = X(r)Φ(ϕ)

åñòü ðåøåíèå óðàâíåíèÿ Ëàïëàñà òîãäà è òîëüêî òîãäà, êîãäà ôóíêöèÿ X(r) åñòü
ðåøåíèå óðàâíåíèÿ

r2X ′′(r) + rX ′(r)− λX(r) = 0, (11.3)

ïðè λ = k2, k = 0, ∞, à ôóíêöèÿ Φ(ϕ) èìååò âèä

Φ(ϕ) = Φk(ϕ) = c1 sin (kϕ) + c2 cos (kϕ) , k = 0, 1, 2, . . . (11.7)

Øàã 2. Ðåøåíèå óðàâíåíèÿ (11.3)
Ïðè k = 0. Â äàííîì ñëó÷àå óðàâíåíèå ëåãêî ðåøàåòñÿ:

r2X ′′(r) + rX ′(r) ≡ r(rX ′) ′ = 0 ⇒ rX ′ = c1 ⇒ X(r) = c1 ln r + c2.

Çàìåòèì, ÷òî r ïîä çíàêîì ëîãàðèôìà áåç ìîäóëÿ, òàê êàê ìû ðàññìàòðèâàåì
òîëüêî r > 0.
Òåïåðü âàæíî îòìåòèòü, ÷òî òàê êàê ôèçè÷åñêè îñìûñëåííû òîëüêî îãðàíè-
÷åííûå ðåøåíèÿ óðàâíåíèÿ, à ôóíêöèÿ ln r íåîãðàíè÷åíà íè âíóòðè êðóãà, íè
âíå êðóãà, òî íàì ñëåäóåò ðàññìàòðèâàòü òîëüêî ñëó÷àé c1 = 0. Êðîìå
òîãî, ðàç íàñ èíòåðåñóþò òîëüêî ëèíåéíî íåçàâèñèìûå ðåøåíèÿ (11.3), òî ìû
ìîæåì âûáðàòü c2 = 1. Èòàê,

X0(r) = 1. (11.8)

Ïðè k ∈ N. Äàííîå óðàâíåíèå åñòü óðàâíåíèå Ýéëåðà, ïîñêîëüêó ñòåïåíü ìíî-
æèòåëåé r ïðè âñåõ ïðîèçâîäíûõ ôóíêöèè X(r) ðàâíà ïîðÿäêó ýòèõ ïðîèçâîä-
íûõ. Ýòè óðàâíåíèÿ ðåøàþòñÿ ïðè ïîìîùè çàìåíû

r = et, X(r) = X
(
et
)

= y(t), rX ′(r) = y ′(t), r2X ′′(r) = y′′(t)− y ′(t).

Íàì íå íàäî ðàññìàòðèâàòü ñëó÷àé r = −et < 0, ïîñêîëüêó â íàøåé çàäà÷å
r ∈ (0, R). Äëÿ íîâîé ôóíêöèè y(t) ïðè λ = k2, k = 0, ∞ ïîëó÷àåì óðàâíåíèå

y′′(t)− k2y(t) = 0, k = 0, ∞.
Åãî îáùåå ðåøåíèå èìååò âèä

y(t) = Aekt +Be−kt.
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Îòñþäà, òàê êàê et = r, îáùåå ðåøåíèå óðàâíåíèÿ (11.3) èìååò âèä

X(r) = Ark +Br−k.

Íó à ïîñêîëüêó íàñ èíòåðåñóþò òîëüêî îãðàíè÷åííûå ðåøåíèÿ, òî êîãäà óðàâ-
íåíèå ðåøàåòñÿ

• â êðóãå, ñîäåðæàùåì íà÷àëî êîîðäèíàò, B = 0 è

Xk(r) = rk, k = 0, ∞, (11.9)

• âî âíåøíîñòè êðóãà, ñîäåðæàùåãî íà÷àëî êîîðäèíàò, A = 0 è

Xk(r) =
1

rk
, k = 0, ∞. (11.10)

Çàìåòèì, ÷òî, ïîçâîëèâ k ïðèíèìàòü çíà÷åíèå 0 â ðàâåíñòâàõ (11.9), (11.10), ìû
äîáàâèëè êî ìíîæåñòâó ëèíåéíî íåçàâèñèìûõ ðåøåíèé åù¼ è ðåøåíèå X0(r) = 1
èç ôîðìóëû (11.8).
Øàã 3. Îáùåå ðåøåíèå óðàâíåíèÿ Ëàïëàñà â êðóãå.
Íàì îñòàëîñü ñîñòàâèòü èç ïîëó÷åííûõ ôóíêöèé Xk (èç ðàâåíñòâà (11.9)), à
òàêæå Φk(ϕ), k = 0, ∞ ðÿä.
Îòâåò:

u(r, ϕ) =
∞∑
k=0

Xk(r)Φk(ϕ) =
∞∑
k=0

rk (Ak cos (kϕ) +Bk sin (kϕ)) . (11.11)

Øàã 4. Îáùåå ðåøåíèå óðàâíåíèÿ Ëàïëàñà âíå êðóãà.
Ñîñòàâèì èç ïîëó÷åííûõ ôóíêöèé Xk (èç ðàâåíñòâà (11.10)), à òàêæå Φk(ϕ),
k = 0, ∞ ðÿä. Çäåñü âñÿ ðàçíèöà îò çàäà÷è âíóòðè øàðà ñîñòîèò â òîì, ÷òî
ôóíêöèè Xk(r) èìåþò âèä (11.10), à íå (11.9):
Îòâåò:

u(r, ϕ) =
∞∑
k=0

Xk(r)Φk(ϕ) =
∞∑
k=0

1

rk
(Ak cos (kϕ) +Bk sin (kϕ)) . (11.12)

11.2. Âíóòðåííÿÿ çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà
â êðóãå

Ðàññìîòðèì çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà âíóòðè êðóãà.
Íàéòè îãðàíè÷åííóþ ôóíêöèþ u(r, ϕ) èç óñëîâèé{

∆u ≡ 1
r (rur)r + 1

r2uϕϕ = 0, 0 6 r < R, 0 < ϕ < 2π;
|u(0, ϕ)| <∞,
u(R, ϕ) = f(ϕ).

(11.13)

Øàã 1. Ðåøåíèå óðàâíåíèÿ Ëàïëàñà â êðóãå.
Óðàâíåíèÿ Ëàïëàñà â êðóãå ìû óæå ðåøèëè íà ñòðàíèöàõ 116 � 118 è ïîëó÷èëè
ôîðìóëó

u(r, ϕ) =
∞∑
k=0

Xk(r)Φk(ϕ) =
∞∑
k=0

rk (Ak cos (kϕ) +Bk sin (kϕ)) . (11.11)
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Øàã 2. Èñïîëüçîâàíèå êðàåâîãî óñëîâèÿ.
Â íàøåé çàäà÷å äîáàâèëîñü êðàåâîå óñëîâèå

u(R, ϕ) = f(ϕ).

Îíî ïîçâîëèò íàì íàéòè êîýôôèöèåíòû Ak è Bk â ôîðìóëå (11.11).
Ïîñêîëüêó ôóíêöèè {1, cos(kϕ), sin(kϕ), k ∈ N} îáðàçóþò ïîëíóþ îðòîãîíàëü-
íóþ ñèñòåìó ôóíêöèé, òî ôóíêöèþ f(ϕ) ìîæíî ðàçëîæèòü â ðÿä ïî ýòîé
ñèñòåìå � ôàêòè÷åñêè, â òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå � íà ïðîìåæóòêå
ϕ ∈ (0, 2π):

f(ϕ) =
α0

2
+
∞∑
k=1

(αk cos (kϕ) + βk sin (kϕ)) , (11.14)

αk =
2

2π

2π∫
0

f(ϕ) cos(kϕ)dϕ, k = 0, 1, 2, . . . ; (11.15)

βk =
2

2π

2π∫
0

f(ϕ) sin(kϕ)dϕ, k = 1, 2, 3, . . . (11.16)

Ïðè ýòîì ðÿä (11.14) ñõîäèòñÿ ê f(ϕ) àáñîëþòíî è ðàâíîìåðíî íà
ϕ ∈ [0, 2π].
Ïðèðàâíÿåì ðÿä (11.11), âçÿòûé ïðè r = R, ê ðÿäó (11.14):

u(R, ϕ) =
∞∑
k=0

Rk (Ak cos (kϕ) +Bk sin (kϕ)) =

=
α0

2
+
∞∑
k=1

(αk cos (kϕ) + βk sin (kϕ)) = f(ϕ).

Ïîëó÷àåì ïðè k = 0

A0

=1︷ ︸︸ ︷
cos (0) +B0

=0︷ ︸︸ ︷
sin (0) =

α0

2
,

îòêóäà

A0 =
α0

2
, B0 − ïðîèçâîëüíî. (11.17)

Àíàëîãè÷íî, ïðè k ∈ N

Rk (Ak cos (kϕ) +Bk sin (kϕ)) = αk cos (kϕ) + βk sin (kϕ) ,

îòêóäà â ñèëó ëèíåéíîé íåçàâèñèìîñòè ôóíêöèé sin (kϕ) è cos (kϕ)

Ak =
αk
Rk
, Bk =

βk
Rk
, k ∈ N. (11.18)

Îòâåò:

u(r, ϕ) =
α0

2
+
∞∑
k=1

( r
R

)k
(αk cos(kϕ) + βk sin(kϕ)) , (11.19)
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ãäå êîýôôèöèåíòû αk è βk îïðåäåëÿþòñÿ èç ôîðìóë

αk =
1

π

2π∫
0

f(ϕ) cos(kϕ)dϕ, k = 0, 1, 2, . . . ; (11.15)

βk =
1

π

2π∫
0

f(ϕ) sin(kϕ)dϕ, k = 1, 2, 3, . . . (11.16)

11.3. Ïðèìåðû ðåøåíèÿ çàäà÷

� 719. à) Ïîñòðîèòü ôóíêöèþ u(r, ϕ), ãàðìîíè÷åñêóþ â êðóãå ðàäèóñà
R, è óäîâëåòâîðÿþùóþ êðàåâîìó óñëîâèþ:

u(R, ϕ) = f(ϕ) = ϕ(2π − ϕ).

Çàïèñàâ ýòè óñëîâèÿ ìàòåìàòè÷åñêè, ïîëó÷èì çàäà÷ó:
Íàéòè îãðàíè÷åííóþ ôóíêöèþ u(r, ϕ) èç óñëîâèé{

∆u ≡ 1
r (rur)r + 1

r2uϕϕ = 0, 0 6 r < R, 0 < ϕ < 2π;
|u(0, ϕ)| <∞,
u(R, ϕ) = f(ϕ) = ϕ(2π − ϕ).

(11.20)

Øàã 1. Ðåøåíèå â îáùåì âèäå
Äàííàÿ çàäà÷à åñòü ÷àñòíûé ñëó÷àé çàäà÷è, ðåø¼ííîé íàìè íà ñòðàíèöàõ 118 �
119. Âîñïîëüçóåìñÿ ðåçóëüòàòîì:
Îáùåå ðåøåíèå âíóòðåííåé çàäà÷è Äèðèõëå:

u(r, ϕ) =
α0

2
+
∞∑
k=1

( r
R

)k
(αk cos(kϕ) + βk sin(kϕ)) , (11.19)

ãäå êîýôôèöèåíòû αk è βk îïðåäåëÿþòñÿ èç ôîðìóë

αk =
1

π

2π∫
0

f(ϕ) cos(kϕ)dϕ, k = 0, 1, 2, . . . ; (11.15)

βk =
1

π

2π∫
0

f(ϕ) sin(kϕ)dϕ, k = 1, 2, 3, . . . (11.16)

Íàéä¼ì êîýôôèöèåíòû αk, βk. Òàê êàê

2π∫
0

ϕ cos(kϕ)dϕ =
ϕ sin(kϕ)

k

∣∣∣∣ϕ=2π

ϕ=0
− 1

k

2π∫
0

sin(kϕ)dϕ =
1

k2 cos(kϕ)

∣∣∣∣ϕ=2π

ϕ=0
= 0;

(11.21)
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2π∫
0

ϕ sin(kϕ)dϕ =
−ϕ cos(kϕ)

k

∣∣∣∣ϕ=2π

ϕ=0
+

1

k

2π∫
0

cos(kϕ)dϕ =

= − 2π

k
+

1

k2 sin(kϕ)

∣∣∣∣ϕ=2π

ϕ=0
= − 2π

k
; (11.22)

2π∫
0

ϕ2 cos(kϕ)dϕ =
ϕ2 sin(kϕ)

k

∣∣∣∣ϕ=2π

ϕ=0
− 2

k

2π∫
0

ϕ sin(kϕ)dϕ =

=
[
â ñèëó (11.22)

]
= − 2

k
·
(
− 2π

k

)
=

4π

k2 ; (11.23)

2π∫
0

ϕ2 sin(kϕ)dϕ =
−ϕ2 cos(kϕ)

k

∣∣∣∣ϕ=2π

ϕ=0
+

2

k

2π∫
0

ϕ cos(kϕ)dϕ =

=
[
â ñèëó (11.21)

]
= − 4π2

k
+

2

k
· 0 = − 4π2

k
, (11.24)

òî

αk =
1

π

2π∫
0

f(ϕ) cos(kϕ)dϕ =
1

π

2π∫
0

(2πϕ− ϕ2) cos(kϕ)dϕ =

=
[
â ñèëó (11.21) è (11.23)

]
=

1

π
·
(

2π · 0− 4π

k2

)
= − 4

k2 , (11.25)

βk =
1

π

2π∫
0

f(ϕ) sin(kϕ)dϕ =
1

π

2π∫
0

(2πϕ− ϕ2) sin(kϕ)dϕ =

=
[
â ñèëó (11.22) è (11.24)

]
=

1

π
·
(

2π ·
(
− 2π

k

)
−
(
− 4π2

k

))
= 0. (11.26)

Êàê îáû÷íî, α0 ñëåäóåò íàõîäèòü îòäåëüíî:

α0 =
1

π

2π∫
0

f(ϕ)dϕ =
1

π

2π∫
0

(2πϕ− ϕ2) dϕ =
4π2

3
. (11.27)

Íàêîíåö, ïîäñòàâèâ (11.27), (11.25), (11.26) â (11.19), ïîëó÷àåì:
Îòâåò:

u(r, ϕ) =
2π2

3
− 4

∞∑
k=1

( r
R

)k cos(kϕ)

k2 .
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� 719. á) Ïîñòðîèòü ôóíêöèþ u(r, ϕ), ãàðìîíè÷åñêóþ â êðóãå ðàäèóñà
R, è óäîâëåòâîðÿþùóþ êðàåâîìó óñëîâèþ:

u(R, ϕ) = f(ϕ) = ϕ sinϕ.

Çàïèñàâ ýòè óñëîâèÿ ìàòåìàòè÷åñêè, ïîëó÷èì çàäà÷ó:
Íàéòè îãðàíè÷åííóþ ôóíêöèþ u(r, ϕ) èç óñëîâèé{

∆u ≡ 1
r (rur)r + 1

r2uϕϕ = 0, 0 6 r < R, 0 < ϕ < 2π;
|u(0, ϕ)| <∞,
u(R, ϕ) = f(ϕ) = ϕ sinϕ.

(11.28)

Øàã 1. Ðåøåíèå â îáùåì âèäå
Äàííàÿ çàäà÷à åñòü ÷àñòíûé ñëó÷àé çàäà÷è, ðåø¼ííîé íàìè íà ñòðàíèöàõ 118 �
119. Âîñïîëüçóåìñÿ ðåçóëüòàòîì � ôîðìóëàìè (11.19), (11.15) (11.16).
Íàéä¼ì êîýôôèöèåíòû αk, βk. Òàê êàê (ñì. (11.21) è (11.22))

2π∫
0

ϕ cos(kϕ)dϕ = 0;

2π∫
0

ϕ sin(kϕ)dϕ = − 2π

k
,

òî

αk =
1

π

2π∫
0

f(ϕ) cos(kϕ)dϕ =
1

π

2π∫
0

ϕ sinϕ cos(kϕ)dϕ =

=
[
2 sin a cos b = sin(a+ b) + sin(a− b)

]
=

=
1

2π

2π∫
0

ϕ

(
sin
(
(k + 1)ϕ

)
− sin

(
(k − 1)ϕ

))
dϕ =

[
â ñèëó (11.22)

]
=

=


− 1

2π ·
(

2π
k+1 −

2π
k−1

)
= 2

k2−1 ïðè k > 1;

− 1
2π ·

2π
2 = − 1

2 ïðè k = 1.

(11.29)

βk =
1

π

2π∫
0

f(ϕ) sin(kϕ)dϕ =
1

π

2π∫
0

ϕ sinϕ sin(kϕ)dϕ =

=
[
2 sin a sin b = cos(a− b)− cos(a+ b)

]
=

=
1

2π

2π∫
0

ϕ

(
cos
(
(k − 1)ϕ

)
− cos

(
(k + 1)ϕ

))
dϕ =

[
â ñèëó (11.21)

]
=
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=


− 1

2π ·
(

0− 0

)
= 0 ïðè k > 1;

1
2π ·

ϕ2

2

∣∣∣ϕ=2π

ϕ=0
= 1

2π ·
4π2

2 = π ïðè k = 1.

(11.30)

Êàê îáû÷íî, α0 ñëåäóåò íàõîäèòü îòäåëüíî:

α0 =
1

π

2π∫
0

f(ϕ)dϕ =
1

π

2π∫
0

ϕ sinϕ dϕ =
[
â ñèëó (11.22)

]
= −2. (11.31)

Íàêîíåö, ïîäñòàâèâ (11.31), (11.29), (11.30) â (11.19), ïîëó÷àåì:
Îòâåò:

u(r, ϕ) = −1− r

R

(
1

2
cosϕ− π sinϕ

)
+ 2

∞∑
k=2

( r
R

)k cos(kϕ)

k2 + 1
.

� 719M . â) Ïîñòðîèòü ôóíêöèþ u(r, ϕ), ãàðìîíè÷åñêóþ â êðóãå ðàäè-
óñà R, è óäîâëåòâîðÿþùóþ êðàåâîìó óñëîâèþ:

u(R, ϕ) = f(ϕ) = M sinϕ+ 2N cos2 ϕ.

Çàïèñàâ ýòè óñëîâèÿ ìàòåìàòè÷åñêè, ïîëó÷èì çàäà÷ó:
Íàéòè îãðàíè÷åííóþ ôóíêöèþ u(r, ϕ) èç óñëîâèé{

∆u ≡ 1
r (rur)r + 1

r2uϕϕ = 0, 0 6 r < R, 0 < ϕ < 2π;
|u(0, ϕ)| <∞,
u(R, ϕ) = f(ϕ) = M sinϕ+ 2N cos2 ϕ.

(11.32)
Øàã 1. Ðåøåíèå â îáùåì âèäå.
Äàííàÿ çàäà÷à åñòü ÷àñòíûé ñëó÷àé çàäà÷è, ðåø¼ííîé íàìè íà ñòðàíèöàõ 118 �
119. Âîñïîëüçóåìñÿ ðåçóëüòàòîì � ôîðìóëàìè (11.19), (11.15) (11.16).
Òàê êàê αk, βk � êîýôôèöèåíòû ðàçëîæåíèÿ f(ϕ) â òðèãîíîìåòðè÷åñêèé ðÿä
Ôóðüå

f(ϕ) =
α0

2
+
∞∑
k=1

(αk cos (kϕ) + βk sin (kϕ)) , (11.14)

à çàäàííàÿ íàì ôóíêöèÿ f(ϕ) óæå çàïèñàíà ïðàêòè÷åñêè â òàêîì âèäå:

f(ϕ) = M sinϕ+ 2N cos2 ϕ =
[
2 cos2 a = 1 + cos 2a

]
= N +M sinϕ+N cos 2ϕ,

(11.33)

òî, î÷åâèäíî,

αk =

{
2N, ïðè k = 0;
N, ïðè k = 2;
0 ïðè k ∈ N \ {2};

βk =
{
M ïðè k = 1;
0 ïðè k > 1.

(11.34)
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Òàêèì îáðàçîì, ïîäñòàâèâ (11.34) â (11.19), ïîëó÷àåì:
Îòâåò:

u(r, ϕ) = N +M
r

R
sinϕ+N

( r
R

)2
cos 2ϕ.

11.4. Âíåøíÿÿ çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà
â êðóãå

Ðàññìîòðèì çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà âíå êðóãà.
Íàéòè îãðàíè÷åííóþ ôóíêöèþ u(r, ϕ) èç óñëîâèé{

∆u ≡ 1
r (rur)r + 1

r2uϕϕ = 0, R < r <∞, 0 < ϕ < 2π;
|u(∞, ϕ)| <∞, 0 < ϕ < 2π;
u(R, ϕ) = f(ϕ), 0 < ϕ < 2π.

(11.35)

Øàã 1. Ðåøåíèå óðàâíåíèÿ Ëàïëàñà âíå êðóãà.
Óðàâíåíèÿ Ëàïëàñà âíå êðóãà ìû óæå ðåøèëè íà ñòðàíèöàõ 116 � 118 è ïîëó÷èëè
ôîðìóëó

u(r, ϕ) =
∞∑
k=0

Xk(r)Φk(ϕ) =
∞∑
k=0

1

rk
(Ak cos (kϕ) +Bk sin (kϕ)) . (11.12)

Øàã 2. Èñïîëüçîâàíèå êðàåâîãî óñëîâèÿ
Â íàøåé çàäà÷å äîáàâèëîñü êðàåâîå óñëîâèå

u(R, ϕ) = f(ϕ).

Îíî ïîçâîëèò íàì íàéòè êîýôôèöèåíòû Ak è Bk â ôîðìóëå (11.12).
Ïîñêîëüêó ôóíêöèè {1, cos(kϕ), sin(kϕ), k ∈ N} îáðàçóþò ïîëíóþ îðòîãîíàëü-
íóþ ñèñòåìó ôóíêöèé, òî ôóíêöèþ f(ϕ) ìîæíî ðàçëîæèòü â ðÿä ïî ýòîé
ñèñòåìå � ôàêòè÷åñêè, â òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå � íà ïðîìåæóòêå
ϕ ∈ (0, 2π):

f(ϕ) =
α0

2
+
∞∑
k=1

(αk cos (kϕ) + βk sin (kϕ)) , (11.14)

αk =
1

π

2π∫
0

f(ϕ) cos(kϕ)dϕ, k = 0, 1, 2, . . . ; (11.15)

βk =
1

π

2π∫
0

f(ϕ) sin(kϕ)dϕ, k = 1, 2, 3, . . . (11.16)

Ïðè ýòîì ðÿä (11.14) ñõîäèòñÿ ê f(ϕ) àáñîëþòíî è ðàâíîìåðíî
íà ϕ ∈ [0, 2π].
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Ïðèðàâíÿåì ðÿä (11.12), âçÿòûé ïðè r = R, ê ðÿäó (11.14):

u(R, ϕ) =
∞∑
k=0

1

Rk
(Ak cos (kϕ) +Bk sin (kϕ)) =

=
α0

2
+
∞∑
k=1

(αk cos (kϕ) + βk sin (kϕ)) = f(ϕ).

Ïîëó÷àåì ïðè k = 0

A0

=1︷ ︸︸ ︷
cos (0) +B0

=0︷ ︸︸ ︷
sin (0) =

α0

2
,

îòêóäà

A0 =
α0

2
, B0 − ïðîèçâîëüíî. (11.36)

Àíàëîãè÷íî, ïðè k ∈ N
1

Rk
(Ak cos (kϕ) +Bk sin (kϕ)) = αk cos (kϕ) + βk sin (kϕ) ,

îòêóäà â ñèëó ëèíåéíîé íåçàâèñèìîñòè ôóíêöèé sin (kϕ) è cos (kϕ)

Ak = Rkαk, Bk = Rkβk, k ∈ N. (11.37)

Îòâåò:

u(r, ϕ) =
α0

2
+
∞∑
k=1

(
R

r

)k
(αk cos(kϕ) + βk sin(kϕ)) , (11.38)

ãäå êîýôôèöèåíòû αk è βk îïðåäåëÿþòñÿ èç ôîðìóë

αk =
1

π

2π∫
0

f(ϕ) cos(kϕ)dϕ, k = 0, 1, 2, . . . ; (11.15)

βk =
1

π

2π∫
0

f(ϕ) sin(kϕ)dϕ, k = 1, 2, 3, . . . (11.16)

� 720. à) Ïîñòðîèòü ôóíêöèþ u(r, ϕ), ãàðìîíè÷åñêóþ âíå êðóãà ðàäè-
óñà R, è óäîâëåòâîðÿþùóþ êðàåâîìó óñëîâèþ:

u(R, ϕ) = f(ϕ) = ϕ sinϕ.

Çàïèñàâ ýòè óñëîâèÿ ìàòåìàòè÷åñêè, ïîëó÷èì çàäà÷ó:
Íàéòè îãðàíè÷åííóþ ôóíêöèþ u(r, ϕ) èç óñëîâèé{

∆u ≡ 1
r (rur)r + 1

r2uϕϕ = 0, R < r < +∞, 0 < ϕ < 2π;
|u(+∞, ϕ)| <∞,
u(R, ϕ) = f(ϕ) = T sin ϕ

2 .
(11.39)
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Øàã 1. Ðåøåíèå â îáùåì âèäå.
Äàííàÿ çàäà÷à åñòü ÷àñòíûé ñëó÷àé çàäà÷è, ðåø¼ííîé íàìè â ï. 11.4. Âîñïîëü-
çóåìñÿ ðåçóëüòàòîì:
Îáùåå ðåøåíèå âíåøíåé çàäà÷è Äèðèõëå:

u(r, ϕ) =
α0

2
+
∞∑
k=1

(
R

r

)k
(αk cos(kϕ) + βk sin(kϕ)) , (11.38)

ãäå êîýôôèöèåíòû αk è βk îïðåäåëÿþòñÿ èç ôîðìóë

αk =
1

π

2π∫
0

f(ϕ) cos(kϕ)dϕ, k = 0, 1, 2, . . . ; (11.15)

βk =
1

π

2π∫
0

f(ϕ) sin(kϕ)dϕ, k = 1, 2, 3, . . . (11.16)

Íàéä¼ì êîýôôèöèåíòû αk, βk:

αk =
1

π

2π∫
0

f(ϕ) cos(kϕ)dϕ =
T

π

2π∫
0

sin
ϕ

2
cos(kϕ)dϕ =

=
[
2 sin a cos b = sin(a+ b) + sin(a− b)

]
=

=
T

2π

2π∫
0

(
sin

(2k + 1)ϕ

2
− sin

(2k − 1)ϕ

2

)
dϕ =

= − T

2π
·

(
2

2k + 1
cos

(2k + 1)ϕ

2

∣∣∣∣ϕ=2π

ϕ=0
− 2

2k − 1
cos

(2k − 1)ϕ

2

∣∣∣∣ϕ=2π

ϕ=0

)
=

= − T

2π
·
(

2

2k + 1
· (−2)− 2

2k − 1
· (−2)

)
=

2T

π
· −2

4k2 − 1
=

−4T

(4k2 − 1)π
; (11.40)

βk =
1

π

2π∫
0

f(ϕ) sin(kϕ)dϕ =
T

π

2π∫
0

sin
ϕ

2
sin(kϕ)dϕ =

=
[
2 sin a sin b = cos(a− b)− cos(a+ b)

]
=

=
T

2π

2π∫
0

(
cos

(2k + 1)ϕ

2
− cos

(2k − 1)ϕ

2

)
dϕ =
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=
T

2π
·

(
2

2k + 1
sin

(2k + 1)ϕ

2

∣∣∣∣ϕ=2π

ϕ=0
− 2

2k − 1
sin

(2k − 1)ϕ

2

∣∣∣∣ϕ=2π

ϕ=0

)
=

=
T

2π
·
(

2

2k + 1
· 0− 2

2k − 1
· 0
)

= 0. (11.41)

Êàê îáû÷íî, α0 ñëåäóåò íàõîäèòü îòäåëüíî:

α0 =
1

π

2π∫
0

f(ϕ)dϕ =
T

π

2π∫
0

sin
ϕ

2
dϕ = − T

π
· 2 cos

ϕ

2

∣∣∣ϕ=2π

ϕ=0
= − 2T

π
· (−2) =

4T

π
.

(11.42)
Íàêîíåö, ïîäñòàâèâ (11.42), (11.40), (11.41) â (11.38), ïîëó÷àåì:
Îòâåò:

u(r, ϕ) =
2T

π
− 4T

π

∞∑
k=1

(
R

r

)k
cos(kϕ)

4k2 − 1
.

� 720M . á) Ïîñòðîèòü ôóíêöèþ u(r, ϕ), ãàðìîíè÷åñêóþ âíå êðóãà ðà-
äèóñà R, è óäîâëåòâîðÿþùóþ êðàåâîìó óñëîâèþ:

u(R, ϕ) = f(ϕ) = M cosϕ+ 2N sin2 ϕ.

Çàïèñàâ ýòè óñëîâèÿ ìàòåìàòè÷åñêè, ïîëó÷èì çàäà÷ó:
Íàéòè îãðàíè÷åííóþ ôóíêöèþ u(r, ϕ) èç óñëîâèé ∆u ≡ 1

r (rur)r + 1
r2uϕϕ = 0, 0 6 r < R, 0 < ϕ < 2π;

|u(+∞, ϕ)| <∞,
u(R, ϕ) = f(ϕ) = M cosϕ+ 2N sin2 ϕ.

(11.43)
Øàã 1. Ðåøåíèå â îáùåì âèäå.
Äàííàÿ çàäà÷à åñòü ÷àñòíûé ñëó÷àé çàäà÷è, ðåø¼ííîé íàìè â íà÷àëå ýòîãî ïà-
ðàãðàôà. Âîñïîëüçóåìñÿ ðåçóëüòàòîì � ôîðìóëàìè (11.38), (11.15), (11.16).
Òàê êàê αk, βk � êîýôôèöèåíòû ðàçëîæåíèÿ f(ϕ) â òðèãîíîìåòðè÷åñêèé ðÿä
Ôóðüå

f(ϕ) =
α0

2
+
∞∑
k=1

(αk cos (kϕ) + βk sin (kϕ)) , (11.14)

à çàäàííàÿ íàì ôóíêöèÿ f(ϕ) óæå çàïèñàíà ïðàêòè÷åñêè â òàêîì âèäå:

f(ϕ) = M cosϕ+ 2N sin2 ϕ =
[
2 sin2 a = 1− cos 2a

]
= N +M cosϕ−N cos 2ϕ,

(11.44)

òî, î÷åâèäíî,

αk =


2N, ïðè k = 0;
M, ïðè k = 1;
−N, ïðè k = 2;
0 ïðè k > 2;

βk = 0, k ∈ N. (11.45)
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Òàêèì îáðàçîì, ïîäñòàâèâ (11.45) â (11.38), ïîëó÷àåì:
Îòâåò:

u(r, ϕ) = N +M
R

r
cosϕ−N

(
R

r

)2

cos 2ϕ.

11.5. Âíóòðåííÿÿ çàäà÷à Íåéìàíà äëÿ óðàâíåíèÿ Ëàïëàñà â êðóãå

� 719 ã). Íàéòè îãðàíè÷åííóþ ôóíêöèþ u(r, ϕ) èç óñëîâèé{
∆u ≡ 1

r (rur)r + 1
r2uϕϕ = 0, 0 6 r < R, 0 < ϕ < 2π;

|u(0, ϕ)| <∞,
ur(R, ϕ) = f(ϕ).

(11.46)

Øàã 1. Ðåøåíèå óðàâíåíèÿ Ëàïëàñà â êðóãå.
Äëÿ ðåøåíèÿ óðàâíåíèÿ Ëàïëàñà â êðóãå ìû óæå ïîëó÷èëè ôîðìóëó

u(r, ϕ) =
∞∑
k=0

Xk(r)Φk(ϕ) =
∞∑
k=0

rk (Ak cos (kϕ) +Bk sin (kϕ)) . (11.11)

Øàã 2. Èñïîëüçîâàíèå êðàåâîãî óñëîâèÿ.
Â íàøåé çàäà÷å çàäàíî êðàåâîå óñëîâèå II-ãî ðîäà � óñëîâèå Íåéìàíà:

ur(R, ϕ) = f(ϕ).

Îíî ïîçâîëèò íàì íàéòè êîýôôèöèåíòû Ak è Bk â ôîðìóëå (11.11).
Ïîñêîëüêó ôóíêöèè {1, cos(kϕ), sin(kϕ), k ∈ N} îáðàçóþò ïîëíóþ îðòîãîíàëü-
íóþ ñèñòåìó ôóíêöèé, òî ôóíêöèþ f(ϕ) ìîæíî ðàçëîæèòü â ðÿä ïî ýòîé
ñèñòåìå � ôàêòè÷åñêè, â òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå � íà ïðîìåæóòêå
ϕ ∈ (0, 2π):

f(ϕ) =
α0

2
+
∞∑
k=1

(αk cos (kϕ) + βk sin (kϕ)) , (11.47)

αk =
2

2π

2π∫
0

f(ϕ) cos(kϕ)dϕ, k = 0, 1, 2, . . . ; (11.48)

βk =
2

2π

2π∫
0

f(ϕ) sin(kϕ)dϕ, k = 1, 2, 3, . . . (11.49)

Ïðè ýòîì ðÿä (11.47) ñõîäèòñÿ ê f(ϕ) àáñîëþòíî è ðàâíîìåðíî
íà ϕ ∈ [0, 2π].
Ïðèðàâíÿåì ðÿä

ur(r, ϕ) =
∞∑
k=1

krk−1 (Ak cos (kϕ) +Bk sin (kϕ)) , (11.50)
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âçÿòûé ïðè r = R, ê ðÿäó (11.47):

ur(R, ϕ) =
∞∑
k=1

kRk−1 (Ak cos (kϕ) +Bk sin (kϕ)) =

=
α0

2
+
∞∑
k=1

(αk cos (kϕ) + βk sin (kϕ)) = f(ϕ)

Ïîëó÷àåì ïðè k = 0:

0 =
α0

2
.

Ýòî ðàâåíñòâî åñòü óñëîâèå íà ôóíêöèþ f(ϕ), à òðåáîâàíèé íà A0, B0 íå íàêëà-
äûâàåò, îíè ìîãóò áûòü ëþáûìè. Íà ïðàêòèêå ýòî îçíà÷àåò, ÷òî çàäà÷à Íåéìàíà
èìååò áåñêîíå÷íîå ñåìåéñòâî ðåøåíèé, îòëè÷àþùèõñÿ íà êîíñòàíòó.

A0, B0 − ïðîèçâîëüíû. (11.51)

Ïðè k ∈ N

kRk−1 (Ak cos (kϕ) +Bk sin (kϕ)) = αk cos (kϕ) + βk sin (kϕ) ,

îòêóäà â ñèëó ëèíåéíîé íåçàâèñèìîñòè ôóíêöèé sin (kϕ) è cos (kϕ)

Ak =
αk

kRk−1 , Bk =
βk

kRk−1 , k ∈ N. (11.52)

Îòâåò:

u(r, ϕ) = c+R

∞∑
k=1

( r
R

)k
· αk cos(kϕ) + βk sin(kϕ)

k
, (11.53)

ãäå êîýôôèöèåíòû αk è βk îïðåäåëÿþòñÿ èç ôîðìóë (11.48), (11.49), à ôóíêöèÿ

f(ϕ) óäîâëåòâîðÿåò óñëîâèþ
2π∫
0
f(ϕ)dϕ = 0 (â ïðîòèâíîì ñëó÷àå ðåøåíèÿ â âèäå

ïîäîáíîãî ðÿäà íå ñóùåñòâóåò).

11.6. Âíåøíÿÿ çàäà÷à Íåéìàíà äëÿ óðàâíåíèÿ Ëàïëàñà
â êðóãå

� 720 á)MM . Íàéòè îãðàíè÷åííóþ ôóíêöèþ u(r, ϕ) èç óñëîâèé{
∆u ≡ 1

r (rur)r + 1
r2uϕϕ = 0, R < r <∞, 0 < ϕ < 2π;

|u(∞, ϕ)| <∞, 0 < ϕ < 2π;
ur(R, ϕ) = f(ϕ), 0 < ϕ < 2π.

(11.54)

Øàã 1. Ðåøåíèå óðàâíåíèÿ Ëàïëàñà âíå êðóãà.
Äëÿ ðåøåíèÿ óðàâíåíèÿ Ëàïëàñà âíå êðóãà ìû óæå ïîëó÷èëè ôîðìóëó

u(r, ϕ) =
∞∑
k=0

1

rk
(Ak cos (kϕ) +Bk sin (kϕ)) . (11.12)
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Øàã 2. Èñïîëüçîâàíèå êðàåâîãî óñëîâèÿ.
Â íàøåé çàäà÷å çàäàíî êðàåâîå óñëîâèå II-ãî ðîäà � óñëîâèå Íåéìàíà:

ur(R, ϕ) = f(ϕ).

Îíî ïîçâîëèò íàì íàéòè êîýôôèöèåíòû Ak è Bk â ôîðìóëå (11.12).
Ïîñêîëüêó ôóíêöèè {1, cos(kϕ), sin(kϕ), k ∈ N} îáðàçóþò ïîëíóþ îðòîãîíàëü-
íóþ ñèñòåìó ôóíêöèé, òî ôóíêöèþ f(ϕ) ìîæíî ðàçëîæèòü â ðÿä ïî ýòîé
ñèñòåìå � ôàêòè÷åñêè, â òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå � íà ïðîìåæóòêå
ϕ ∈ (0, 2π):

f(ϕ) =
α0

2
+
∞∑
k=1

(αk cos (kϕ) + βk sin (kϕ)) , (11.47)

αk =
1

π

2π∫
0

f(ϕ) cos(kϕ)dϕ, k = 0, 1, 2, . . . ; (11.48)

βk =
1

π

2π∫
0

f(ϕ) sin(kϕ)dϕ, k = 1, 2, 3, . . . (11.49)

Ïðè ýòîì ðÿä (11.47) ñõîäèòñÿ ê f(ϕ) àáñîëþòíî è ðàâíîìåðíî
íà ϕ ∈ [0, 2π].
Ïðèðàâíÿåì ðÿä

ur(r, ϕ) = −
∞∑
k=1

k

rk+1 (Ak cos (kϕ) +Bk sin (kϕ)) , (11.55)

âçÿòûé ïðè r = R, ê ðÿäó (11.47)

ur(R, ϕ) = −
∞∑
k=1

k

Rk+1 (Ak cos (kϕ) +Bk sin (kϕ)) =

=
α0

2
+
∞∑
k=1

(αk cos (kϕ) + βk sin (kϕ)) = f(ϕ).

Ïîëó÷àåì ïðè k = 0

0 =
α0

2
.

Ýòî ðàâåíñòâî åñòü óñëîâèå íà ôóíêöèþ f(ϕ), à òðåáîâàíèé íà A0, B0 íå íàêëà-
äûâàåò, îíè ìîãóò áûòü ëþáûìè. Íà ïðàêòèêå ýòî îçíà÷àåò, ÷òî çàäà÷à Íåéìàíà
èìååò áåñêîíå÷íîå ñåìåéñòâî ðåøåíèé, îòëè÷àþùèõñÿ íà êîíñòàíòó.

A0, B0 − ïðîèçâîëüíû. (11.56)

Ïðè k ∈ N

− k

Rk+1 (Ak cos (kϕ) +Bk sin (kϕ)) = αk cos (kϕ) + βk sin (kϕ) ,
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îòêóäà â ñèëó ëèíåéíîé íåçàâèñèìîñòè ôóíêöèé sin (kϕ) è cos (kϕ)

Ak = − Rk+1

k
αk, Bk = − Rk+1

k
βk, k ∈ N. (11.57)

Îòâåò:

u(r, ϕ) = c−R
∞∑
k=1

(
R

r

)k
· αk cos(kϕ) + βk sin(kϕ)

k
, (11.58)

ãäå êîýôôèöèåíòû αk è βk îïðåäåëÿþòñÿ èç ôîðìóë

αk =
1

π

2π∫
0

f(ϕ) cos(kϕ)dϕ, k = 0, 1, 2, . . . ; (11.48)

βk =
1

π

2π∫
0

f(ϕ) sin(kϕ)dϕ, k = 1, 2, 3, . . . , (11.49)

à ôóíêöèÿ f(ϕ) óäîâëåòâîðÿåò óñëîâèþ
2π∫
0
f(ϕ)dϕ = 0 (â ïðîòèâíîì ñëó÷àå ðå-

øåíèÿ â âèäå ïîäîáíîãî ðÿäà íå ñóùåñòâóåò).

11.7. Âíóòðåííÿÿ çàäà÷à III-ãî ðîäà äëÿ óðàâíåíèÿ Ëàïëàñà â êðóãå

Íàéòè îãðàíè÷åííóþ ôóíêöèþ u(r, ϕ) èç óñëîâèé{
∆u ≡ 1

r (rur)r + 1
r2uϕϕ = 0, 0 6 r < R, 0 < ϕ < 2π;

|u(0, ϕ)| <∞,
ur(R, ϕ) + hu(R, ϕ) = f(ϕ).

(11.59)

Øàã 1. Ðåøåíèå óðàâíåíèÿ Ëàïëàñà â êðóãå.
Äëÿ ðåøåíèÿ óðàâíåíèÿ Ëàïëàñà â êðóãå ìû óæå ïîëó÷èëè ôîðìóëó

u(r, ϕ) =
∞∑
k=0

rk (Ak cos (kϕ) +Bk sin (kϕ)) . (11.11)

Øàã 2. Èñïîëüçîâàíèå êðàåâîãî óñëîâèÿ.
Â íàøåé çàäà÷å çàäàíî êðàåâîå óñëîâèå III-ãî ðîäà:

ur(R, ϕ) + hu(R, ϕ) = f(ϕ).

Îíî ïîçâîëèò íàì íàéòè êîýôôèöèåíòû Ak è Bk â ôîðìóëå (11.11).
Ôóíêöèþ f(ϕ) ìîæíî ðàçëîæèòü â òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå � íà ïðî-
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ìåæóòêå ϕ ∈ (0, 2π):

f(ϕ) =
α0

2
+
∞∑
k=1

(αk cos (kϕ) + βk sin (kϕ)) , (11.47)

αk =
1

π

2π∫
0

f(ϕ) cos(kϕ)dϕ, k = 0, 1, 2, . . . ; (11.48)

βk =
1

π

2π∫
0

f(ϕ) sin(kϕ)dϕ, k = 1, 2, 3, . . . (11.49)

Ïðè ýòîì ðÿä (11.47) ñõîäèòñÿ ê f(ϕ) àáñîëþòíî è ðàâíîìåðíî
íà ϕ ∈ [0, 2π].
Ïðèðàâíÿåì ðÿä

ur(r, ϕ) + hu(R, ϕ) =

=
∞∑
k=1

krk−1 (Ak cos (kϕ) +Bk sin (kϕ)) + h

∞∑
k=0

rk (Ak cos (kϕ) +Bk sin (kϕ)) =

= hA0 +
∞∑
k=1

rk−1(k + hr) (Ak cos (kϕ) +Bk sin (kϕ)) (11.60)

âçÿòûé ïðè r = R, ê ðÿäó (11.47):

ur(R, ϕ) + hu(R, ϕ) = hA0 +
∞∑
k=1

Rk−1(k + hR) (Ak cos (kϕ) +Bk sin (kϕ)) =

=
α0

2
+
∞∑
k=1

(αk cos (kϕ) + βk sin (kϕ)) = f(ϕ).

Ïîëó÷àåì ïðè k = 0

hA0 =
α0

2
,

îòêóäà

A0 =
α0

2h
, B0 − ïðîèçâîëüíî. (11.61)

Ïðè k ∈ N

Rk−1(k + hR) (Ak cos (kϕ) +Bk sin (kϕ)) = αk cos (kϕ) + βk sin (kϕ) ,

îòêóäà â ñèëó ëèíåéíîé íåçàâèñèìîñòè ôóíêöèé sin (kϕ) è cos (kϕ)

Ak =
αk

Rk−1(k + hR)
, Bk =

βk
Rk−1(k + hR)

, k ∈ N. (11.62)
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Îòâåò:

u(r, ϕ) =
α0

2h
+R

∞∑
k=1

( r
R

)k
· αk cos(kϕ) + βk sin(kϕ)

k + hR
, (11.63)

ãäå êîýôôèöèåíòû αk è βk îïðåäåëÿþòñÿ èç ôîðìóë

αk =
1

π

2π∫
0

f(ϕ) cos(kϕ)dϕ, k = 0, 1, 2, . . . ; (11.48)

βk =
1

π

2π∫
0

f(ϕ) sin(kϕ)dϕ, k = 1, 2, 3, . . . (11.49)

12. Âíåøíÿÿ çàäà÷à III-ãî ðîäà äëÿ óðàâíåíèÿ Ëàïëàñà â
êðóãå

� 720. â) Íàéòè îãðàíè÷åííóþ ôóíêöèþ u(r, ϕ) èç óñëîâèé{
∆u ≡ 1

r (rur)r + 1
r2uϕϕ = 0, R < r <∞, 0 < ϕ < 2π;

|u(∞, ϕ)| <∞, 0 < ϕ < 2π;
ur(R, ϕ)− hu(R, ϕ) = f(ϕ), 0 < ϕ < 2π.

(12.1)

Øàã 1. Ðåøåíèå óðàâíåíèÿ Ëàïëàñà âíå êðóãà.
Äëÿ ðåøåíèÿ óðàâíåíèÿ Ëàïëàñà âíå êðóãà ìû óæå ïîëó÷èëè ôîðìóëó

u(r, ϕ) =
∞∑
k=0

1

rk
(Ak cos (kϕ) +Bk sin (kϕ)) . (11.12)

Øàã 2. Èñïîëüçîâàíèå êðàåâîãî óñëîâèÿ.
Â íàøåé çàäà÷å çàäàíî êðàåâîå óñëîâèå III-ãî ðîäà � óñëîâèå Íåéìàíà:

ur(R, ϕ)− hu(R, ϕ) = f(ϕ).

Îíî ïîçâîëèò íàì íàéòè êîýôôèöèåíòû Ak è Bk â ôîðìóëå (11.12).
Âîñïîëüçóåìñÿ ðàçëîæåíèåì ôóíêöèè f(ϕ) â òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå
íà ïðîìåæóòêå ϕ ∈ (0, 2π):

f(ϕ) =
α0

2
+
∞∑
k=1

(αk cos (kϕ) + βk sin (kϕ)) , (11.47)

αk =
1

π

2π∫
0

f(ϕ) cos(kϕ)dϕ, k = 0, 1, 2, . . . ; (11.48)

βk =
1

π

2π∫
0

f(ϕ) sin(kϕ)dϕ, k = 1, 2, 3, . . . (11.49)
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Ïðèðàâíÿåì ðÿä

ur(r, ϕ)− hu(r, ϕ) =

= −
∞∑
k=1

k

rk+1 (Ak cos (kϕ) +Bk sin (kϕ))− h
∞∑
k=0

1

rk
(Ak cos (kϕ) +Bk sin (kϕ)) =

= −hA0 −
∞∑
k=1

k + hr

rk+1 (Ak cos (kϕ) +Bk sin (kϕ)) , (12.2)

âçÿòûé ïðè r = R, ê ðÿäó (11.47):

ur(R, ϕ)− hu(R, ϕ) = −hA0 −
∞∑
k=1

k + hR

Rk+1 (Ak cos (kϕ) +Bk sin (kϕ)) =

=
α0

2
+
∞∑
k=1

(αk cos (kϕ) + βk sin (kϕ)) = f(ϕ)

Ïîëó÷àåì ïðè k = 0

−hA0 =
α0

2
,

îòêóäà

A0 = − α0

2h
, B0 − ïðîèçâîëüíû. (12.3)

Ïðè k ∈ N

− k + hR

Rk+1 (Ak cos (kϕ) +Bk sin (kϕ)) = αk cos (kϕ) + βk sin (kϕ) ,

îòêóäà â ñèëó ëèíåéíîé íåçàâèñèìîñòè ôóíêöèé sin (kϕ) è cos (kϕ)

Ak = − Rk+1

k + hR
· αk, Bk = − Rk+1

k + hR
· βk, k ∈ N. (12.4)

Îòâåò:

u(r, ϕ) = − α0

2h
−R

∞∑
k=1

(
R

r

)k
· αk cos(kϕ) + βk sin(kϕ)

k + hR
, (12.5)

ãäå êîýôôèöèåíòû αk è βk îïðåäåëÿþòñÿ èç ôîðìóë

αk =
1

π

2π∫
0

f(ϕ) cos(kϕ)dϕ, k = 0, 1, 2, . . . ; (11.48)

βk =
1

π

2π∫
0

f(ϕ) sin(kϕ)dϕ, k = 1, 2, 3, . . . (11.49)
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13. Óðàâíåíèå Ëàïëàñà â êîëüöå

Äëÿ óðàâíåíèÿ Ëàïëàñà

∆u ≡ 1

r
(rur)r +

1

r2uϕϕ = 0 (13.1)

êàê âíóòðè êðóãà:
0 6 r < b, ϕ ∈ [0, 2π),

òàê è âíå êðóãà:
a < r < +∞, ϕ ∈ [0, 2π)

íàìè áûëè íàéäåíû îãðàíè÷åííûå ðåøåíèÿ:
îáùåå ðåøåíèå óðàâíåíèÿ Ëàïëàñà â êðóãå

u(r, ϕ) =
∞∑
k=0

Xk(r)Φk(ϕ) =
∞∑
k=0

rk (Ak cos (kϕ) +Bk sin (kϕ)) , (13.2)

îáùåå ðåøåíèå óðàâíåíèÿ Ëàïëàñà âíå êðóãà

u(r, ϕ) =
∞∑
k=0

Xk(r)Φk(ϕ) =
∞∑
k=0

1

rk
(Ak cos (kϕ) +Bk sin (kϕ)) . (13.3)

Ýòî ïîçâîëèò íàì ðåøèòü êðàåâûå çàäà÷è â áîëåå ñëîæíîé îáëàñòè � â êîëüöå.

13.1. Çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà â êîëüöå

Íàéòè îãðàíè÷åííóþ ôóíêöèþ u(r, ϕ) èç óñëîâèé
∆u ≡ 1

r (rur)r + 1
r2uϕϕ = 0, 0 < a 6 r < b, 0 < ϕ < 2π;

|u(r, ϕ)| <∞,
u(a, ϕ) = f1(ϕ),
u(b, ϕ) = f2(ϕ).

(13.4)

Øàã 1. Ðåøåíèå óðàâíåíèÿ Ëàïëàñà â ïîëÿðíûõ êîîðäèíàòàõ.
Ñëîæèâ ðåùåíèÿ óðàâíåíèÿ Ëàïëàñà â êðóãå è âíå êðóãà, ìû ïîëó÷èì îáùåå
ðåøåíèå óðàâíåíèÿ Ëàïëàñà â ïîëÿðíûõ êîîðäèíàòàõ:

u(r, ϕ) =
∞∑

k=−∞

rk (Ak cos (kϕ) +Bk sin (kϕ)) . (13.5)

Îíî íå ÿâëÿåòñÿ, âîîáùå ãîâîðÿ, îãðàíè÷åííûì íè â êðóãå, íè âíå êðóãà, òàê
êàê ôóíêöèè rk áåñêîíå÷íî ðàñòóò:

1) ïðè r → +0 è k < 0,

2) ïðè r → +∞ è k > 0.

Íî â íàøåé çàäà÷å íàì íàäî íàéòè îãðàíè÷åííûå ðåøåíèÿ â êîëüöå
0 < a < r < b < +∞, à â í¼ì âñå ýòè ôóíêöèè îãðàíè÷åíû. Ïîýòîìó íàì
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îñòàëîñü ëèøü íàéòè êîýôôèöèåíòû Ak, Bk èç êðàåâûõ óñëîâèé.
Îäíàêî íàì åù¼ ñëåäóåò ó÷åñòü, ÷òî cosx � ÷¼òíàÿ ôóíêöèÿ, à sinx � íå÷¼òíàÿ:

cos (−kϕ) = cos (kϕ) , sin (−kϕ) = − sin (kϕ) .

Êðîìå òîãî, ôóíêöèÿ ln r ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ ∆u(r, ϕ) = 0, íî ìû
å¼ â ôîðìóëàõ (13.2) è (13.3) íå ó÷èòûâàëè, òàê êàê îíà íå ÿâëÿåòñÿ îãðàíè÷åí-
íîé íè âíóòðè, íè âíå êðóãà. Îäíàêî îíà ÿâëÿåòñÿ îãðàíè÷åííîé â êîëüöå
0 < a < r < b < +∞, ïîýòîìó å¼ ïðèä¼òñÿ ó÷èòûâàòü â ôîðìóëå îáùåãî ðåøåíèÿ
â êîëüöå. Óäîáíåå âñåãî äîáàâèòü ñëàãàåìîå B0 ln r, ïîñêîëüêó êîýôôèöèåíò B0
â ôîðìóëàõ (13.2) è (13.3) óìíîæàåòñÿ íà sin 0 = 0 è ìîæåò ïîýòîìó ïðèíèìàòü
ëþáûå çíà÷åíèÿ.
Ñ ó÷¼òîì âñåõ ïðèâåä¼ííûõ ñîîáðàæåíèé ïåðåïèøåì ðÿä (13.5) òàê, ÷òîáû ïî-
ëó÷åííàÿ ôîðìóëà äåéñòâèòåëüíî çàäàâàëà îáùåå ðåøåíèå óðàâíåíèÿ Ëàïëàñà:

u(r, ϕ) = B0 ln r +
∞∑

k=−∞

rk (Ak cos (kϕ) +Bk sin (kϕ)) =

= B0 ln r +
∞∑
k=1

r−k (A−k cos (kϕ)−B−k sin (kϕ)) +

+ A0 +
∞∑
k=1

rk (Ak cos (kϕ) +Bk sin (kϕ)) =

= A0 +B0 ln r +
∞∑
k=1

((
Akr

k + A−kr
−k) cos (kϕ) +

(
Bkr

k −B−kr−k
)

sin (kϕ)
)
.

Èòàê,

u(r, ϕ) = A0+B0 ln r+
∞∑
k=1

((
Akr

k + A−kr
−k) cos (kϕ) +

(
Bkr

k −B−kr−k
)

sin (kϕ)
)
.

(13.6)
Øàã 2. Èñïîëüçîâàíèå êðàåâûõ óñëîâèé.
Â íàøåé çàäà÷å íà îáåèõ ÷àñòÿõ ãðàíèöû çàäàíî êðàåâîå óñëîâèå I-ãî ðîäà �
óñëîâèå Äèðèõëå:

u(a, ϕ) = f1(ϕ), u(b, ϕ) = f2(ϕ).

Âîñïîëüçóåìñÿ ðàçëîæåíèåì ôóíêöèé f1,2(ϕ) â òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå
íà ïðîìåæóòêå ϕ ∈ (0, 2π):

f1(ϕ) =
α10

2
+
∞∑
k=1

(α1k cos (kϕ) + β1k sin (kϕ)) , (13.7)

f2(ϕ) =
α20

2
+
∞∑
k=1

(α2k cos (kϕ) + β2k sin (kϕ)) , (13.8)
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αjk =
1

π

2π∫
0

fj(ϕ) cos(kϕ)dϕ, j ∈ {1, 2}, k = 0, 1, 2, . . . ; (13.9)

βjk =
1

π

2π∫
0

fj(ϕ) sin(kϕ)dϕ, j ∈ {1, 2}, k = 1, 2, 3, . . . (13.10)

Ïðèðàâíÿåì ðÿä

u(r, ϕ) = A0+B0 ln r+
∞∑
k=1

((
Akr

k + A−kr
−k) cos (kϕ) +

(
Bkr

k −B−kr−k
)

sin (kϕ)
)
,

(13.11)
âçÿòûé ïðè r = a è r = b, ê ðÿäàì (13.7) è (13.8):

u(a, ϕ) = A0 +B0 ln a+
∞∑
k=1

((
Aka

k + A−ka
−k) cos (kϕ) +

+
(
Bka

k −B−ka−k
)

sin (kϕ)

)
=
α10

2
+
∞∑
k=1

(α1k cos (kϕ) + β1k sin (kϕ)) = f1(ϕ);

u(b, ϕ) = A0 +B0 ln b+
∞∑
k=1

((
Akb

k + A−kb
−k) cos (kϕ) +

+
(
Bkb

k −B−kb−k
)

sin (kϕ)

)
=
α20

2
+
∞∑
k=1

(α2k cos (kϕ) + β2k sin (kϕ)) = f2(ϕ).

Ïîëó÷àåì ïðè k = 0:

A0 +B0 ln a =
α10

2
, A0 +B0 ln b =

α20

2
,

îòêóäà, âûðàçèâ A0, B0 ÷åðåç ÷èñëà α10, α20, ïîëó÷èì:

A0 =
α10 ln b− α20 ln a

2 ln b
a

, B0 =
α20 − α10

2 ln b
a

. (13.12)

Ïðè îñòàëüíûõ k:(
Aka

k + A−ka
−k) cos (kϕ) +

(
Bka

k −B−ka−k
)

sin (kϕ) = α1k cos (kϕ) + β1k sin (kϕ) ;(
Akb

k + A−kb
−k) cos (kϕ) +

(
Bkb

k −B−kb−k
)

sin (kϕ) = α2k cos (kϕ) + β2k sin (kϕ) .

Â ñèëó ëèíåéíîé íåçàâèñèìîñòè ôóíêöèé sin (kϕ) è cos (kϕ), ïîëó÷àåì ïðè êàæ-
äîì k ∈ N ñèñòåìó èç ÷åòûð¼õ óðàâíåíèé ñ ÷åòûðüìÿ íåèçâåñòíûìè:(

ak a−k

bk b−k

)(
Ak
A−k

)
=
(
α1k
α2k

)
,

(
ak −a−k
bk −b−k

)(
Bk
B−k

)
=
(
β1k
β2k

)
, k ∈ N.

(13.13)
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Ìàòðèöû îáåèõ ñèñòåì

(
ak a−k

bk b−k

)
è

(
ak −a−k
bk −b−k

)
îáðàòèìû, òàê êàê ïðè a 6= b

èõ îïðåäåëèòåëè íå ðàâíû íóëþ:

det

(
ak a−k

bk b−k

)
= akb−k − a−kbk =

a2k − b2k

akbk
6= 0,

det

(
ak −a−k
bk −b−k

)
= −akb−k + a−kbk =

b2k − a2k

akbk
6= 0,

Íàéä¼ì

(
ak a−k

bk b−k

)−1

è

(
ak −a−k
bk −b−k

)−1

:

(
ak a−k

bk b−k

)−1

=
akbk

a2k − b2k

(
b−k −a−k
−bk ak

)
,

(
ak −a−k
bk −b−k

)−1

=
akbk

b2k − a2k

(
−b−k a−k

−bk ak

)
Òîãäà èç ñèñòåì (13.13) ïîëó÷àåì:(
Ak
A−k

)
=

akbk

a2k − b2k

(
b−k −a−k
−bk ak

)(
α1k
α2k

)
,
(
Bk
B−k

)
=

akbk

b2k − a2k

(
−b−k a−k

−bk ak

)(
β1k
β2k

)
,

èëè 

Ak = 1
a2k−b2k

(
akα1k − bkα2k

)
;

A−k = akbk

a2k−b2k
(
−bkα1k + akα2k

)
;

Bk = 1
a2k−b2k

(
akβ1k − bkβ2k

)
;

B−k = akbk

a2k−b2k
(
bkβ1k − akβ2k

)
.

(13.14)

Îòâåò:

u(r, ϕ) = A0 +B0 ln r+

+
∞∑
k=1

((
Akr

k + A−kr
−k) cos (kϕ) +

(
Bkr

k −B−kr−k
)

sin (kϕ)
)
, (13.15)

ãäå êîýôôèöèåíòû A±k è B±k îïðåäåëÿþòñÿ èç ôîðìóë (13.12), (13.14), à

αjk =
1

π

2π∫
0

fj(ϕ) cos(kϕ)dϕ, k = 0, 1, 2, . . . ; (13.9)

βjk =
1

π

2π∫
0

fj(ϕ) sin(kϕ)dϕ, k = 1, 2, 3, . . . (13.10)
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13.2. Çàäà÷à Íåéìàíà äëÿ óðàâíåíèÿ Ëàïëàñà â êîëüöå

Íàéòè îãðàíè÷åííóþ ôóíêöèþ u(r, ϕ) èç óñëîâèé
∆u ≡ 1

r (rur)r + 1
r2uϕϕ = 0, 0 < a < r < b, 0 6 ϕ < 2π;

|u(r, ϕ)| <∞, a < r < b, 0 < ϕ < 2π;
ur(a, ϕ) = f1(ϕ), 0 < ϕ < 2π;
ur(b, ϕ) = f2(ϕ), 0 < ϕ < 2π.

(13.16)

Øàã 1. Ðåøåíèå óðàâíåíèÿ Ëàïëàñà â ïîëÿðíûõ êîîðäèíàòàõ.
Ñëîæèâ ðåùåíèÿ óðàâíåíèÿ Ëàïëàñà â êðóãå è âíå êðóãà, ìû â òî÷íîñòè êàê â
ï. 13.1, ïîëó÷èì îáùåå ðåøåíèå óðàâíåíèÿ Ëàïëàñà â ïîëÿðíûõ êîîðäèíàòàõ:

u(r, ϕ) = A0 +B0 ln r+

+
∞∑
k=1

((
Akr

k + A−kr
−k) cos (kϕ) +

(
Bkr

k −B−kr−k
)

sin (kϕ)
)
. (13.6)

Øàã 2. Èñïîëüçîâàíèå êðàåâûõ óñëîâèé.
Â íàøåé çàäà÷å íà îáåèõ ÷àñòÿõ ãðàíèöû çàäàíî êðàåâîå óñëîâèå II-ãî ðîäà �
óñëîâèå Íåéìàíà:

ur(a, ϕ) = f1(ϕ), ur(b, ϕ) = f2(ϕ).

Âîñïîëüçóåìñÿ ðàçëîæåíèåì ôóíêöèé f1,2(ϕ) â òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå
íà ïðîìåæóòêå ϕ ∈ (0, 2π):

f1(ϕ) =
α10

2
+
∞∑
k=1

(α1k cos (kϕ) + β1k sin (kϕ)) , (13.7)

f2(ϕ) =
α20

2
+
∞∑
k=1

(α2k cos (kϕ) + β2k sin (kϕ)) , (13.8)

αjk =
1

π

2π∫
0

fj(ϕ) cos(kϕ)dϕ, j ∈ {1, 2}, k = 0, 1, 2, . . . ; (13.9)

βjk =
1

π

2π∫
0

fj(ϕ) sin(kϕ)dϕ, j ∈ {1, 2}, k = 1, 2, 3, . . . (13.10)

Ïðîäèôôåðåíöèðóåì (13.11) ïî r è ïðèðàâíÿåì ðÿä

ur(r, ϕ) =
B0

r
+
∞∑
k=1

((
kAkr

k−1 − kA−kr−k−1) cos (kϕ) +

+
(
kBkr

k−1 + kB−kr
−k−1) sin (kϕ)

)
, (13.17)
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âçÿòûé ïðè r = a è r = b, ê ðÿäàì (13.7) è (13.8):

ur(a, ϕ) =
B0

a
+
∞∑
k=1

((
kAkr

k−1 − kA−kr−k−1) cos (kϕ) +

+
(
kBkr

k−1 + kB−kr
−k−1) sin (kϕ)

)
=

=
α10

2
+
∞∑
k=1

(α1k cos (kϕ) + β1k sin (kϕ)) = f1(ϕ);

ur(b, ϕ) =
B0

b
+
∞∑
k=1

((
kAkr

k−1 − kA−kr−k−1) cos (kϕ) +

+
(
kBkr

k−1 + kB−kr
−k−1) sin (kϕ)

)
=

=
α20

2
+
∞∑
k=1

(α2k cos (kϕ) + β2k sin (kϕ)) = f2(ϕ);

Ïîëó÷àåì ïðè k = 0

B0 =
aα10

2
=
bα20

2
.

Ýòî ðàâåíñòâî åñòü óñëîâèå íà ôóíêöèè f1,2(ϕ), òàê êàê äëÿ íèõ äîëæíî âûïîë-
íÿòüñÿ ðàâåíñòâî aα10 = bα20, òî åñòü

a

2π∫
0

f1(ϕ)dϕ = b

2π∫
0

f2(ϕ)dϕ, (13.18)

à íà A0 íèêàêèõ îãðàíè÷åíèé íå íàêëàäûâàåò:

A0 − ïðîèçâîëüíî, B0 =
aα10

2
=
bα20

2
. (13.19)

Ïðè îñòàëüíûõ k:

k
(
Aka

k−1 − A−ka−k−1) cos (kϕ) + k
(
Bka

k−1 +B−ka
−k−1) sin (kϕ) =

= α1k cos (kϕ) + β1k sin (kϕ) ;

k
(
Akb

k−1 − A−kb−k−1) cos (kϕ) + k
(
Bkb

k−1 +B−kb
−k−1) sin (kϕ) =

= α2k cos (kϕ) + β2k sin (kϕ) .

Â ñèëó ëèíåéíîé íåçàâèñèìîñòè ôóíêöèé sin (kϕ) è cos (kϕ), ïîëó÷àåì ïðè êàæ-
äîì k ∈ N ñèñòåìó èç ÷åòûð¼õ óðàâíåíèé ñ ÷åòûðüìÿ íåèçâåñòíûìè:

k ·
(
ak−1 −a−k−1

bk−1 −b−k−1

)(
Ak
A−k

)
=
(
α1k
α2k

)
, k ·

(
ak−1 a−k−1

bk−1 b−k−1

)(
Bk
B−k

)
=
(
β1k
β2k

)
.

(13.20)
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Ìàòðèöû îáåèõ ñèñòåì

(
ak−1 −a−k−1

bk−1 −b−k−1

)
è

(
ak−1 a−k−1

bk−1 b−k−1

)
îáðàòèìû, òàê êàê ïðè

a 6= b èõ îïðåäåëèòåëè íå ðàâíû íóëþ:

det

(
ak−1 −a−k−1

bk−1 −b−k−1

)
= −ak−1b−k−1 + a−k−1bk−1 =

b2k − a2k

ak+1bk+1 6= 0,

det

(
ak−1 a−k−1

bk−1 b−k−1

)
= ak−1b−k−1 − a−k−1bk−1 =

a2k − b2k

ak+1bk+1 6= 0.

Íàéä¼ì

(
ak−1 −a−k−1

bk−1 −b−k−1

)−1

è

(
ak−1 a−k−1

bk−1 b−k−1

)−1

:(
ak−1 −a−k−1

bk−1 −b−k−1

)−1

=
ak+1bk+1

b2k − a2k

(
−b−k−1 a−k−1

−bk−1 ak−1

)
,(

ak−1 a−k−1

bk−1 b−k−1

)−1

=
ak+1bk+1

a2k − b2k

(
b−k−1 −a−k−1

−bk−1 ak−1

)
Òîãäà èç ñèñòåì (13.20) ïîëó÷àåì:(

Ak
A−k

)
=

ak+1bk+1

k (b2k − a2k)

(
−b−k−1 a−k−1

−bk−1 ak−1

)(
α1k
α2k

)
,

(
Bk
B−k

)
=

ak+1bk+1

k (a2k − b2k)

(
b−k−1 −a−k−1

−bk−1 ak−1

)(
β1k
β2k

)
èëè 

Ak = 1
k(b2k−a2k)

(
−ak+1α1k + bk+1α2k

)
;

A−k = akbk

k(b2k−a2k)

(
−bk−1α1k + ak−1α2k

)
;

Bk = 1
k(a2k−b2k)

(
ak+1β1k − bk+1β2k

)
;

B−k = akbk

k(a2k−b2k)

(
−bk−1β1k + ak−1β2k

)
.

(13.21)

Îòâåò: u(r, ϕ) = A0 +B0 ln r+

+
∞∑
k=1

((
Akr

k + A−kr
−k) cos (kϕ) +

(
Bkr

k −B−kr−k
)

sin (kϕ)
)
, (13.22)

ãäå A0 ïðîèçâîëüíî, à êîýôôèöèåíòû B0, A±k è B±k îïðåäåëÿþòñÿ èç ôîð-
ìóë (13.19), (13.21), à

αjk =
1

π

2π∫
0

fj(ϕ) cos(kϕ)dϕ, k = 0, 1, 2, . . . ; (13.9)

βjk =
1

π

2π∫
0

fj(ϕ) sin(kϕ)dϕ, k = 1, 2, 3, . . . (13.10)
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Ïðè ýòîì íåîáõîäèìî, ÷òîáû ôóíêöèè f1,2(ϕ) óäîâëåòâîðÿëè óñëîâèþ

a
2π∫
0
f1(ϕ)dϕ = b

2π∫
0
f2(ϕ)dϕ (â ïðîòèâíîì ñëó÷àå ðåøåíèÿ â âèäå ïîäîáíîãî ðÿ-

äà íå ñóùåñòâóåò).

13.3. Çàäà÷à III-ãî ðîäà äëÿ óðàâíåíèÿ Ëàïëàñà â êîëüöå

Íàéòè îãðàíè÷åííóþ ôóíêöèþ u(r, ϕ) èç óñëîâèé
∆u ≡ 1

r (rur)r + 1
r2uϕϕ = 0, 0 < a < r < b, 0 6 ϕ < 2π;

|u(r, ϕ)| <∞, a < r < b, 0 < ϕ < 2π;
ur(a, ϕ)− hu(a, ϕ) = f1(ϕ), 0 < ϕ < 2π;
ur(b, ϕ) +Hu(b, ϕ) = f2(ϕ), 0 < ϕ < 2π.

(13.23)

Ïðè ýòîì h, H > 0 è ah 6∈ N.

Øàã 1. Ðåøåíèå óðàâíåíèÿ Ëàïëàñà â ïîëÿðíûõ êîîðäèíàòàõ.
Ñëîæèâ ðåùåíèÿ óðàâíåíèÿ Ëàïëàñà â êðóãå è âíå êðóãà, ìû â òî÷íîñòè êàê â
çàäà÷å I, ïîëó÷èì îáùåå ðåøåíèå óðàâíåíèÿ Ëàïëàñà â ïîëÿðíûõ êîîðäèíàòàõ:

u(r, ϕ) = A0 +B0 ln r+

+
∞∑
k=1

((
Akr

k + A−kr
−k) cos (kϕ) +

(
Bkr

k −B−kr−k
)

sin (kϕ)
)
. (13.6)

Øàã 2. Èñïîëüçîâàíèå êðàåâûõ óñëîâèé.
Â íàøåé çàäà÷å íà îáåèõ ÷àñòÿõ ãðàíèöû çàäàíî êðàåâîå óñëîâèå III-ãî ðîäà:

ur(a, ϕ)− hu(a, ϕ) = f1(ϕ), ur(b, ϕ) +Hu(b, ϕ) = f2(ϕ).

Âîñïîëüçóåìñÿ ðàçëîæåíèåì ôóíêöèé f1,2(ϕ) â òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå
íà ïðîìåæóòêå ϕ ∈ (0, 2π):

f1(ϕ) =
α10

2
+
∞∑
k=1

(α1k cos (kϕ) + β1k sin (kϕ)) , (13.7)

f2(ϕ) =
α20

2
+
∞∑
k=1

(α2k cos (kϕ) + β2k sin (kϕ)) , (13.8)

αjk =
1

π

2π∫
0

fj(ϕ) cos(kϕ)dϕ, j ∈ {1, 2}, k = 0, 1, 2, . . . ; (13.9)

βjk =
1

π

2π∫
0

fj(ϕ) sin(kϕ)dϕ, j ∈ {1, 2}, k = 1, 2, 3, . . . (13.10)
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Ïðîäèôôåðåíöèðóåì (13.11) ïî r è ñëîæèì ðÿä

ur(r, ϕ) =
B0

r
+
∞∑
k=1

((
kAkr

k−1 − kA−kr−k−1) cos (kϕ) +

+
(
kBkr

k−1 + kB−kr
−k−1) sin (kϕ)

)
, (13.17)

âçÿòûé ïðè r = a è r = b, ñ ðÿäîì (13.11), óìíîæåííûì íà (−h) ïðè r = a è íà
H ïðè r = b:

ur(a, ϕ)− hu(a, ϕ) =

=
B0

a
+
∞∑
k=1

((
kAka

k−1 − kA−ka−k−1) cos (kϕ) +
(
kBka

k−1 + kB−ka
−k−1) sin (kϕ)

)
−

−hA0−hB0 ln a−h
∞∑
k=1

((
Aka

k + A−ka
−k) cos (kϕ) +

(
Bka

k −B−ka−k
)

sin (kϕ)
)

=

= −hA0+B0

(
1

a
− h ln a

)
+
∞∑
k=1

((
Ak(k − ah)ak−1 − A−k(k − ah)a−k−1) cos (kϕ) +

+
(
Bk(k − ah)ak−1 +B−k(k − ah)a−k−1) sin (kϕ)

)
; (13.24)

ur(b, ϕ) +Hu(b, ϕ) =

=
B0

b
+
∞∑
k=1

((
kAkb

k−1 − kA−kb−k−1) cos (kϕ) +
(
kBkb

k−1 + kB−kb
−k−1) sin (kϕ)

)
+

+HA0+HB0 ln b+H
∞∑
k=1

((
Akb

k + A−kb
−k) cos (kϕ) +

(
Bkb

k −B−kb−k
)

sin (kϕ)
)

=

= HA0+B0

(
1

b
+H ln b

)
+
∞∑
k=1

((
Ak(k + bH)bk−1 − A−k(k + bH)b−k−1) cos (kϕ) +

+
(
Bk(k + bH)bk−1 +B−k(k + bH)b−k−1) sin (kϕ)

)
. (13.25)

×òîáû èñïîëüçîâàòü êðàåâûå óñëîâèÿ, ïðèðàâíÿåì ðÿäû (13.24), (13.25) ê ðÿ-
äàì (13.7) è (13.8):

ur(a, ϕ)− hu(a, ϕ) =

= −hA0+B0

(
1

a
− h ln a

)
+
∞∑
k=1

((
Ak(k − ah)ak−1 − A−k(k − ah)a−k−1) cos (kϕ) +

+
(
Bk(k − ah)ak−1 +B−k(k − ah)a−k−1) sin (kϕ)

)
=
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=
α10

2
+

∞∑
k=1

(α1k cos (kϕ) + β1k sin (kϕ)) = f1(ϕ);

ur(b, ϕ) +Hu(b, ϕ) =

= HA0+B0

(
1

b
+H ln b

)
+
∞∑
k=1

((
Ak(k + bH)bk−1 − A−k(k + bH)b−k−1) cos (kϕ) +

+
(
Bk(k + bH)bk−1 +B−k(k + bH)b−k−1) sin (kϕ)

)
=

=
α20

2
+
∞∑
k=1

(α2k cos (kϕ) + β2k sin (kϕ)) = f2(ϕ).

Ïîëó÷àåì ïðè k = 0

−hA0 +B0

(
1

a
− h ln a

)
=
α10

2
, HA0 +B0

(
1

b
+H ln b

)
=
α20

2
,

îòêóäà A0 è B0 íàõîäÿòñÿ îäíîçíà÷íî:

A0 =
α20
(1
a − h ln a

)
− α10

(1
b +H ln b

)
2
(
H
a + h

b +Hh ln b
a

) , B0 =
Hα10 + hα20

2
(
H
a + h

b +Hh ln b
a

) . (13.26)

Ïðè îñòàëüíûõ k â ñèëó ëèíåéíîé íåçàâèñèìîñòè ôóíêöèé sin (kϕ) è cos (kϕ):

Ak(k − ah)ak−1 − A−k(k − ah)a−k−1 = α1k;

Bk(k − ah)ak−1 +B−k(k − ah)a−k−1 = β1k;

Ak(k + bH)bk−1 − A−k(k + bH)b−k−1 = α2k;

Bk(k + bH)bk−1 +B−k(k + bH)b−k−1 = β2k.

Çàïèøåì ýòó ñèñòåìó â ìàòðè÷íîì âèäå:(
(k − ah)ak−1 −(k − ah)a−k−1

(k + bH)bk−1 −(k + bH)b−k−1

)(
Ak
A−k

)
=
(
α1k
α2k

)
, k ∈ N, (13.27)(

(k − ah)ak−1 (k − ah)a−k−1

(k + bH)bk−1 (k + bH)b−k−1

)(
Bk
B−k

)
=
(
β1k
β2k

)
, k ∈ N. (13.28)

Ìàòðèöû îáåèõ ñèñòåì(
(k − ah)ak−1 −(k − ah)a−k−1

(k + bH)bk−1 −(k + bH)b−k−1

)
è

(
(k − ah)ak−1 (k − ah)a−k−1

(k + bH)bk−1 (k + bH)b−k−1

)
îáðàòèìû, òàê

êàê ïðè a 6= b è ah 6∈ N èõ îïðåäåëèòåëè íå ðàâíû íóëþ:

det

(
(k − ah)ak−1 −(k − ah)a−k−1

(k + bH)bk−1 −(k + bH)b−k−1

)
= (k−ah)(k+bH)·det

(
ak−1 −a−k−1

bk−1 −b−k−1

)
=

= (k−ah)(k+bH)
(
−ak−1b−k−1 + a−k−1bk−1) = (k−ah)(k+bH) · b

2k − a2k

ak+1bk+1 6= 0,

-144-



det

(
(k − ah)ak−1 (k − ah)a−k−1

(k + bH)bk−1 (k + bH)b−k−1

)
= (k − ah)(k + bH) · det

(
ak−1 a−k−1

bk−1 b−k−1

)
=

= (k− ah)(k+ bH)
(
ak−1b−k−1 − a−k−1bk−1) = (k− ah)(k+ bH) · a

2k − b2k

ak+1bk+1 6= 0.

Íàéä¼ì M−1
1 =

(
(k − ah)ak−1 −(k − ah)a−k−1

(k + bH)bk−1 −(k + bH)b−k−1

)−1

è

M−1
2 =

(
(k − ah)ak−1 (k − ah)a−k−1

(k + bH)bk−1 (k + bH)b−k−1

)−1

:

M−1
1 =

ak+1bk+1

(k − ah)(k + bH)(b2k − a2k)

(
−(k + bH)b−k−1 (k − ah)a−k−1

−(k + bH)bk−1 (k − ah)ak−1

)
,

M−1
2 =

ak+1bk+1

(k − ah)(k + bH)(a2k − b2k)

(
(k + bH)b−k−1 −(k − ah)a−k−1

−(k + bH)bk−1 (k − ah)ak−1

)
Òîãäà èç ñèñòåì (13.27), (13.28) ïîëó÷àåì:(
Ak
A−k

)
=

ak+1bk+1

(k − ah)(k + bH) (b2k − a2k)

(
−(k + bH)b−k−1 (k − ah)a−k−1

−(k + bH)bk−1 (k − ah)ak−1

)(
α1k
α2k

)
,

(
Bk
B−k

)
=

ak+1bk+1

(k − ah)(k + bH) (a2k − b2k)

(
(k + bH)b−k−1 −(k − ah)a−k−1

−(k + bH)bk−1 (k − ah)ak−1

)(
β1k
β2k

)
èëè

Ak = 1
(k−ah)(k+bH)(b2k−a2k)

(
−(k + bH)ak+1α1k + (k − ah)bk+1α2k

)
;

A−k = ak+1bk+1

(k−ah)(k+bH)(b2k−a2k)

(
−(k + bH)bk−1α1k + (k − ah)ak−1α2k

)
;

Bk = 1
(k−ah)(k+bH)(a2k−b2k)

(
(k + bH)ak+1β1k − (k − ah)bk+1β2k

)
;

B−k = ak+1bk+1

(k−ah)(k+bH)(a2k−b2k)

(
−(k + bH)bk+1β1k + (k − ah)ak+1β2k

)
.

(13.29)

Îòâåò:

u(r, ϕ) = A0 +B0 ln r+

+
∞∑
k=1

((
Akr

k + A−kr
−k) cos (kϕ) +

(
Bkr

k −B−kr−k
)

sin (kϕ)
)
,

ãäå êîýôôèöèåíòû A±k è B±k îïðåäåëÿþòñÿ èç ôîðìóë (13.26), (13.29), à

αjk =
1

π

2π∫
0

fj(ϕ) cos(kϕ)dϕ, k = 0, 1, 2, . . . ; (13.9)

βjk =
1

π

2π∫
0

fj(ϕ) sin(kϕ)dϕ, k = 1, 2, 3, . . . (13.10)

-145-



� 721. à) Íàéòè ãàðìîíè÷åñêóþ â êîëüöå 0 < a < r < b ôóíêöèþ
u(r, ϕ), óäîâëåòâîðÿþùóþ êðàåâûì óñëîâèÿì:

u(a, ϕ) = 0, u(b, ϕ) = A cosϕ.

Çàïèøåì óñëîâèÿ çàäà÷è:
Íàéòè îãðàíè÷åííóþ ôóíêöèþ u(r, ϕ) èç óñëîâèé

∆u ≡ 1
r (rur)r + 1

r2uϕϕ = 0, 0 < a 6 r < b, 0 < ϕ < 2π;
|u(r, ϕ)| <∞,
u(a, ϕ) = f1(ϕ) = 0,
u(b, ϕ) = f2(ϕ) = A cosϕ.

(13.30)

Øàã 1. Ðåøåíèå çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà â êîëüöå.
Ìû óæå ðåøèëè ðàçäåëå 13.1 îáùóþ çàäà÷ó Äèðèõëå â êîëüöå. Âîñïîëüçóåìñÿ
ðåçóëüòàòîì:

u(r, ϕ) = A0+B0 ln r+
∞∑
k=1

((
Akr

k + A−kr
−k) cos (kϕ) +

(
Bkr

k −B−kr−k
)

sin (kϕ)
)
,

(13.15)
ãäå êîýôôèöèåíòû A±k è B±k îïðåäåëÿþòñÿ èç ôîðìóë (13.12), (13.14), à

A0 =
α10 ln b− α20 ln a

2 ln b
a

, B0 =
α20 − α10

2 ln b
a

; (13.12)



Ak = 1
a2k−b2k

(
akα1k − bkα2k

)
;

A−k = akbk

a2k−b2k
(
−bkα1k + akα2k

)
;

Bk = 1
a2k−b2k

(
akβ1k − bkβ2k

)
;

B−k = akbk

a2k−b2k
(
bkβ1k − akβ2k

)
.

(13.14)

αjk =
1

π

2π∫
0

fj(ϕ) cos(kϕ)dϕ, k = 0, 1, 2, . . . ; (13.9)

βjk =
1

π

2π∫
0

fj(ϕ) sin(kϕ)dϕ, k = 1, 2, 3, . . . (13.10)

Øàã 2. Èñïîëüçîâàíèå äàííûõ ôóíêöèé êðàåâûõ óñëîâèé.
Çàäàííûå ôóíêöèè f1,2(ϕ) èìåþò óæå âèä ðÿäîâ Ôóðüå, ïîýòîìó êîýôôèöèåíòû
αjk, βjk íàõîäÿòñÿ òðèâèàëüíî:

α1k = β1k = 0, k = 0, 1, 2, . . . , (13.31)

α21 = A, à îñòàëüíûå α2k, β2k = 0. (13.32)
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Ïîýòîìó èç ôîðìóë (13.12), (13.14) ïîëó÷àåì:

A0 =
α10 ln b− α20 ln a

2 ln b
a

= 0, B0 =
α20 − α10

2 ln b
a

= 0, (13.33)



A1 = 1
a2−b2 (aα11 − bα21) = −bA

a2 − b2 ;

A−1 = ab
a2−b2 (−bα11 + aα21) = a2bA

a2 − b2 ;

A±k = 0, ïðè k 6= 1;

Bk = 0;

B−k = 0.

(13.34)

Ïîäñòàâëÿÿ ýòè êîýôôèöèåíòû â (13.15), ïîëó÷àåì:

u(r, ϕ) =

(
A1r + A−1

1

r

)
cosϕ =

−bA
a2 − b2 ·

(
r − a2

r

)
cosϕ.

Îòâåò:

u(r, ϕ) =
bA

b2 − a2 ·
(
r − a2

r

)
cosϕ. (13.35)

14. Èíòåãðàë Ïóàññîíà

Öåëüþ äàííîãî ðàçäåëà ÿâëÿåòñÿ ïðè ïîìîùè ïåðåìåíû ïîðÿäêà èíòåãðèðîâàíèÿ
è ñóììèðîâàíèÿ â ôîðìóëå ðåøåíèÿ âíóòðåííåé çàäà÷è Äèðèõëå ïðåäñòàâèòü
ôóíêöèþ u(r, ϕ) â âèäå èíòåãðàëüíîãî îïåðàòîðà îò ôóíêöèè êðàåâîãî óñëîâèÿ
f(ϕ).

Øàã 1. Ôîðìàëüíîå èçìåíåíèå ïîðÿäêà èíòåãðèðîâàíèÿ è ñóììèðîâàíèÿ
Â ðàçäåëå 11.2 (ñòð. 118 � 119) ìû ïîëó÷èëè ôîðìóëó ðåøåíèÿ âíóòðåííåé çà-
äà÷è Äèðèõëå â êðóãå:

u(r, ϕ) =
α0

2
+
∞∑
k=1

( r
R

)k
(αk cos(kϕ) + βk sin(kϕ)) , (11.19)

ãäå êîýôôèöèåíòû αk è βk îïðåäåëÿþòñÿ èç ôîðìóë

αk =
1

π

2π∫
0

f(ϕ) cos(kϕ)dϕ, k = 0, 1, 2, . . . ; (11.48)

βk =
1

π

2π∫
0

f(ϕ) sin(kϕ)dϕ, k = 1, 2, 3, . . . (11.49)
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Ïîäñòàâèì âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ (ïîìåíÿâ â (11.48), (11.49) ïåðåìåí-
íóþ ϕ íà ψ) â ôîðìóëó (11.19):

u(r, ϕ) =
1

2π

2π∫
0

f(ψ)dψ+

+
1

π

∞∑
k=1

( r
R

)kcos(kϕ)

2π∫
0

f(ψ) cos(kψ)dψ + sin(kϕ)

2π∫
0

f(ψ) sin(kψ)dψ

 =

=
[

cos a cos b+ sin a sin b = cos(a− b)
]

=

=
1

2π

2π∫
0

f(ψ)dψ +
1

π

∞∑
k=1

( r
R

)k 2π∫
0

cos
(
k(ψ − ϕ)

)
f(ψ)dψ =

[
I
]

=

=
1

2π

2π∫
0

f(ψ)dψ +
1

π

2π∫
0

[ ∞∑
k=1

( r
R

)k
cos
(
k(ψ − ϕ)

)]
f(ψ)dψ =

=
1

π

2π∫
0

[
1

2
+
∞∑
k=1

( r
R

)k eik(ψ−ϕ) + e−ik(ψ−ϕ)

2

]
f(ψ)dψ =

[
II
]

=

=
1

2π

2π∫
0

[
1 +

∞∑
k=1

(
rei(ψ−ϕ)

R

)k
+
∞∑
k=1

(
re−i(ψ−ϕ)

R

)k]
f(ψ)dψ =

=

[ ∞∑
k=1

qk =
q

1− q
ïðè |q| < 1

]
=

=
1

2π

2π∫
0

[
1 +

1

1− rei(ψ−ϕ)

R

· re
i(ψ−ϕ)

R
+

1

1− re−i(ψ−ϕ)

R

· re
−i(ψ−ϕ)

R

]
f(ψ)dψ =

=
1

2π

2π∫
0

[
1 +

rei(ψ−ϕ)

R− rei(ψ−ϕ) +
re−i(ψ−ϕ)

R− re−i(ψ−ϕ)

]
f(ψ)dψ =

=
1

2π

2π∫
0

(
R2 − 2rR cos(ψ − ϕ) + r2

)
+ 2rR cos(ψ − ϕ)− 2r2

R2 − 2rR cos(ψ − ϕ) + r2 · f(ψ)dψ =

=
1

2π

2π∫
0

R2 − r2

R2 − 2rR cos(ψ − ϕ) + r2 · f(ψ)dψ.
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Øàã 2. Îáîñíîâàíèå äîïóñòèìîñòè ïî÷ëåííîãî èíòåãðèðîâàíèÿ.
Ðÿäû

∞∑
k=1

(
rei(ψ−ϕ)

R

)k
è

∞∑
k=1

(
re−i(ψ−ϕ)

R

)k
ñõîäÿòñÿ ðàâíîìåðíî è àáñîëþòíî ïî ïåðåìåííîé ψ ∈ R, ïîñêîëüêó:
1) ïðè âñåõ ψ ∈ R âûïîëíÿåòñÿ (ðàâíîìåðíî) ðàâåíñòâî:∣∣∣∣rkeik(ψ−ϕ)

Rk

∣∣∣∣ =
rk

Rk
;

2) ÷èñëîâîé ðÿä
∞∑
k=1

(
r
R

)k
ñõîäèòñÿ ïðè 0 6 r < R,

è ìû èìååì ïðàâî ïðèìåíèòü ïðèçíàê Âåéåðøòðàññà î ðàâíîìåðíîé è àáñîëþò-
íîé ñõîäèìîñòè ôóíêöèîíàëüíîãî ðÿäà, ìàæîðèðîâàííîãî ñõîäÿùèìñÿ ÷èñëî-
âûì.
Ðÿäû, ñõîäÿùèåñÿ ðàâíîìåðíî, ìîæíî èíòåãðèðîâàòü ïî÷ëåííî, à ðÿäû, ñõîäÿ-
ùèåñÿ àáñîëþòíî, ìîæíî ñêëàäûâàòü ïî÷ëåííî, ïîýòîìó è ïåðåõîä I, è ïåðåõîä
II ÿâëÿþòñÿ ïðàâîìî÷íûìè.

Òàêèì îáðàçîì, ìû ïîëó÷èëè ôîðìóëó, íàçûâàåìóþ èíòåãðàë Ïóàññîíà:

u(r, ϕ) =
1

2π

2π∫
0

R2 − r2

R2 − 2rR cos(ψ − ϕ) + r2 · f(ψ)dψ.
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